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Lie Systems and superposition rules.

Differential equations to study.

Geometrical description

Suppose a differential equation on R"

dx! :

— =Y'(t,x i=1,...,n

dt ( Y )7 bl 9 9

From a differential eometric point of view, this is the equation of

the integral curves for the time-dependent vector field

Y(t,x):ZYi(t,x)%.
i=1
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Lie Systems and superposition rules.

Superposition Rules.

Definition

The initial differential equation admits a superposition rule if
there exists a map ¢ : R"(M+1) _, R" such that its general
solution x(t) can be written as

X(t) = q)(X(l)(t), o X(m) (t), kl, coog kn)

with {X(1)(t), ..., Xm)} a family of particular solutions and
{K1,...,kn} a set of constants.

@ Linear inhomogeneous differential equations.
@ Riccati equations.
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Lie Systems and superposition rules.

Definition of Lie system.

Definition of Lie system

The initial differential equation is called a Lie system if there
exist vector fields Xy, ..., X(;y on R" such that

@ The time-dependent vector field Y (t,x) verifies

Y (t,x) = zr:ba(t)xa(x).
a=1

@ The vector fields {X(,) |a=1,...,r} verify

[X(a)> Xa] = €25X(5)

for certain r® constants Cap:
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Lie's theorem, problems and solutions.

Lie’s theorem and practical problems.

Lie’'s Theorem

A first-order differential equation admits a superposition rule if
and only if it is a Lie system.

PROBLEMS

© Generally, it is difficoult checking out that a differential
eqguation is a Lie system and even more finding a
superposition rule.

@ We maybe do not know if a differential equation admits
any, one or more superposition rules.

© There exist many important differential equations which are
Lie systems, but in general, these cases are rare.
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Lie's theorem, problems and solutions.

Solutions for the problems of Lie’s theorem.

Provided solutions

@ Quasi-Lie schemes and quasi-Lie systems.
@ Generalized Lie theorem.
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Quasi-Lie schemes.

Fundamentals.

Denifition of quasi-Lie scheme

A quasi-Lie scheme s¢(W, V) is given by:

@ A non-null Lie algebra of vector fields W.

@ A linear space V spanned by a finite set of vector fields.
These two elements verify:

o WcCV.
@ [W,V]cCV.
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Quasi-Lie schemes.

A scheme for the Abel equation.

Define on R the set of vector fields

0 0
a—x, Xl—Xa—X, X2—X

|
Xo = Xa = x3— .
0 3 Ox

2_
ox’

and
WAbeI — <X07 Xl>7 VAbeI — <X07 X17 X27 X3>

The linear space Wapel C Vabel is a Lie algebra because
[Xo, X1] = X1 . Moreover, as

[Xo, X2] = 2X1,  [Xo, X3] = 3Xa,
[X1,Xz] = Xa, [X1,X4] = 2X3,

then [Wabel, Vabel] C Vapel-
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Quasi-Lie schemes.

Differential equations described by a quasi-Lie scheme.

A differential equation described by means of a time-dependent
vector field Y (t,x) can be described by a scheme sc(W, V) if

Y (t,x) = iba(t)xa(x)
a=1

with {X, |a =1,...,s} a basis which spans V.

Every Lie system can be described through a quasi-Lie
scheme.
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Quasi-Lie schemes.

Example
The Abel equation

x = fa3(t)x3 4 fp(1)x2 4 f1(t)x + fo(t),
describes the integrals for the time-dependent vector field
X(t) = f3(t)Xz + f2(t) X2 + f1(t)X1 + fo(t)Xo -

Hence, it can be described by the quasi-Lie scheme
5¢(Wapel, Vabel)-
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The main theorem of the theory of quasi-Lie schemes.

Flows for a quasi-Lie scheme.

Generalized flows of a quasi-Lie scheme

Given any time-dependent vector field X given by

X(0) = 3 balt)Xe
a=1

with {X, |a =1,...,s} abasis for W. This vector field can be
considered as a curve b(t) = (by(t),...,bs(t)). Then, there
exists a generalized flow for X (t) which we denote

ge(ba(t), ..., bs(t)).

Let us denote this family of flows as fl(W).
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The main theorem of the theory of quasi-Lie schemes.

Actions of flows.

Time-dependent vector fields and flows

Any time-dependent vector field admits a genealized flow g*.
The knownledge of a time-dependent vector field is equivalent
to the knowledge of its flow.

Action of flows

Given a time-dependent vector field Y (t, x) with generalized
flow g;" and any other generalized flow g;, we define the action
of g; on Y, denoted by (g;).Y = Y’, with Y’ the time-dependent
vector field with generalized flow g; o g’ .
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The main theorem of the theory of quasi-Lie schemes.

Main theorem of the theory of quasi-Lie schemes

Suppose a quasi-Lie scheme s¢(W, V). Given a generalized
flow g; € fl(W) and a time-dependent vector field

Y (t,X) = zs: ba(t)xa,
a=1

with {X, |a =1,...,s} abasis for V, then

(@)Y = 3 bl ()X
a=1



Quasi-Lie schemes and quasi-Lie systems
L]

Quasi-Lie systems and time-dependent superposition rules.

Time-dependent superposition rules and quasi-Lie systems

Definition of quasi-Lie systems

We say that a time-dependent vector field Y (t,x) is a quasi-Lie
system respecto to a quasi-Lie scheme sc¢(W, V) if

© Y can be considered as a curve in V.

@ There exists an element g; € (W) such that (g;).Y is a
Lie system.

=
|

Main property of quasi-Lie systems

If Y is a quasi-Lie system respect a quasi-Lie scheme it can be
shown that its general solution can be written as

(t) = (t X(l ( ) c ,X(m)(t); kl, oo .,kn),

with {X(1)(t), ..., Xm)(t)} a family of particular solutions and
{K1,...,kn} a set of constants.
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The second order Riccati equation.

A second order Riccati equation.

Let us study the second-order Riccati equation
X + (bo(t) + b1 (t)x)% + ao(t) + az(t)x + az(t)x* + as(t)x* = 0,
with

a(t)  as(t)

bl(t) =3 \% a3(t)’ bO(t) = a3(t) 2a3(t) :

By means of the change of variables x = v, we transform the
latter second-order differential equation into the first-order one

X =V,
{\'/ = —(bo(t) + by (t)x)v — ap(t) — az(t)x — az(t)x? — az(t)x>.
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The second order Riccati equation.

A quasi-Lie scheme for the second-order Riccati equation.

Define on TR the set of vector fields

0 0 0 0

Y1 =Vge Ya=Vgp  Ya= XVao, Ya=oo
B 0 B 5 0 B 36 B 0
Ys =Xgp Ye=Xgy, Yr= X'oo, Yg=Xoo

Then, we construct Wgjcc and Vgice as Wrice = (Y2, Ys),
VRice = (Y1,..., Yg). Evidently Wgicc C VRicc IS an abelian two
dimensional Lie algebra and as

[Y2,Y1] = Y1, [Y2,Y3] =0, [Y2,Y4] = —Y2,
[Y2,Ys] = =Y5,  [Y2,Yel = =Yg,  [Y2,Y7] = —Y7,
[Ys, Y1l = —=Y1,  [Ys, Y3] = Y3, [Ys,Ys4] =0,

[Ys, Ys] = Vs, [Ys, Yol = 26, [Ys, Y7] = 3Y7.

then [Wrice, VRice] C VRice-
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The second order Riccati equation.

Flows of the quasi-Lie scheme for the second-order Riccati
equation.

The second-Riccati equation can be understood as the
differential equation of the integral curves for the
time-dependent vector field given by

X(t) =Y1— bo(t)Yz = bl(t)Yg = ao(t)Y4 = al(t)Y5 = az(t)Y6 = ag(t)Y7.

So, the quasi-Lie scheme sc(Wgicc, Vricc) @llows us to deal
with such an equation.

| \

Flow of the quasi-Lie scheme
The set f[(Wricc) is given by

x(t) = a(t)X'(1),
v(t) = B)V'(t).
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The second order Riccati equation.

Applications of the main theorem of the theory of quasi-Lie
schemes.

Consecuence of our main theorem.

The flows of our scheme transforms the initial second-order
Riccati equation into

dx’ _ B(t) , &),
dat a(t)v ; Oé(t)x 7
& aft) /o), a0,
= _% + <—b1(t)a(t)v — Ttl)> X zﬂTx 2

_as(0e’() o Bo(MBM) + AW,
B(D) ) |
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The second order Riccati equation.

Fix bs(t) = \/as(t) and «(t) = 1. We obtain that

( dd—)i/ = Vaz(t)v',
dv’ ao(t) 3 l( ) /
T a0 Vas(t)(3v'x" +x) — 22(0)
aZ(t) 12
— ag(t)( +x’9)

But this is the system of differential equations related to the
time-dependent vector field

ao(t) X, al(t) X X )_ az(t)

X(t) = ag(t)Xl—\/m \/— * as(t)

And this is a Lie system related to a set of vector fields which
span a sl(3,R) Lie algebra.
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The second order Riccati equation.

Time-dependent superposition rules.

The time-dependent superposition rule for the second-order
Riccati equation reads

_ —X4F123 + G1234A1 + G1243A3 — X3F124A1/A3
—F123 + (F124 — F324)A3 + (F123 — Fa23)A1 — AiAsF124’

X5
where

Gabed = Xa((Vd — Ve )Xb + (Vb — Va )Xc + (Xo — X¢ )Xo Xe + (Xc — Xb )XaXd )+
Xd((Ve — Va)Xp + (Va — Vb)Xc + (Xc — Xp)XpXce + (Xb — Xc)XaXd)

and

Fabe = Va(Xe —Xb) + Vb (Xa — Xc) + Ve (Xo —Xa) + (Xa— Xb ) (X — Xc ) (Xe — Xa)-
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Other applications.

© Abel equations can be described by a quasi-Lie scheme.
Those Abel equations which are quasi-Lie systems seem
to be related to the so-called integrable cases.

@ Dissipative Ermakov systems can be studied through a
quasi-Lie schemes. Time-dependent superposition rules
have been obtained.

© Emden-Fowler equations can be described by a quasi-Lie
schemes. This method can be used to obtain exact
solutions, i.e. the Lane-Emden equation can be solved
analytically.

© Non-linear oscillators have been studied by means of this
method. Integrals of motion and other properties have
been obtained.

© This method is related to a generalized Lie theorem which
allows to describe when a differential equations admits a
time-dependent superposition rule.
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Outlook.

Outlook

© There are many differential equations that can be studied
by means of quasi-Lie schemes. This method allows to
obtain properties for them but it has not been applied yet to
many cases.

@ Still it has to be proved when there is a way to know if a
differential equation is not a quasi-Lie system.

© Extensions of quasi-Lie schemes to deal with PDE’s and
Quantum Mechanics have partially been done.

© Applications on many physical problems in Quantum
Mechanics.
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Outlook.

THE END
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