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Symplectic Geometry

Definition

Q € A>M is symplectic iff
@ nondegenerate: i,Q2 =0 < v =0,
closed: dQ = 0.

m=dimM =2n
(M, Q) is called a symplectic manifold.
Q"/n! is the symplectic volume (or the Liouville measure).

b
Musical isomorphisms: TM:ﬁ’ T*M .

Theorem (Darboux)

n
Q=" dqg'rdp

i=1
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Cosymplectic Geometry

Definition

(M2 Q1) is cosymplectic iff
@ nondegenerate: Q" A # 0,
@ closed: d2 = 0 and du = 0.

The musical isomorphism b : XM — AM is given by
(V) := i+ p(v)p.
The Reeb vector field R := b~ (x) is given by the equations:
irR2=0 and igu=1.

Theorem (Darboux)

n
Q=> dg' Adp; and dt=p

i=1
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(Co)symplectic examples

Example (T*Q as a symplectic manifold)
Let M = T*Q and Q2 = —d©, where © is the Liouville one-form

O = ,D,'dqi.
Then (T*Q, Q) is a symplectic manifold and

Q =dq' Adp;.

Example (R x T*Q as a cosymplectic manifold)

Let M=R x T*Q, Q =dqg’' Adp; and = dt. Then (R x T*Q,Q, 1) is a
cosymplectic manifold.
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Mechanics (the symplectic case)

@ The Lagrangian L: TQ — R.
Q The Legendre transform FL: TQ — T*Q,
FL(G.4) = (d. b = )
© The Poincaré-Cartan 1-form ©, := FL*© = aq,dq
© The Poincaré-Cartan 2-form Q, := —d©, = dq' A dp;.
Q@ (7Q, Q) is symplectic whenever L is regular.
© The Lagrangian energy E,(=p) == g'p; — L = qf% —
@ A Lagrangian vector field X € X(TQ) satisfies ixQ2, = dE.

Let X € X(TQ) be a second-order vector field. The integral curves of X
satisfy the Euler-Lagrange equations:

d (oL _ oL
dt \ 0¢’ oq
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Mechanics (the cosymplectic case)

@ The Lagrangian L: R x TQ — R.
© The Legendre transform FL: R x TQ — R x T*Q,
FL(t.q'.4') = (1.9 pr = 2L).
© The Hamiltonian energy H = (FL-")*E, = §'p; — Lo FL™".
© The forms Oy := © — Hdt and Q4 := Q + dH A dt.
© The Poincaré-Cartan 1-form ©, := FL*Oy = %dq" — E;dt.
© The Poincaré-Cartan 2-form Q; := —d©; = dq’ A dp; — Adt A dp.
Q@ (R x TQ,9Q,,dt) is cosymplectic whenever L is regular.

The integral curves of the Reeb vector field satisfy the Euler-Lagrange

equations:
d oLy _of _,
dt \ 9¢’ oq
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Multisymplectic geometry

Definition

Q € AKM is multisymplectic iff
@ nondegenerate: i,Q2 =0 < v =0,
@ closed: d©2 = 0.

@ (M.,Q) is called a multisymplectic manifold.
@ Musical morphisms: Q; : X/ — A,
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Multisymplectic examples

Example (A*Q as a multisymplectic manifold)
Let M = AKQ and Q = —d®, where @ is the Liouville k-form

Oa( X, ..., Xk) = a(v Xy, ..., v Xk).

In coordinates, ; ,
© = pj,..;dg" A--- Adgk.

Then (A*Q, Q) is a multisymplectic manifold and

Q - _dpf1,...,ik A qu AR dq’k

Example (AXQ as a multisymplectic manifold)

AKQ is the set of the r-horizontal k-forms (with respect to a fibration
7 : Q — P). Let Q, be the restriction of Q. Then (AXQ, Q,) is a
multisymplectic manifold.
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The Multi-Index Notation

Usually, given a function f : R™ — R, its partial derivatives are
denoted by

£ orf o'f

o = Ox Ui si,esik) T (9X,'1 8X,'2 . ank .

What matters is not the order in which the derivatives are taken, but
the number of times with respect to each variable.

Definition
@ A multi-index is a m-tuple / € N,
@ The i-th component of / is denoted /(/).
@ Addition and “substraction” of multi-indexes are defined
componentwise, (I £+ J)(i) = I(i) £ J(i).
@ The length of /is the sum |/| = >, I(/), and its factorial /' = M;/(i)!.
° 1,-:(5;'):(0,...,1,...,0).

o -

-
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The Multi-Index Notation

We will denote the partial derivatives of a function f : R — R by

ollf HI)HI@) 4+ 1(m) §

1= oxT = X Daxl@ . gxltm

Given f: R3 — R,
° % will be fp.1 gy instead of f1.

3?( v ax will be fi1 1,0)+1, (OF f2,0,0)+1,)-
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The Multi-Index Notation

Lemma

I+1;=
m
° Z doai=> > ay
[l|=1—1 i=0 |J|—II+1'—J
+1 I+1; i
° Z Z |I| (6" + Q"ay, 4, where
[J|=! —1 i=1
I+1;=J
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o (E,m, M) will be a fiber bundle (dim M = m and dim E = m + n).
@ Adapted coordinated systems will be of the form (x', u®).
@ ¢,7 € I'(E) are k-equivalent at pif for all o, jj and r

8r¢o¢ 8rwa

o(p) = ¥(p) and

)

Definition

® The k-jetof ¢ atpis jio = [¢]5.
o The k-th jet manifold of  is J*7 := {j§¢ : pe M, ¢ € Tp(m)}.

Adapted coordinates (x’, u*) on E induce adapted coordinates (x’, uf)
on J¥7 (with 0 < |/] < k):

olll o

ox!
p csic

uf (jpo) =
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Properties

@ (J*m,mx, M) is a fiber bundle, where
m(j§¢) = p (in coordinates m4(x', uf") = (x')).
e Jkr fibers over the I-jet manifolds J'= (I < k), where

mi(d) = jpo  (in coord. e (X', uf*) = (x', uf), 1] < k,|J| < 1).

71,0 2,1
E Jir J2r e Jkr
4 71'1 T2 Tk
M

o (J*7, Tk k_1,J5 ) is an affine fiber bundle.
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The (extended) dual affine bundle

@ The extended dual affine bundle (J*=', x| , ,.J" ') is a fiber

bundle whose fibers consist of affine maps of the corresponding
fibers of the affine bundle (X, mx k1, J< 7).

@ The dual affine bundle (J"*, ; ,_,,J* ') is a fiber bundle
whose fibers consist of classes of affine maps of the
corresponding fibers of the affine bundle (J*r, 7wy 41, S 17),
which differ by a constant.
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The (extended) dual affine bundle

Definition

o The extended dual affine bundle (J*='. x|, . J5 'x).
® The dual affine bundle (J*x*, 7} , 4, J"*Ur).

@ There exist canonical isomorphisms J*7 ~ AZ(J*~"7) and
JEr* a2 NP(JK= 1) /NP (IR ).

o Ifwe AP(J ), then w = pd™x + pk'duf Ad™ ' x;, || < k1.
Thus we have coordinates (x', u?, p, pl') on AZ'(JK— 7).

@ There is a natural pairing between J¥7 and JXrt,
O(j¥é,wi-1,) := a(x), sucht that a(x)n(x) = (*~"¢)*wp-1,. In
coordinates: ®(x’, ug, ug, pi;', p) = pé”'u;’;h +p.

e AJ(J5='7) has a canonical multisymplectic structure,

Q=—dpAd™x —dpl Aduf Ad™ T x
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Mechanics (the multisymplectic case)

@ The Lagrangian L : J'r — R.

Q Letp = % and p = L — u*pi,.

© The Poincaré-Cartan m-form ©, := p/ du® A d™1x; + pd™x.
@ The Poincaré-Cartan (m + 1)-form Q; := —d©;,.

Q (J'r, Q) is multisymplectic whenever L is regular.

Theorem
A section ¢ : M — E satisfies the Euler-Lagrange equations

()" (8_L _ i@_L) =

oux  dx' ou

iffvX € X(J')

('¢)* (ixQ) = 0.

v
P
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Mechanics (the multisymplectic case)

The DeDonder equations

Definition
A section o : M — J'r satisfies the DeDonder equations iff

(0)*(ixQ) =0, VX ex(J'n).

LetT be a connection in 7y : J'7 — M whose horizontal projector h
satisfies

ihQL = (m = 1)QL

The integral sections of I satisfies the DeDonder equations.
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First order Skinner-Rusk formalism

@ Consider the fibered product Wy := J'm xg AJE.

@ The pairing ®(x', u®, u?, pi., p) = pLu® + p.

© The dynamical function H := & — Lo pr;.

© The canonical multisymplectic (m + 1)-form
Q= —dpAd"x —dp/, Adu® Ad™ 1 x;.

@ The (m+1)-form Qg := Q+dH A p.

© We search an Ehresmann connection in the fibered bundle
Tw,m - Wo — M whose horizontal projector is the solution of

ihS2 = (m— 1)Qo
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Higher order Skinner-Rusk formalism

@ Consider the fibered product Wy := Jkm x g1, AJ(J5 7).

@ The pairing ®(x', u?, u, pl', p) = péiuﬁ1i +p.

© The dynamical function H := ® — Lo pr.

© The canonical multisymplectic (m 4 1)-form
Q= —dpAd™x —dpl Adup Ad™x;.

@ The (m+1)-form Qg := Q+dH A p.

© We search an Ehresmann connection in the fibered bundle
Twy,m © Wo — M whose horizontal projector is the solution of

ihQO = (m— 1)90
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Solving the Skinner-Rusk equation

We first have to restrict to the space where solutions exist:

Wy = {weWy,/3hy,: T,Wy — T,W, linears.t. h2, = h,,
kerh, = (VT"WO,M)Wy ithHo(W) = (m — 1)QHO(W)}.

The projectors must have the form

0 o Ly 0 0 j
h, = <8X,+AJ,aua+B ap(,);j.JrC,&[))®dx.

We start to compute...
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Solving the Skinner-Rusk equation

S0 — (M—=1)Qp =

. ; L
= (Bg,-du, Agdpl + pidup 4 + ufyq.dpl — 8uduf}> AdTx

J
- k—2
- (B i )du + Z (B’ )du,, + Z phiduf,
|1|=1 =0
oL e K'Ji 1,0
+ Z —WduKJr Z Py "dUk 1,
|K\:k K K'=k—1
+ Z Ul+1 p AdMx
|11=0
Equating to zero... csic
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Solving the Skinner-Rusk equation

1i

(07
1i
(07

[0}

li

oL

ou’

+1 (0L grii g} with |
i+ \oug, "

N1 (L qr) with 1= k-1,
i+ \oug,

U;)in, Wlth“\zO,,k-L

Getting rid of the Q’s...
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Solving the Skinner-Rusk equation

We finally obtain:

oL
o aua' ( )
Y i = oL BJf with [/| =1,... k-1, 2)
8ua
I+1,=d
L
§j pll = a—a, with |K| = k; (3)
ouyg
I+1;=
” — UICEF'I,-’ W|th“’:0,,k—1

Regularity, hy, (Tw Wp) C i(TWo) Yw € W,

I+1;=K X oUy ouy dug Uk lk csic
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The first order case (k=1)

Main equations

- oL
BI- G
o ou~’
i oL
pOé - auloé'
Regularity condition
i ?L 5 0L o OPL

= U, .
ol axiguy T ouPour T T puy oue
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The one-dimensional case (m = 1)

Main equations

oL

Ba = =
ou~

e, = 8—L—B£jr1,withj:1,...,k—1;
6uj°‘
oL

K

pa = a,,ac
ouy

Regularity condition
K 0L 5 0L v 0L

= U ——— .
* oxoup M ou’oug K ougy oug
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The multisymplectic phase space

Wo:={weW; : Hw)=0}={we Wy : (8)and H(w) =0}

(Wa, Q5) is multisymplectic iff L is regular (det ( S0 a . ) #£0).

What now?
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The multisymplectic phase space

Wo:={weW; : Hw)=0}={we Wy : (8)and H(w) =0}

(Wa, Q5) is multisymplectic iff L is regular (det ( S0 a . ) #£0).

What now?
@ Higher-order Euler-Lagrange equations.
@ Higher-order Gotay-Nester-Hinds algorithm.
@ Higher-order control theory (Maria Barbero).

@ Higher-order paella.
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Higher-order Euler-Lagrange equations

Given an Ehresmann connection on my,y : Wo — M, whose
horizontal projector h is a solution of the Skinner-Rusk equation

ihQQ = (m — 1)92,

consider the “horizontal projector” h = j,h i defined on i,(TW,).

Theorem

Let o be a section of my,y : Wo — M and denote 5 = ioo. If o is an
integral section of h, then o is holonomic,

priod = [*(mwm o o),
and satisfies the higher-order Euler-Lagrange equations:
k

dVl oL
2k * 1\ _
J* (mwm o o) (=D)"——55—5]=0

|J|=0

v
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The End

- All that has a beginning has an end.
(The Oracle, The Matrix Trilogy)

csic

Cédric M. Campos (ICMAT CSIC) The SK formalism in HFT December 16th, 2008 30/30



	Multisymplectic Geometry
	The Multi-Index Notation
	Jet Bundles
	The Skinner-Rusk Formalism
	Apéndice
	Appendix
	



