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Plan of the talk

@ Introduction.

©@ Homogeneous principal bundles and invariant connections. Wang maps and
canonical connections.

© Chern-Weil homomorphism. The charge of a monopole.
@ Examples: SO(2n)-monopoles and the Yang monopole.
Details available at

@ Diaz, P. and Ldzaro-Cami, J.-A. Monopoles in arbitrary dimension. CRM preprint
838. math hep-th/0811.4187
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Introduction

@ Monopoles are a certain type of principal connections on principal bundles
over R satisfying Yang-Mills equations and some additional requirements:

@ They are static spherically symmetric: time-independent and SO (m)-invariant.
© One may associate them a non-zero charge through their field strength.
Monopoles will exist only in odd dimensional spaces, m = 2n+ 1.
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Introduction

@ Monopoles are a certain type of principal connections on principal bundles
over R satisfying Yang-Mills equations and some additional requirements:
@ They are static spherically symmetric: time-independent and SO (m)-invariant.

© One may associate them a non-zero charge through their field strength.
Monopoles will exist only in odd dimensional spaces, m = 2n+ 1.

@ Usually called Dirac or Yang type monopoles. Other definitions are found in
the literature. Higgs field.

@ They exhibit a singularity of the origin 0 € R, where the monopole charge
is supposed to be.

o Geometrical framework: principal bundles over R\ {0} or, equivalently, over
gm-1,

@ Purpose: build principal bundles over $™~1 = SO(m)/SO(m — 1) admitting
a SO(m) (left) action.
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Yang-Mills theories on principal bundles

Let 7t : P — M be a principal bundle with structural group G. Let p € P, g € G,
andy € g.

o A principal connection or gauge potential w € 0! (P;g) is a one form on
P with values in the Lie algebra g of G such that

Riw = Adg—l w,

g
d
Rexp(tiy) (P)) =1.

wo) (4

t=0
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Yang-Mills theories on principal bundles

Let 7t : P — M be a principal bundle with structural group G. Let p € P, g € G,
andy € g.
o A principal connection or gauge potential w € 0! (P;g) is a one form on
P with values in the Lie algebra g of G such that
R;iw = Adg—l w,

o) (5| Rooten(2)) =1

@ The horizontal space at p € P, Hor, = ker w, is such that
T, P = Horp, & Verp, where Ver, = ker Tp7t.
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Yang-Mills theories on principal bundles

Let 7t : P — M be a principal bundle with structural group G. Let p € P, g € G,
andy € g.

o A principal connection or gauge potential w € 0! (P;g) is a one form on
P with values in the Lie algebra g of G such that

4
d
(U(p) (dt‘ 0 Rexp(tiy)(l’)) =1.
t=

@ The horizontal space at p € P, Hor, = ker w, is such that
T, P = Horp, & Verp, where Ver, = ker Tp7t.

@ The covariant derivative D¢ of ¢ € Q) (P; g) is defined as
qu’(P) = dq)'Horp'

Riw = Adg—l w,
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Yang-Mills theories on principal bundles

Let 7t : P — M be a principal bundle with structural group G. Let p € P, g € G,
andy € g.

o A principal connection or gauge potential w € 0! (P;g) is a one form on
P with values in the Lie algebra g of G such that

R;iw = Adg—l w,

o) (5| Rooten(2)) =1

The horizontal space at p € P, Horp = ker w, is such that

T, P = Horp, & Verp, where Ver, = ker Tp7t.

@ The covariant derivative D¢ of ¢ € Q) (P; g) is defined as
qu’(P) = dq)'Horp'

The curvature of the connection or field strength is Q% := D%w.
Let M be a Riemann manifold. w is a Yang-Mills connection if

§wa — _(_1)d|m(M) * ODUJ o *Qw — O
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Homogeneous principal bundles

Definition

Let K and G be two Lie groups and H C K a closed subgroup. A homogeneous
principal bundle 77 : P — K/H with structural group G is a principal bundle over
a homogeneous space K/ H together with a left K-action on P by automorphisms
which projects to the left multiplication of K on the base manifold K/H.
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Homogeneous principal bundles

Definition

Let K and G be two Lie groups and H C K a closed subgroup. A homogeneous
principal bundle 77 : P — K/H with structural group G is a principal bundle over
a homogeneous space K/ H together with a left K-action on P by automorphisms
which projects to the left multiplication of K on the base manifold K/H.

@ Homogeneous principal bundles 77 : P — K/H are (modulo isomorphisms) in
one-to-one correspondence with group homomorphisms A : H — G (modulo
conjugation) so that 7t : P — K/H is isomorphic to

P, ::KXHG:{(kh,A(h)’1g> EKXG| heH}.
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Homogeneous principal bundles

Definition

Let K and G be two Lie groups and H C K a closed subgroup. A homogeneous
principal bundle 77 : P — K/H with structural group G is a principal bundle over
a homogeneous space K/ H together with a left K-action on P by automorphisms
which projects to the left multiplication of K on the base manifold K/H.

@ Homogeneous principal bundles 77 : P — K/H are (modulo isomorphisms) in
one-to-one correspondence with group homomorphisms A : H — G (modulo
conjugation) so that 7t : P — K/H is isomorphic to

P, ::KXHG:{(kh,A(h)’1g> EKXG| heH}.

@ The homomorphism A : H — G can be understood by the relation

h-p=p-Alh), pent(e]), heH.
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Homogeneous principal bundles

Definition

Let K and G be two Lie groups and H C K a closed subgroup. A homogeneous
principal bundle 77 : P — K/H with structural group G is a principal bundle over
a homogeneous space K/ H together with a left K-action on P by automorphisms
which projects to the left multiplication of K on the base manifold K/H.

@ Homogeneous principal bundles 77 : P — K/H are (modulo isomorphisms) in
one-to-one correspondence with group homomorphisms A : H — G (modulo
conjugation) so that 7t : P — K/H is isomorphic to

Pyi=KxpyG= {(kh,;\(h)*lg) EKxG|he H}.
@ The homomorphism A : H — G can be understood by the relation
h-p=p-Alh), pent(e]), heH.

@ P, is isomorphic to the homogeneous space (K x G)/ H, where H is the
closed subgroup H = {(h,A(h)) | h € H} C K x G, clearly isomorphic to H.

December 16-18th, 2008 5/16
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Invariant connections on homogeneous principal bundles

Definition

Let 7t : P, — K/H be a homogeneous principal bundle with left action
Ly: K x Py — P,. We say that a principal connection w is K-invariant if
(Ly)jw = w for any k € K.
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Invariant connections on homogeneous principal bundles

Definition

Let 7t : P, — K/H be a homogeneous principal bundle with left action
Ly: K x Py — P,. We say that a principal connection w is K-invariant if
(Ly)jw = w for any k € K.

Proposition

| A

Let &, b, and g denote the Lie algebra of K, H, and the gauge group G
respectively. K-invariant principal connections on 7t : Py — K/H are in
one-to-one correspondence with linear maps (Wang maps) W : ¢ — g such that
Q@ W(E) = TeA(E) forany € b,
Q@ W(AdpG) = Ady ) (W(G)) forany ¢ € € and any h € H.
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Invariant connections on homogeneous principal bundles

Definition

Let 77 : P, — K/H be a homogeneous principal bundle with left action
Ly : K x P, — P,. We say that a principal connection w is K-invariant if
(Ly)jw = w for any k € K.

Proposition

| A

Let &, b, and g denote the Lie algebra of K, H, and the gauge group G
respectively. K-invariant principal connections on 7t : Py — K/H are in
one-to-one correspondence with linear maps (Wang maps) W : ¢ — g such that
Q@ W(E) = TeA(E) forany € b,
Q@ W (Ad,¢) = Adyy) (W(G)) for any & € € and any h € H.

Definition

A homogeneous space K/H is called reductive if £ = & m and Ady (m) C m.
For a reductive homogeneous space K/ H, the linear map W : ¢ — g defined as
W/, = TeA and W], = 0 is called the canonical connection.
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It can be shown that the principal H-bundle K — K/H admits a K-invariant
connection if and only if K/H is reductive. The canonical connection

w € Q! (K,h) on K — K/H is given by the h-valued part of the
Maurer-Cartan form w;c which is defined by wpyc(k) (Ex(k)) =& € ¢,
k € K. Thatis, w(k)(¢k (k)) = projg (¢)-
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It can be shown that the principal H-bundle K — K/H admits a K-invariant
connection if and only if K/H is reductive. The canonical connection

w € Q! (K,h) on K — K/H is given by the h-valued part of the
Maurer-Cartan form w;c which is defined by wpyc(k) (Ex(k)) =& € ¢,
k € K. Thatis, w(k)(¢k (k)) = projg (¢)-

e Principal connections can be understood as a one form ® € Q! (P; VP),
VP = Upep Ver,,

D, (X) = TeRpowp(X), X € X(P).
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It can be shown that the principal H-bundle K — K/H admits a K-invariant
connection if and only if K/H is reductive. The canonical connection

w € Q! (K,h) on K — K/H is given by the h-valued part of the
Maurer-Cartan form w;c which is defined by wpyc(k) (Ex(k)) =& € ¢,
k € K. Thatis, w(k)(¢k (k)) = projg (¢)-

e Principal connections can be understood as a one form ® € Q! (P; VP),
VP = Upep Ver,,

D, (X) = TeRpowp(X), X € X(P).

@ Using TPy, = TK X 14 TG, the connection ®, induced from & is defined by
the following commutative diagram:

TKx 76 X Tk x TG

qu l, Tq
TKXTHTG ? TKXTHTG:T(KXHG),

A

where g : K X G — K X G sends each element to its corresponding
equivalent class in K Xy G and Tq is its tangent map.

Andreu Lizaro (CRM) Monopoles in arbitrary dimension December 16-18th, 2008 7/ 16



Invariant connections on homogeneous principal bundles

Proposition

Let K/H be reductive. Then, the canonical connection on P, is induced from the
canonical connection of K — K/H.
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Invariant connections on homogeneous principal bundles

Let K/H be reductive. Then, the canonical connection on P, is induced from the
canonical connection of K — K/H.

| A

Example
If K/H is reductive, then € = @ m and Ad,(m) C m for any h € H. The field
strength QW associated to the Wang map (canonical connection)

_ [ TeA(Q)ifCeb
W(g)_{ 0ifem.

is given by QW ([e]) (v1,v2) = —TeA (projb([vl, 02])), v1,Up € m. The

n-dimensional sphere §” is reductive, where K = SO(n—|— 1),

S et (e s}
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Symmetric spaces

Definition

A triple (K, H,0) is a symmetric space if K, H are Lie groups, H C K,

0 : K — K is an involutive automorphism, and K¢ C H C K. Here K, denotes
the set of elements of K which are invariant by o and K¢ the identity component

of K.

December 16-18th, 2008 9 /16
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Symmetric spaces

Definition

A triple (K, H,0) is a symmetric space if K, H are Lie groups, H C K,

0 : K — K is an involutive automorphism, and K¢ C H C K. Here K, denotes
the set of elements of K which are invariant by o and K¢ the identity component

of K.

@ At the level of Lie algebras, ¢ = h @& m and
(h,h] Ch, [hm] Cm, [mm]Ch

where §j is the eigenspace of To0 : ¢ — £ associated to the eigenvalue 1 and
m is the eigenspace associated to —1.
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Symmetric spaces

Definition

A triple (K, H,0) is a symmetric space if K, H are Lie groups, H C K,

0 : K — K is an involutive automorphism, and K¢ C H C K. Here K, denotes
the set of elements of K which are invariant by o and K¢ the identity component
of K.

@ At the level of Lie algebras, ¢ = h @& m and
(h,h] Ch, [hm] Cm, [mm]Ch

where §j is the eigenspace of To0 : ¢ — £ associated to the eigenvalue 1 and
m is the eigenspace associated to —1.

@ When G C GL(n;R), Py — K/H can be regarded as subbundles of the
frame bundle. Then, any K-invariant principal connection on P, (i.e., a
Wang map W : & — g C gl (n;R)) can be consequently considered as
K-invariant affine connection (i.e., a Wang map W : ¢ — gl (n;R)).
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Invariant connections on symmetric spaces

Theorem

Let K be a simple Lie group and (K, H, o) a symmetric space. The set of
K-invariant affine connections on K/ H consists of just the canonical connection
in all cases except for the following:

SU(n) /SO(n) n>3,
SuU(2n)/SP(n) n>3,
Ee/Fy.

Each of these spaces has a one-dimensional family of invariant affine connections.

4

@ Laquer, H. T. Invariant affine connections on symmetric spaces. Proceedings of the
American Mathematical Society 155(2) (1992), 447-454.
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Invariant connections on symmetric spaces

Theorem

Let K be a simple Lie group and (K, H, o) a symmetric space. The set of
K-invariant affine connections on K/ H consists of just the canonical connection
in all cases except for the following:

SU(n) /SO(n) n>3,
SuU(2n)/SP(n) n>3,
Ee/Fy.

Each of these spaces has a one-dimensional family of invariant affine connections.

4

@ Laquer, H. T. Invariant affine connections on symmetric spaces. Proceedings of the
American Mathematical Society 155(2) (1992), 447-454.

The canonical connection on a symmetric space is a Yang-Mills connection.
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Chern-Weil homomorphism

o letS (g*)G = @05k (g*)G be the symmetric algebra of multilinear
functions on g which are Ad-invariant. That is, f € Sk (g*)G if
f:gxk xg—R (or C) and

Foays o)) = F U101k
f(Adg(yy), . Adg () = £ (71, 74)

for any permutation o € S, any g € G, and any 171, ..., 1, € g.
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Chern-Weil homomorphism

o LetS (9*)6 = @05k (g*)G be the symmetric algebra of multilinear
functions on g which are Ad-invariant. That is, f € Sk (g*)G if
f:gx* xg—R (orC)and

Foqay o) = (111l
fF(Adg(ny), ... Adg () = f(ny..71)
for any permutation o € S, any g € G, and any 171, ..., 1, € g.

0 S(g)C 2P (g = D=0 P (g%)©, the algebra of Ad-invariant
homogeneous polynomials on g, through the polarization formula.

1 k-1 ;
Sym(f) (11, ... 1y) = K Z (1) ; f (771'1 T +17jk—r‘> :
=0 ir#s
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Chern-Weil homomorphism

o LetS (9*)6 = @05k (g*)G be the symmetric algebra of multilinear
functions on g whic_h are Ad-invariant. That is, f € Sk (g*)G if
f:gx* xg—R (orC)and

Foqay o) = (111l
fF(Adg(ny), ... Adg () = f(ny..71)
for any permutation o € S, any g € G, and any 171, ..., 1, € g.

0 S(g)C 2P (g = D=0 P (g%)©, the algebra of Ad-invariant
homogeneous polynomials on g, through the polarization formula.

1 k=1 .
Sym(F) (g, omi) = 75 1o (=1 5 F (i + by, )
i=0 ir#s
o Let w € Q! (P; g) be a principal connection on 77 : P — M and QY its
curvature. The 2k-form f (Q%) (p) (X1, ..., Xox) =

2% Y (71)‘0"((Qw(p)(xa(l)rXU(Z))v---vQw(P)(Xo(2k71)rXa(2k))>

€Sy,
is G-invariant and horizontal.
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Chern-Weil homomorphism

@ There exists a uniquely defined 2k-form cw (f, P, w) € O (M) such that

™ (ew (f, P,w)) = F (QY).
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Chern-Weil homomorphism

@ There exists a uniquely defined 2k-form cw (f, P, w) € O (M) such that
™ (ew (f, P,w)) = F (QY).

° cw (f, P, w) is closed, so there is a well defined de Rham cohomology class
[ew (f, P,w)] € H2k (M), called the characteristic class of f, which is
independent of the particular choice of w € Q1 (P;g).
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Chern-Weil homomorphism

@ There exists a uniquely defined 2k-form cw (f, P, w) € O (M) such that
™ (ew (f, P,w)) = F (QY).

° cw (f, P, w) is closed, so there is a well defined de Rham cohomology class
[ew (f, P,w)] € H2k (M), called the characteristic class of f, which is
independent of the particular choice of w € Q1 (P;g).

@ The mapping

Cwp:S(g)° — H* (M)
f — [ew (f, P,w)]

is a homomorphism of commutative algebras (Chern-Weil homomorphism).
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Chern-Weil homomorphism

@ There exists a uniquely defined 2k-form cw (f, P, w) € O (M) such that
™ (ew (f, P,w)) = F (QY).

° cw (f, P, w) is closed, so there is a well defined de Rham cohomology class
[ew (f, P,w)] € H2k (M), called the characteristic class of f, which is
independent of the particular choice of w € Q1 (P;g).

@ The mapping
Cwp:S(g)° — H* (M)
f — [ew (f, P,w)]
is a homomorphism of commutative algebras (Chern-Weil homomorphism).

@ The characteristic classes of a trivial principal bundle all vanish.
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Chern-Weil homomorphism

@ There exists a uniquely defined 2k-form cw (f, P, w) € O (M) such that
™ (ew (f, P,w)) = F (QY).

° cw (f, P, w) is closed, so there is a well defined de Rham cohomology class
[ew (f, P,w)] € H2k (M), called the characteristic class of f, which is
independent of the particular choice of w € Q1 (P;g).

@ The mapping
Cwp:S(g)® — H* (M)
f — [ew (f, P,w)]

is a homomorphism of commutative algebras (Chern-Weil homomorphism).
@ The characteristic classes of a trivial principal bundle all vanish.

o lf fesn (g*)G, the quantity
Q:= /2 ow (f, Py, w) = dvol(8>")
S n

is called the charge of the monopole.
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Example: SO(2n)-monopoles

Let 2n>6, G = 50(2n), n €N, and o = (1,0,%",0) € $2". Let {Capltap:
a, B € {1,... n}, be the basis of s0(n) such that ¢, 4 is the matrix whose entries
are 1 in the position («, ), —1 in the position (B, a), and 0 elsewhere.

@ There are three different A : SO(2n) — SO(2n): the trivial homomorphism,
the identity Id : SO(2n) — SO(2n), whose associated principal bundle is
SO0(2n+1) — SO(2n+1)/50(2n), and the conjugation J by the diagonal
matrix (—1,..., —1,1). Observe that 6 € O(2n) but 6 ¢ SO(2n).
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Example: SO(2n)-monopoles

Let 2n>6, G = 50(2n), n €N, and o = (1,0,%",0) € $2". Let {Capltap:
a, B € {1, ..., n}, be the basis of s0(n) such that Ca’ﬁ is the matrix whose entries
are 1 in the position («, ), —1 in the position (B, a), and 0 elsewhere.

@ There are three different A : SO(2n) — SO(2n): the trivial homomorphism,
the identity Id : SO(2n) — SO(2n), whose associated principal bundle is
S0(2n+1) — SO(2n+1)/S0(2n), and the conjugation & by the diagonal
matrix (—1,..., —1,1). Observe that 6 € O(2n) but 6 ¢ SO(2n).

@ The field strength Qxiv associated to Id : SO(2n) — SO(2n) is such that

OW (o) (vj,v}) = =&, v, v; €R®", i<}

Andreu Lizaro (CRM) Monopoles in arbitrary dimension December 16-18th, 2008 13 /16



Example: SO(2n)-monopoles

Let 2n>6, G = 50(2n), n €N, and o = (1,0,%",0) € $2". Let {Capltap:
a, B € {1,... n}, be the basis of s0(n) such that ¢, 4 is the matrix whose entries
are 1 in the position («, ), —1 in the position (B, a), and 0 elsewhere.

@ There are three different A : SO(2n) — SO(2n): the trivial homomorphism,
the identity Id : SO(2n) — SO(2n), whose associated principal bundle is
SO0(2n+1) — SO(2n+1)/50(2n), and the conjugation J by the diagonal
matrix (—1,..., —1,1). Observe that 6 € O(2n) but 6 ¢ SO(2n).

@ The field strength Qxiv associated to Id : SO(2n) — SO(2n) is such that
Q:QV(O) (U,',Uj) = _gji' U,',Uj S ]RZn’ i <j.
o The field strength QW associated to § : SO(2n) — SO(2n) satisfies

OW (o) (vi,v;) = —G;ji if i <Jj,j# 2n, and QW (o) (vj,v2n) = Zoni-
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Example: SO(2n)-monopoles

Definition

The Pfaffian Pf is the unique (up to a sign) polynomial function on SO(2n) such
that Pf2(A) = det(A), A € SO(2n). The Euler class x (P) is defined as
L Cwp (Sym(Pf)).
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Example: SO(2n)-monopoles

Definition
The Pfaffian Pf is the unique (up to a sign) polynomial function on SO(2n) such

that Pf2(A) = det(A), A € SO(2n). The Euler class x (P) is defined as
L Cwp (Sym(Pf)).

Proposition

| \

The Euler class associates a non-zero charge to g : Pg — S$%" and
s : Py — §2" (if n is odd, up to a constant factor, it is the unique characteristic
class doing so). More concretely,

L 1
7 Jsan cw (Sym(Pf), P, w) = 2, — /SQn cw (Sym(Pf), Ps, w) = —2.
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Proposition

The Euler class associates a non-zero charge to g : Pg — S$%" and
s : Py — §2" (if n is odd, up to a constant factor, it is the unique characteristic
class doing so). More concretely,

L 1
7 Jsan cw (Sym(Pf), P, w) = 2, — /SQn cw (Sym(Pf), Ps, w) = —2.

@ Gibbons, G. W. and Townsend, P. K. Self-gravitating Yang monopoles in all
dimensions. Class. Quantum Grav. 23, pp. 4873-4885 (2006)

compute the charge of the monopole as fsgn trace(Q¥ A A Q%) which is zero!
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Yang monopole

According to

@ Yang, C. N. Generalization of Dirac's monopole to SUs gauge fields. J. Math. Phys.
19 (1), pp. 320-328 (1978),
there exist two non-trivial principal bundles 7; : P — $* =2 SO(5)/S0(4),

i =1,2, with gauge group G = SU(2) admitting a SO(5)-invariant principal
connection.
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connection.

@ This would imply, in particular, that there exists two non-equivalent
homomorphisms A; : SO(4) — SU(2), i =1, 2.

@ Yang covers S* with two patches and uses local sections.
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@ This would imply, in particular, that there exists two non-equivalent
homomorphisms A; : SO(4) — SU(2), i =1, 2.

@ Yang covers S* with two patches and uses local sections.

Proposition

The unique homomorphism A : SO(4) — SU(2) is the trivial one.
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Yang monopole

According to

@ Yang, C. N. Generalization of Dirac's monopole to SUs gauge fields. J. Math. Phys.
19 (1), pp. 320-328 (1978),

there exist two non-trivial principal bundles 7; : P — $* =2 SO(5)/S0(4),

i =1,2, with gauge group G = SU(2) admitting a SO(5)-invariant principal

connection.

@ This would imply, in particular, that there exists two non-equivalent
homomorphisms A; : SO(4) — SU(2), i =1, 2.

@ Yang covers S* with two patches and uses local sections.

Proposition

The unique homomorphism A : SO(4) — SU(2) is the trivial one. There exist two
non-equivalent homomorphisms o; : Spin(4) = S3 x §3 — SU(2) = S3,i=1,2,
given by 01 (x,y) = x and 03 (x,y) = y. Therefore, two principal bundles

i« P — S* = Spin(5)/Spin(4), i = 1,2, with gauge group SU(2) admitting a
(left) Spin(5)-action.
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