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Introduction

INTRODUCTION

Symmetries and conservation laws of regular Hamiltonian systems.

@ Noether symmetries and Noether's theorem.

@ Special attention: non-Noether symmetries.

First: Symplectic mechanics — autonomous dynamical systems.

Second: k-symplectic field theories — the simplest geom. model for
describing (covariant 1st-order) classical field theories.

It is a generalization to field theories of symplectic formalism describing
autonomous mechanical systems.

It gives a geometric description of field theories whose Hamiltonians
depend on the fields and on the corresponding moments, but not on the
space-time coordinates.
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SYMPLECTIC HAMILTONIAN MECHANICS

Let (M,w) be a symplectic manifold (usually M = T*Q).

Let H € C*°(T*Q) be a Hamiltonian function.

(T*Q,w, H) is a symplectic Hamiltonian system.

fo:R— T*Q, and 6: R — T(T*Q) is the canonical lifting, the
Hamilton equations are  j(6)w = dH o 0.

In canonical coordinates (q', p;) in T*Q,
OH _ _do oW _do
dgi  dt ' opi  dt

PRrROPOSITION 2.1

Let X € X(T*Q) and o: R — T*Q an integral curve of X. Then o is a
solution to the Hamilton equations if, and only if, X is the (unique)
solution to the equation  j(X)w =dH (i.e., the Hamiltonian vector
field, X = Xy, associated to H).
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SYMMETRIES

DEFINITION 2.2

o A symmetry is a diffeomorphism ®: T*Q — T*Q such that, for
every solution o to the Hamilton equations, we have that ® o o is
also a solution.

If® =T*p for p: Q@ — Q, then ® is a natural symmetry.

o An infinitesimal symmetry is a vector field Y € X(T*Q) whose
local flows are local symmetries.

IfY = Z€ for Z € X(Q), then Y is a natural inf. sym.

o &: T*Q — T*Q is a symmetry if, and only if, ®, Xy = Xy,
o Y € X(T*Q) is an infinitesimal symmetry if, and only if,

[Y, Xu] =0 (or [Y, Xn] = gXu, if changes of parametrization are
allowed).
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NOETHER SYMMETRIES. NOETHER’S THEOREM

DEFINITION

o A Noether symmetry is a diffeomorphism ®: T*Q — T*Q such
that:
(i) **w = w,
(ii) ®*H = H (up to a constant).

o An infinitesimal Noether symmetry is a vector field Y € X(T*Q)
such that:
(i) L(Y)w =0,
(ii) L(Y)H = 0.

PROPOSITION 2.5

Every (inf.) Noether symmetry is a (inf.) symmetry.

(We consider only the infinitesimal case).
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THEOREM 2.6

(Noether): Let Y € X(T*Q) be an infinitesimal Noether symmetry.
Then, for every p € T*Q, there is U, 3 p, such that:

o The form a) = i(Y)w € 2Y(T*Q) is closed. Then there exists
f € C*(U,), unique up to a constant function, such that
i(Y)w = df.

o There exists ¢ € C(U,), verifying L(Y)0 = d¢, on U,; and then
f=i(Y)8 — ¢ (up to a constant function on U,).

o f is a conserved quantity on U,; that is, L(Xy)f = 0.

COROLLARY 2.7

The function f (and hence the form «q)) is invariant by Y.

THEOREM 2.8

(Inverse Noether): For every conserved quantity f, its Hamiltonian
vector field Yr is an infinitesimal Noether symmetry.
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HIGHER-ORDER NOETHER SYMMETRIES. GENERALIZED NOETHER’S

THEOREM

@ W. Sarlet, F. Cantrijn, “Higher-order Noether symmetries and constants
of the motion”, J. Phys. A: Math. Gen. 14 (1981) 479-492.

DEFINITION 2.9

Y € X(T*Q) is an infinitesimal Noether symmetry of order N if:
Q Y is a symmetry (that is, [Y, Xy] = gXu).
N
——
O LN(Y)w:=L(Y)...L(Y)w=0, L"(Y)w? #0 if m < N.
Q@ L(Y)H=0.
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THEOREM 2.10

(Noether generalized): Let Y € X(T*Q) be an infinitesimal Noether
symmetry of order N. For every p € T*Q, there is a neighborhood
Uy, > p, such that:

Q@ The form oyy—_1) = LN 1Y) i(Y)w € 2)(T*Q) is closed. Then
there exists f € C*°(U,), which is unique up to a constant function,
such that LN=Y(Y)i(Y)w = dg.

© There exists £ € C>(U,), verifying that LN(Y)0 = d¢, on Uy, and
then f = j(Y)0 — £ (up to a constant function).

@ g is a conserved quantity on Up; that is, L(Xy)g = 0.

COROLLARY 2.11

The function f (and hence the form oyy_y)) is invariant by Y .
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The corollary, and (1) and (2) of Thm. 2.10 follow from straighforward
calculations.

For (3), we prove the case N = 2.
As L(Y) i(Y)w = df (on Up), we have

L(Xu)f = i(Xu)L(Y)i(Y)w

{L(Y) i(Xu) = i([Y, Xul)} i(Y)w
{=L(Y)i(Y)i(Xn) +i(Y) i([Y, Xu]) jw
—L(Y)i(Y)dH + i(Y) i(gXu)w
( )i(Y)dH + gi(Y)dH

= —LAY)H+gL(Y)H=0.

Y
Y

For N > 2, we have to repeat the above procedure N — 1 times. O
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THEOREM 2.12

Let Y € X(T*Q) be an infinitesimal symmetry for which AN € N such
that the following condition holds (maybe only locally):

NY)w=fow+AL(Y)w+ ...+ i1 LV H(Y)w

where {fy, ..., fy_1} C C>®(T*Q) are not all constant functions. Then
the non-constant functions f; are conserved quantities.

(Proof) We prove the simplest case L(Y)w = fw (f non constant).

LX#)L(Y)w = L([X#, Y]w+L(Y)L(X#)w = L(gXn)w =0
L(Xu)(fw) = (LX) fw + FL(Xu)w = (L(Xk)F)w ,
therefore L(Xy) L(Y)w = L(Xn)(fw) = L(Xu)f = 0. O
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THEOREM 2.13

Let Y € X(T*Q) be an infinitesimal symmetry satisfying that:

o L(Y)H =0.
e dN €N, and constants Cy, ..., Cy_1 (some of them non-vanishing)
such that:

LN(Y)w=GLY)w+...+ Cy1 LN (Y)w .

Therefore:

@ The form
B=LNHY)i(Y)w— Cnoa LV 2(Y)i(Y)w— ... — Gi(Y)w
is closed. Then, for every p € (Tk) Q, there exist an open
neighbourhood U, > p and a function f € C*°(U,) (unique up to a
constant), such that 5 = df.

© f is a conserved quantity.
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We prove the simplest case L?(Y)w = CL(Y)w (C # 0).
In this case 8 =L(Y)i(Y)w — Ci(Y)w and for the item (1):
A3 =1(Y)di(Y)w— Cdi(Y)w=13Y)w— CL(Y)w=0.
For the second item:
L(Xu)f = i(Xu){L(Y)i(Y)w = Ci(Y)w}
= i([Y. Xuli(Y)w+ i(Y)L(XH) i(Y)w — Ci(Xn)i(Y)w
= —i(Y)i([Y, Xu]w+i(Y)i([Xn, Y])w
+L(Y)i(Y)L(Xu)w + Ci(Y) i(Xp)w

= —i(Y)i(gXu)w —i(Y)i(gXn)w+ Ci(Y)dH
= CL(Y)H=0.
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THEOREM 2.14

Let Y € X(T*Q) be an infinitesimal symmetry satisfying that:
(i) L(Y)H=0 ; (i) L(Y)w=Cw (CeR)

If 3¢ € C=(T*Q) such that the form 3 = Ci(Y)w is closed, then:

@ For every p € T*Q, there exist a neighbourhood U, > p and a
function f € C>°(U,) (unique up to a constant), such that § = df,
and f is a conserved quantity.

@ The function ( verifies that d¢ A i(Y)w + Clw = 0.

(Proof) For the first item we have
LX)t = i(Xu)(Ci(Y)w) = —=Ci(Y) i(Xn)w
— Ci(Y)dH = ~CL(Y)H=0.
For the second one,

0= d[C /(Y)w] = dC N /(Y)UJ + CL(Y)LU = dC N i(Y)w + CCC{) . 16 / 35
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IfY € X(T*Q) is an infinitesimal symmetry and f = L(Y)H # 0, then f
is a conserved quantity.

LXy)L(Y)H = L(Xw)i(Y)dH

i([Xu, YI)AH + i(Y) L(Xy)dH

= —gi(Xp)dH + i(Y)i(Xy)d*H + i(Y)d i(Xy)dH
= —gi(Xu)w +i(Y)d*(Xu)w =0
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k-SYMPLECTIC MANIFOLDS

DEFINITION 3.1

A k-symplectic structure on a manifold M of dimension N = n+ kn is a
family (w?, V), where each w” is a closed 2-form and V is an integrable
nk-dimensional distribution on M such that

() wvxv =0, (i) Nh_; kerw? = {0} .

Then (M,w*, V) is called a k-symplectic manifold.

THEOREM 3.2

(Darboux) (M, w?, V) k-symplectic manifold. For every p € M there
exists U, > p, and a local chart of coordinates (q', p,-A), s. t.

) 0 0
A i A
wt =dg' Ndp! V=<7~--»>
op} opf i=1,...n
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k-symplectic manifolds

1

k-symplectic field theory

THE BUNDLE OF k'-COVELOCITIES. CANONICAL STRUCTURES

Q@ a n-dimensional differentiable manifold.
(TH*Q=T*Q®d .X. ®T*Q — bundle of k*-covelocities of Q.

A (TH'Q — T'Q ﬂ'}?:(T,})*Q — Q
(q;a}’,...,ag) — (q;o/‘) ; (q;a}i,...,aé) — q

< i < n), coordinates on U C Q, induced coordinates (q', pf"),
(1 <A<k), on (mgp) H(U):

i i 9
GGi0h i) = 6@ b ad) = ad (o] )

Canonical k-symplectic structure: ((T})*Q,w*, V)
0% = (710, W = (7%)*w = —(74)*d0 = —d0* ; V = ker (7g)«
(8, w: Liouville 1-form and canonical symplectic form on T*Q).

0*=pldg’ , w*=dq Adp



k-symplectic manifolds

1

anonical structures

k-symplectic field theory

For a diffeomorphism ¢: Q@ — Q, its canonical lift to (T})*Q is the map
(TH*e: (TH*Q — (T})*Q such that

(T (g og, - s arg) = (97 1(q); Taplang), - .., Tap(ag))

For Z € X(Q) with local 1-parametric group Fs: Q@ — Q; the canonical
lift of Z to (T})*Q is Z¢* € X((T})* Q) generated by the local
1-parametric group (T2)*(Fs): (T})*Q — (TL)*Q.

Locally, if Z = Z"i then
aq’
0 07 9

7¢ =27~ AT
oqg P gk op;
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k-symplectic field theory
Example:

THE BUNDLE OF k'-VELOCITIES. CANONICAL STRUCTURES

Tkll\/l TMa k. @TM — bundle of k*-velocities of M
TA: TiM - T*M T TAM - M
(@ vigr- s vikg) = (@GvA) & (@ vig--svkg) = G

(g') coords. on U C M, induced coords. (¢, pf*) on (73,)~(U):
s Vkq) = qi(q) , vA(vlq, ceey Vikg) = qu(q’) .

qi(qu7 e

A k-vector field on a manifold M is a section X: M — TM of the

projection T},.
Giving a k-vector field X is equivalent to giving a family of k vector fields

X= (Xl, cee 7Xk) obtained as X4 = 14 0 X
k-vector fields in M are associated with distributions on M
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k-symplectic field theory

DEFINITION 3

An integral section of the k-vector field X = (Xi, ..., Xx) passing
through x € M is a map ¢: Uy C R — M, such that

$(0) = x , b (t) (a?A’t) = Xa(6(1)) ; t=(t%...,t5) € Uy

or, what is equivalent, Xo ¢ = ¢1) , where ¢(): Rk — TIM is the first
prolongation of ¢ to T} M defined by
))

s0(1) = (6 ( (0) = 4, 6.(t) (821! ) s u(t) (a?fk

X is integrable if there is an integral section at every point of M.

A k-vector field X = (X, ..., Xk) is integrable <= [Xa, Xg] =0, VA, B
= {Xi,..., Xk} define an involutive distribution on M.
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k-SYMPLECTIC HAMILTONIAN FIELD THEORY

Let the k-symplectic manifold ((T})*Q,w?, V).
Let H € C((T})*Q) be a Hamiltonian function.
(TH*Q,w?, H) is a k-symplectic Hamiltonian system.

The Hamilton-de Donder-Weyl (HDW) equations are
i) =dH o . (3.1)
for 1: R¥ — (T1)*Q. In coordinates, if 1(t) = (¢'(t), vA(t)),
OH _a¢f‘ OH 0y

dqgi  otA’ 8pf‘_8?'

Let XK ((T})* Q) be the set of k-vector fields X = (Xi,..., Xk) on
(T})*Q which are solutions to the equation

i(Xa)w =dH . (3.2)
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k-symplectic field theory

;0 0 _ _
Locally, Xa = (Xa) a7 + (XA)FW, and (3.2) is equivalent to
oH oH ;
= — (Xu)? — = (Xa)".
g (Xa)? o7 (Xa)

Solutions to (3.2) always exist. They are neither unique, nor necessarily
integrable. They are given by X + ker w¥, where X is a particular
solution, and
Wb XH(TQ) = 2Y(TR)Q)
X=(X,...,.X) —  i(Xa)w?

PROPOSITION 3.5

Let X = (X1,...,Xk) be an integrable k-vector field in (T})*@Q and
¥: RK — (T})*Q an integral section of X. Then 1) is a solution to the
HDW-equations (3.1) if, and only if, X € XK((T1)* Q).
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CONSERVATION LAWS. SYMMETRIES

@ N. Roméan-Roy, M. Salgado, S. Vilarifio, “Symmetries and conservation
laws in the Gunther k-symplectic formalism of field theory”, Rev. Math.
Phys. 19(10), 1117-1147 (2007).

DEFINITION 3.6

(Olver) A conservation law of a k-symplectic Hamiltonian system is a
map F = (F*,...,FK): (T})*@ — R¥ such that the divergence of
Fop: RF — Rk is zero, for every ¢: R — (T})*Q solution to the
AF ou)

HDW-equations; i.e.,
g OtA

PROPOSITION 3.7

FA(TH*Q — Rk is a conservation law if, and only if, L(XA)}'A =0, for
every integrable X € X((T})* Q).
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DEFINITION 3.8

o A symmetry is a diffeomorphism ®: (T})*Q — (T})*Q such that,
for every solution v to the HDW equations, we have that ® o is
also a solution.

Ifd = (T,})*go for p: Q — @, then ® is a natural symmetry.
o An infinitesimal symmetry is a vector field Y € X((T})* Q) whose

local flows are local symmetries.
IfY = Z%* for Z € %(Q), then Y is a natural inf. sym.

PROPOSITION 3.9
For every integrable X = (X1,...,Xx) € XK(TH)*Q),

o A diffeom. &: (T})*Q — (T})*Q is a symmetry if, and only if,
O X = (P X1,..., P Xk) € XK((TLH)*Q), it is integrable, and its
integral sections are v¥» o ®, for any integral section v of X.

o Y € X((TH)*Q) is an infinitesimal symmetry if, and only if,
[V, X] = ([, X1, ... [Y. Xe]) € X5((T2)*Q), or [V, X] € ker wh.
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NOETHER SYMMETRIES. NOETHER’S THEOREM

e A Noether symmetry is a diffomorphism ®: (T})*Q — (T})*@Q
such that:
(i) ¢*wh = WA,
(ii) ®*H = H (up to a constant).
o An infinitesimal Noether symmetry is a vector field
Y € X((T})* Q) such that:
(i) L(Y)w? =0,
(i) L(Y)H = 0.

PROPOSITION 3.11

Every (inf.) Noether symmetry is a (inf.) symmetry.

(We consider only the infinitesimal case).
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THEOREM 3.12

(Noether): Let Y € X((T})*Q) be an infinitesimal Noether symmetry.
Then, for every p € (T)*Q, there is a neighbourhood U, > p, such that:

o The forms afy = i(Y)w" € 2'((T)* Q) are closed. Then there
exist fA € C>(U,), unique up to constant functions, such that
i( Y)o.)A = dfA.

o There exist (A € C>(U,), verifying L(Y)0* = d¢#, on U,; and then
fA=i(Y)0" — (A (up to constant functions on U,).

o f=(fl,...,fk) define a conservation law on U,; that is, for every
integrable k-vector field X € X¥,((T})*Q), we have L(Xa)f* = 0.

COROLLARY 3.13

The functions fA (and hence the forms oz(%)) are invariant by Y.
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HIGHER-ORDER NOETHER SYMMETRIES. GENERALIZED NOETHER’S

THEOREM

@ N. Roman-Roy, M. Salgado, S. Vilarifio, “Some kinds of non- Noether
symmetries in k-symplectic field theories”, (2009). (In preparation).

Y € X((T})*Q) is an infinitesimal Noether symmetry of order N if:
@ Y is an infinitesimal symmetry.
Q LY(Y)wA =0, L"(Y)w? #0if m< N.
Q L(Y)H=0.
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THEOREM 3.15

(Noether generalized): Let Y € X((T})*@Q) be an infinitesimal Noether
symmetry of order N. For every p € (T})*Q, there is a neighborhood
Uy, > p, such that:

@ The forms afyy ;) =LN7H(Y)i(Y)w* € 21((T})* Q) are closed.
Then there exist fA € C>(U,), which are unique up to constant
functions, such that LN=Y(Y)i(Y)w? = dg?

Q There exist €4 € C®(U,), verifying that LN(Y)0* = d¢*, on U,
and then fA = j(Y)0A — ¢4 (up to constant functions).

Q The functions f = (f*,..., fX) define a conservation law; that is, for
every integrable X = (X1,...,Xx) € XK((T1)*Q), we have that
L(Xa)fA=0 (on U,).

COROLLARY 3.16

The functions fA (and hence the forms a(AN_l)) are invariant by Y.
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k-symplectic field theory

The corollary, and (1) and (2) of Thm. 2.10 follow from straighforward
calculations.

For (3), we prove the case N = 2.
As L(Y)i(Y)wA = dfA (on U,), for every A=1,... k, we have

L(Xa)f* = i(Xa)L(Y)i(Y)w*

= {L(Y)i(Xa) = i([Y, XaD)} i(Y)w?
{=L(Y)i(Y)i(Xa) +i(Y)i([Y, Xa]) }o"

= —L(Y)i(Y)dH=~-1*Y)H=0.

For N > 2, we have to repeat the above procedure N — 1 times. O
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THEOREM 3.17
Let Y € X((T})*Q) be an infinitesimal symmetry satisfying that (i)
L(Y)H=0 ; (i) L(Y)w*=C%" (C*eR) .
If 3¢ € C=((T})* Q) such that A = (i(Y)w” are closed, then
@ Vp € (T})*Q, there exist a neighbourhood U, > p and functions
fA € C>(U,) (unique up to constants), such that 34 = df*, and
f = (f1,...,fk) define a conservation law.

© The function ( verifies that d¢ A j(Y)w? + CACw? = 0.

(Proof) For every integrable X = (X1,...,Xx) € X5((TH)*Q),
L(Xa)f* = i(Xa)(Ci(Y)w?) = =Ci(Y) i(Xa)w”
—Ci(Y)dH=—CL(Y)H=0.

Furthermore
0= d[C I(Y)WA] == dC/\ I'(Y)OJA +< L(Y)UJA = dC/\ I'( Y)WA“‘ CACWA- D:;:;/ 35
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Q=R, k=2 Coords.: (t'=t,t?>=x).

Po 0%
0'72 — 7'72 = 0,
ot Ox
Hamiltonian function: H = E 1(pl)2 - 1(p2)2
2 \o T

Canonical forms on (T3)*Q:

wl=dgndp! |, w?=dgAdp?
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Example:

The equation j(X;)w! + i(X2)w? = dH leads to

1,0 0 0
X1 = 16q (Xl)laT)l + (X1)28T)2
1,0 0 0
X = _7p237q + (X2 apl + (X2)2(97p2
with 0 = (X1)1 + (X2)2.
Infinitesimal non-Noether symmetry: Y = g .
q

(Y)W =qdp? = L(Y)w*=dgrdp*=w"
1
¢= E verifies  d¢ A i(Y)w? + (WA =

Then (i(Y)wA=dp? and f=(p', p?).
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