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Symplectic Geometry

Definition
Ω ∈ Λ2M is symplectic iff

nondegenerate: iv Ω = 0⇔ v = 0,
closed: dΩ = 0.

m = dim M = 2n
(M,Ω) is called a symplectic manifold.
Ωn/n! is the symplectic volume (or the Liouville measure).

Musical isomorphisms: TM
[ // T ∗M
]

oo .

Theorem (Darboux)

Ω =
n∑

i=1

dqi ∧ dpi
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Cosymplectic Geometry

Definition
(M2n+1,Ω, µ) is cosymplectic iff

nondegenerate: Ωn ∧ µ 6= 0,
closed: dΩ = 0 and dµ = 0.

The musical isomorphism [ : XM −→ ΛM is given by

[(v) := iv Ω + µ(v)µ.

The Reeb vector field R := [−1(µ) is given by the equations:

iRΩ = 0 and iRµ = 1.

Theorem (Darboux)

Ω =
n∑

i=1

dqi ∧ dpi and dt = µ
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(Co)symplectic examples

Example (T ∗Q as a symplectic manifold)
Let M = T ∗Q and Ω = −dΘ, where Θ is the Liouville one-form

Θ = pidqi .

Then (T ∗Q,Ω) is a symplectic manifold and

Ω = dqi ∧ dpi .

Example (R× T ∗Q as a cosymplectic manifold)

Let M = R× T ∗Q, Ω = dqi ∧ dpi and µ = dt . Then (R× T ∗Q,Ω, µ) is a
cosymplectic manifold.
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Mechanics (the symplectic case)

1 The Lagrangian L : TQ −→ R.
2 The Legendre transform FL : TQ −→ T ∗Q,

FL(qi , q̇i) = (qi , p̂i = ∂L
∂q̇i ).

3 The Poincaré-Cartan 1-form ΘL := FL∗Θ = ∂L
∂q̇i dqi .

4 The Poincaré-Cartan 2-form ΩL := −dΘL = dqi ∧ dp̂i .
5 (TQ,ΩL) is symplectic whenever L is regular.
6 The Lagrangian energy EL(= p̂) := q̇i p̂i − L = q̇i ∂L

∂q̇i − L.
7 A Lagrangian vector field X ∈ X(TQ) satisfies iX ΩL = dE .

Theorem
Let X ∈ X(TQ) be a second-order vector field. The integral curves of X
satisfy the Euler-Lagrange equations:

d
dt

(
∂L
∂q̇i

)
− ∂L
∂qi = 0.
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Mechanics (the cosymplectic case)

1 The Lagrangian L : R× TQ −→ R.
2 The Legendre transform FL : R× TQ −→ R× T ∗Q,

FL(t ,qi , q̇i) = (t ,qi , p̂i = ∂L
∂q̇i ).

3 The Hamiltonian energy H = (FL−1)∗EL = q̇ipi − L ◦ FL−1.
4 The forms ΘH := Θ− Hdt and ΩH := Ω + dH ∧ dt .
5 The Poincaré-Cartan 1-form ΘL := FL∗ΘH = ∂L

∂q̇i dqi − ELdt .

6 The Poincaré-Cartan 2-form ΩL := −dΘL = dqi ∧ dp̂i − ∧dt ∧ dp̂.
7 (R× TQ,ΩL, dt) is cosymplectic whenever L is regular.

Theorem
The integral curves of the Reeb vector field satisfy the Euler-Lagrange
equations:

d
dt

(
∂L
∂q̇i

)
− ∂L
∂qi = 0.
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Multisymplectic geometry

Definition
Ω ∈ ΛkM is multisymplectic iff

nondegenerate: iv Ω = 0⇔ v = 0,
closed: dΩ = 0.

(M,Ω) is called a multisymplectic manifold.
Musical morphisms: Ω̂j : Xj −→ Λk−j .
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Multisymplectic examples

Example (ΛkQ as a multisymplectic manifold)

Let M = ΛkQ and Ω = −dΘ, where Θ is the Liouville k -form

Θα(X1, . . . ,Xk ) := α(ν∗X1, . . . , ν∗Xk ).

In coordinates,
Θ = pi1,...,ik dqi1 ∧ · · · ∧ dqik .

Then (ΛkQ,Ω) is a multisymplectic manifold and

Ω = −dpi1,...,ik ∧ dqi1 ∧ · · · ∧ dqik .

Example (Λk
r Q as a multisymplectic manifold)

Λk
r Q is the set of the r -horizontal k -forms (with respect to a fibration
π : Q −→ P). Let Ωr be the restriction of Ω. Then (Λk

r Q,Ωr ) is a
multisymplectic manifold.
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The Multi-Index Notation

Usually, given a function f : Rm −→ R, its partial derivatives are
denoted by

fi1i2···ik =
∂k f

∂x (i1,i2,...,ik )
:=

∂r f
∂xi1∂xi2 · · · ∂xik

.

What matters is not the order in which the derivatives are taken, but
the number of times with respect to each variable.

Definition
A multi-index is a m-tuple I ∈ Nm.
The i-th component of I is denoted I(i).
Addition and “substraction” of multi-indexes are defined
componentwise, (I ± J)(i) = I(i)± J(i).
The length of I is the sum |I| =

∑
i I(i), and its factorial I! = Πi I(i)!.

1i = (δi
j ) = (0, . . . ,1, . . . ,0).
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The Multi-Index Notation

We will denote the partial derivatives of a function f : Rm −→ R by

fI =
∂|I|f
∂x I :=

∂I(1)+I(2)+···+I(m)f

∂x I(1)
1 ∂x I(2)

2 · · · ∂x I(m)
m

.

Given f : R3 −→ R,
∂3f

∂x1∂x2∂x1
will be f(2,1,0) instead of f121.

∂
∂x1

∂2f
∂x2∂x1

will be f(1,1,0)+11
(or f(2,0,0)+12

).
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The Multi-Index Notation

Lemma∑
I+1i=J

I(i) + 1
|I|+ 1

= 1

∑
|I|=l−1

m∑
i=0

aI,i =
∑
|J|=l

∑
I+1i=J

aI,i

∑
|J|=l

bJaJ =
∑
|I|=l−1

m∑
i=1

I(i) + 1
|I|+ 1

(bI+1i + QI,i)aI+1i where

∑
I+1i=J

I(i) + 1
|I|+ 1

QI,i = 0
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Definition

(E , π,M) will be a fiber bundle (dim M = m and dim E = m + n).
Adapted coordinated systems will be of the form (x i ,uα).
φ, ψ ∈ Γ(E) are k -equivalent at p if for all α, ij and r

φ(p) = ψ(p) and
∂rφα

∂x i1 · · · ∂x ir

∣∣∣∣
p

=
∂rψα

∂x i1 · · · ∂x ir

∣∣∣∣
p
.

Definition
The k-jet of φ at p is jkpφ := [φ]kp.

The k-th jet manifold of π is Jkπ :=
{

jkpφ : p ∈ M, φ ∈ Γp(π)
}

.

Adapted coordinates (x i ,uα) on E induce adapted coordinates (x i ,uαI )
on Jkπ (with 0 ≤ |I| ≤ k ):

uαI (jkpφ) =
∂|I|φα

∂x I

∣∣∣∣∣
p

.
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Properties

(Jkπ, πk ,M) is a fiber bundle, where

πk (jkpφ) = p (in coordinates πk (x i ,uαI ) = (x i)).

Jkπ fibers over the l-jet manifolds J lπ (l ≤ k ), where

πk ,l(jkpφ) = j lpφ (in coord. πk ,l(x i ,uαI ) = (x i ,uαJ ), |I| ≤ k , |J| ≤ l).

E

π

��

J1π
π1,0oo

π1

���������������
J2π

π2,1oo

π2

{{wwwwwwwwwwwwwwwwwww
· · ·oo Jkπoo

πk

uukkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

M

(Jkπ, πk ,k−1, Jk−1π) is an affine fiber bundle.
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The (extended) dual affine bundle

Definition

The extended dual affine bundle (Jkπ†, π†k ,k−1, J
k−1π) is a fiber

bundle whose fibers consist of affine maps of the corresponding
fibers of the affine bundle (Jkπ, πk ,k−1, Jk−1π).
The dual affine bundle (Jkπ∗, π∗k ,k−1, J

k−1π) is a fiber bundle
whose fibers consist of classes of affine maps of the
corresponding fibers of the affine bundle (Jkπ, πk ,k−1, Jk−1π),
which differ by a constant.

There exist canonical isomorphisms Jkπ† ≈ Λm
2 (Jk−1π) and

Jkπ∗ ≈ Λm
2 (Jk−1π)/Λm

1 (Jk−1π).
If ω ∈ Λm

2 (Jk−1π), then ω = p dmx + pI,i
α duαI ∧ dm−1xi , |I| ≤ k − 1.

Thus we have coordinates (x i ,uαI ,p,p
I,i
α ) on Λm

2 (Jk−1π).
There is a natural pairing between Jkπ and Jkπ†,
Φ(jkx φ, ωjk−1

x φ
) := a(x), sucht that a(x)η(x) = (jk−1φ)∗ωjk−1

x φ
. In

coordinates: Φ(x i ,uαI ,u
α
K ,p

I,i
α ,p) = pI,i

α uαI+1i
+ p.

Λm
2 (Jk−1π) has a canonical multisymplectic structure,

Ω = −dp ∧ dmx − dpI,i
α ∧ duαI ∧ dm−1xi .
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Mechanics (the multisymplectic case)

1 The Lagrangian L : J1π −→ R.
2 Let p̂i

α = ∂L
∂uαi

and p̂ = L− uαi p̂i
α.

3 The Poincaré-Cartan m-form ΘL := p̂i
αduα ∧ dm−1xi + p̂dmx .

4 The Poincaré-Cartan (m + 1)-form ΩL := −dΘL.
5 (J1π,ΩL) is multisymplectic whenever L is regular.

Theorem
A section φ : M −→ E satisfies the Euler-Lagrange equations

(j1φ)∗
(
∂L
∂uα

− d
dx i

∂L
∂uαi

)
= 0

iff ∀X ∈ X(J1π)
(j1φ)∗(iX ΩL) = 0.
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Mechanics (the multisymplectic case)
The DeDonder equations

Definition
A section σ : M −→ J1π satisfies the DeDonder equations iff

(σ)∗(iX ΩL) = 0, ∀X ∈ X(J1π).

Theorem
Let Γ be a connection in π1 : J1π −→ M whose horizontal projector h
satisfies

ihΩL = (m − 1)ΩL.

The integral sections of Γ satisfies the DeDonder equations.
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First order Skinner-Rusk formalism

1 Consider the fibered product W0 := J1π ×E Λm
2 E .

2 The pairing Φ(x i ,uα,uαi ,p
i
α,p) = pi

αuαi + p.
3 The dynamical function H := Φ− L ◦ pr1.
4 The canonical multisymplectic (m + 1)-form

Ω = −dp ∧ dmx − dpi
α ∧ duα ∧ dm−1xi .

5 The (m + 1)-form Ω0 := Ω + dH ∧ µ.
6 We search an Ehresmann connection in the fibered bundle
πW0,M : W0 −→ M whose horizontal projector is the solution of

ihΩ0 = (m − 1)Ω0.
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Higher order Skinner-Rusk formalism

1 Consider the fibered product W0 := Jkπ ×Jk−1π Λm
2 (Jk−1π).

2 The pairing Φ(x i ,uαI ,u
α
K ,p

I,i
α ,p) = pI,i

α uαI+1i
+ p.

3 The dynamical function H := Φ− L ◦ pr1.
4 The canonical multisymplectic (m + 1)-form

Ω = −dp ∧ dmx − dpI,i
α ∧ duαI ∧ dm−1xi .

5 The (m + 1)-form Ω0 := Ω + dH ∧ µ.
6 We search an Ehresmann connection in the fibered bundle
πW0,M : W0 −→ M whose horizontal projector is the solution of

ihΩ0 = (m − 1)Ω0.
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Solving the Skinner-Rusk equation

We first have to restrict to the space where solutions exist:

W1 := {w ∈W0 / ∃hw : TwW0 −→ TwW0 linear s.t. h2
w = hw ,

ker hw = (VπW0,M)w , ihw ΩH0(w) = (m − 1)ΩH0(w)}.

The projectors must have the form

hw =

(
∂

∂x i + AαJi
∂

∂uαJ
+ BIj

αi
∂

∂pI,j
α

+ Cj
∂

∂p

)
⊗ dx i .

We start to compute...
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Solving the Skinner-Rusk equation

ihw Ω0 − (m−1)Ω0 =

=

(
BIi
αiduαI − AαIi dpI,i

α + pI,i
α duαI+1i

+ uαI+1i
dpI,i

α −
∂L
∂uαJ

duαJ

)
∧ dmx

=

(B i
αi −

∂L
∂uα

)
duα +

k−1∑
|I′|=1

(
BI′i
αi −

∂L
∂uαI′

)
duαI′ +

k−2∑
J′=0

pI,i
α duαI+1i

+
∑
|K |=k

− ∂L
∂uαK

duαK +
∑

K ′=k−1

pK ′,i
α duαK ′+1i

+
k−1∑
|I|=0

(
uαI+1i

− AαIi
)

dpI,i
α

 ∧ dmx

Equating to zero...
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Solving the Skinner-Rusk equation

B j
αj =

∂L
∂uα

;

pI,i
α =

I(i) + 1
|I|+ 1

(
∂L

∂uαI+1i

− BI+1i j
αj + QIi

α

)
, with |I| = 0, . . . , k − 2;

pI,i
α =

I(i) + 1
|I|+ 1

(
∂L

∂uαI+1i

+ QIi
α

)
, with |I| = k − 1;

AαIi = uαI+1i
, with |I| = 0, . . . , k − 1;

Getting rid of the Q’s...
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Solving the Skinner-Rusk equation

We finally obtain:

B j
αj =

∂L
∂uα

; (1)∑
I+1i=J

pI,i
α =

∂L
∂uαJ

− BJj
αj , with |I| = 1, . . . , k − 1; (2)

∑
I+1i=K

pI,i
α =

∂L
∂uαK

, with |K | = k ; (3)

AαIi = uαI+1i
, with |I| = 0, . . . , k − 1.

Regularity, hw (TwW0) ⊂ i∗(TW2) ∀w ∈W2,

∑
I+1i=K

BIi
αj =

∂2L
∂x j∂uαK

+uβI+1j

∂2L

∂uβI ∂uαK
+Aα

′

K ′j
∂2L

∂uα′K ′∂uαK
, with |K | = k . (4)

Cédric M. Campos (ICMAT CSIC) The SK formalism in HFT December 16th, 2008 24 / 30



The first order case (k=1)

Main equations

B j
αj =

∂L
∂uα

;

pi
α =

∂L
∂uαi

.

Regularity condition

B i
αj =

∂2L
∂x j∂uαi

+ uβj
∂2L

∂uβ∂uαi
+ Aα

′

i ′j
∂2L

∂uα′i ′ ∂uαi
.
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The one-dimensional case (m = 1)

Main equations

Bα =
∂L
∂uα

;

pj
α =

∂L
∂uαj

− Bj+1
α , with j = 1, . . . , k − 1;

pk
α =

∂L
∂uαk

.

Regularity condition

Bk
α =

∂2L
∂x∂uαk

+ uβi+1
∂2L

∂uβi ∂uαk
+ Aα

′

k ′
∂2L

∂uα′k ′ ∂uαk
.

Cédric M. Campos (ICMAT CSIC) The SK formalism in HFT December 16th, 2008 26 / 30



The multisymplectic phase space

W2 := {w ∈W1 : H(w) = 0} = {w ∈W0 : (3) and H(w) = 0}

Theorem

(W2,Ω2) is multisymplectic iff L is regular (det
(

∂2L
∂uαK ∂uα′

K ′

)
6= 0).

What now?
Higher-order Euler-Lagrange equations.
Higher-order Gotay-Nester-Hinds algorithm.
Higher-order control theory (María Barbero).
Higher-order paella.
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Higher-order Euler-Lagrange equations

Given an Ehresmann connection on πW2M : W2 −→ M, whose
horizontal projector h is a solution of the Skinner-Rusk equation

ihΩ2 = (m − 1)Ω2,

consider the “horizontal projector” h̄ = i∗h i−1
∗ defined on i∗(TW2).

Theorem
Let σ be a section of πW2M : W2 −→ M and denote σ̄ = i ◦ σ. If σ is an
integral section of h, then σ is holonomic,

pr1 ◦ σ̄ = jk (πW2M ◦ σ),

and satisfies the higher-order Euler-Lagrange equations:

j2k (πW2M ◦ σ)∗

 k∑
|J|=0

(−1)|J|
d|J|

dxJ
∂L
∂uαJ

 = 0.
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The End

- All that has a beginning has an end.
(The Oracle, The Matrix Trilogy)
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