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I. NUMERICAL METHODS FOR INITIAL VALUE
PROBLEMS



I. A. PRELIMINARIES
I. A. (i) INITIAL VALUE PROBLEMS

Concerned with initial value problems

dy
at = f(y), y(0)=ac RD,
t
where f is a sufficiently smooth mapping f : Q — RP (Q is a

domain C RY) and «a is a point in 2. (Manifolds not considered.)

Think of f as a vector field in €2. Solution of DE is a curve
described by moving point y(t) in such a way that for each ¢t the
velocity vector y(t) coincides with the value of the vector field

at y(¢t).



I. A. (i) FLOWS

For fixed t, the flow ¢; of the differential system (vector field)
is a transformation ¢; : €2 — €2 that maps each a € 2 into the
value at time ¢t of the solution of the IVP.

Semigroup property: ¢t o ¢s = ¢y, 9o = Id.
Example: Q =R?, (d/dt)y; = —yo, (d/dt)ys = y1.

Soln. of IVP is (« fixed, variable t)

y1(t)| _ |ajcost — assint
y>(t)|  |agsint 4+ arcost|’

so that ¢; (« variable, t fixed) is rotation by ¢ radians.



I. B. EULER'S METHOD
I. B. (i) FORMULATION 1 Institutionum Calculi Integralis 1768
Given initial value problem and T > 0, wanted (7).

Introduce grid or step points t, = nh, n=20,1,...N, (N > 0 an
integer), where h =T /N is the step-length.

Approximations vy, to y(¢,) are obtained by setting yg = « and,
forn=20,...,N — 1, performing the steps

Yn+1 = Yn + hf(yn).



I. B. (i) FORMULATION 2
Introduce mapping ¢y, : Q — RY such that y — y + hf(y).

Then, one step of Euler's method is y,,4-1 = 95, (yn), cf. with true
Y(tnt1) = op(y(tn)).

After N steps:

yn = (Ypoppo---ovyp)(a) # Yyp(a)
cf.

y(tn) = (ppodpo---0op)(a) = onp(a).



I. B. (iii) ANALYSIS: LOCAL ERROR
Local error at a point y: ¢5,(y) — ¥ (y)
If z(t) is solution of DE with 2(0) =y (local solution at y)

2
o) — ¥ny) = [2(0) +h2(0) + = 2(0) + -] + [y + hf ()]

so that: ¢5,(y) — ¥p(y) = O(R?).

Consistency of the first order.
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I. B. (iiii) ANALYSIS: GLOBAL ERROR

As h — 0, the global error yn —y(T) is O(h): convergence of the
first order. Global error is built up of N = T'/h contrbtns, each
of size O(h?). For other one-step methods, Yn+1 = Yp(yn), local
errors of size O(hP11) produce global errors of size O(hP).
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[. C. TAYLOR EXPANSION METHODS Euler 1768

Differentiation in dy/dt = f(y) leads to (d%y/dt?) = f'(y)dy/dt =
f'(y) f(y) and to method consistent of the second-order:

h2
Yn+1 — Yn + hf(yn) + Ef/(yn)f(yn) = Yp(yn).

with global errors O(h?) (convergence of order 2).

Similarly, incorporate d3y/dt3 = f"(y)[f (), FWD]+ F' (W) ' (W) f(y)
for 3rd order; f"[f. f, {1+ 3f"11'f. f1+ F1'1i, A1+ £ £ 7', etc.

Euler's method only requires evaluation of f at any given point
y. Now higher derivatives of the (components of) f required.
Conventional wisdom: methods not suited for general purpose
algorithm. But. ..
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I. D. MULTISTEP METHODS

I. D. (i) ADAMS METHODS circa 1855, Bashforth 1883

Integrate DE
bp41

Ytnn) —y(tn) = [Ty @ ar = [ ) dr

n

and, for fixed integer k, use quadrature rule

/ttn+1 Fly(r)) dr ~ h [ﬂk_lf(y(tn)) + -+ 50f(y(tn—k—l—1))} )

(where 3; chosen for no error if integrand f(y(t)) polynomial in
t of degree < k — 1), to get order method consistent of order k

Yn+1 —Yn = h [5k—1f(yn) + -+ ﬁof(yn—k+1)} :
Note: no ;. Convergence not implied by consistency.
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I. D. (ii) IMPLICIT ADAMS METHODS

Alternatively, quadrature rule

[ 1) dr e [Fef ) + -+ Bof Wltaig 1))

may be rendered exact for integrand of degree k and leads to
method of order of consistency k£ + 1

Yn+1 — Yn — h [ka(yn—l—l) + -+ BOf(yn—k—Fl)} -

Implicit method: To effect a step, solve a system of D real
equations for the D components of y,,4 1.

Predictor-corrector: take y,41 given by explicit method as first
guess for solution of implicit equations Moulton 1926.
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I. D. (iii) GENERAL LINEAR MULTISTEP METHODS

With number of steps k,

pnt1 + -+ 00Un—kt1 = b |Bef Wng1) + - + Bof Wn—rt1)]

where a;, ﬁj are free parameters.

Consistency of order of order 2k attained by right choice of
parameters (or 2k — 1 if method is required to be explicit).

Unlike one-step methods, consistency of order p > 1 does not

in general imply small global errors (Dahlquist 1956—1959, zero-
instability ).

Adams still preferred choice.
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I. E. RUNGE-KUTTA METHODS
I. E. (i) RUNGE 1895

As before
tn—l—l

Ytngn) —y(tn) = [Ty ar = [ ) ar

n

Euler based on rectangle quadrature. More accuracy expected if
Mmidpoint rule used alternatively:

hn
Yn+1 — Yn +hnf(Y), Y =yn+ Ef(yn)

f is evaluated twice in step n — n+ 1. There are two stages per
step, but method still follows one-step format y,4+1 = ¥, (yn).
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I. E. (ii) HEUN 1900

Aim: replicate Simpson’s rule (order 4 with 3 fnctn evaluations).
Consider general format with s stages

S
Yn+1 — YUn + h Z b f(Y;),
1=1

Y; are approximations to y(¢, 4+ ¢;h) obtained in Euler-like way:

Y1 = Un
Yo = yn—+cohf(Y1)
Ys = yn+cshf(Ys—1).

The weights b; and the abscissae c; are free parameters. Order
3 achieved with 3 stages and order 4 with 8.
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I. E. (iii) KUTTA 1901

Bring all already found stages Y4, ..., Yj into the computation
of Y;yq:

Y1 = yn,

Yo = yn+agi1hf(Y1),

Y3 = yn+a31hf(Y1) +a32hf(Y2),

Ys = yn+tas1hf(Y1)+ - +ass 1hf(Ys_1).

Constructs methods with 4 stages and order 4. Among them
the wrongly named THE Runge-Kutta method (weights 1/6,
2/6, 2/6 1/6, which should NEVER be used by ANYBODY.

Also 6 stages and order 5.
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Conditions on a;; and b; to ensure order p cumbersome to write
and not well understood.

1 equation for order 1, 2 for order 2, 8 for order 4, 17 for order
5.

A method of order 6 with 8 stages constructed by Huta in 1956,
by solving 37 order conditions for 36 unknowns?
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I. E. (iiii) BUTCHER 1963

Butcher considers general format y,4+1 = yn + h>7_1 b;f(Y;) =
Y (yn), with the stage vectors Y; defined (recursively or implicitly)
Y = yn + hZ§:1 aijf(Y})-

An s-stage method has 52 + s free parameters, presented in the
Butcher tableau

CL]_]_ CL]_2 o .o Cl,]_S
CL21 (1,22 RPN CLQS
g1 Qg2 ... Ass
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B. provides easy, systematic way to expand in powers of ; and
true flow ¢;. (Graphs used.)

Thoroughly analyzes order conditions (i.e. conditions that impose
that 1, = ¢p, + O(RPT1)):

2 bi = 1,
?
szaw — 1/2,

]

> biagag, = 1/3,
ijk

Zbiaijajk — 1/6,
ijk

With s stages order 2s can be achieved with a unique choice of
free parameters (Gauss method).
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II. FROM THE CLASSICAL PARADIGM TO
GEOMETRIC INTEGRATION
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II. A. TOWARDS THE CLASSICAL PARADIGM

II. A. (i) DEVELOPMENT

Methods Euler 1768, Adams 1855, Runge/Kutta 1895 bring
computers.

Computers 1945 extend exponentially use of methods which
spawns mathematical interest in methods Dahlquist 1956, Butcher
1963, Henrici 1962. Stability, order conditions, convergence.

Computers and mathematics lead to software packages 1965.
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II. A. (i) PACKAGES

(1) user supplies tolerance, initial condition and f through a
subroutine y — f(vy),

(2) use a battery of Adams or Runge-Kutta formulae,

(3) adapt order of method and steplength h along the simulation,

(4) fine-tuned for efficiency and robustness.
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II. A. (iii) THE CLASSICAL PARADIGM

The elements above describe a harmonious body of knowledge,
ranging from mathematical analysis to software engineering (see
e.g. books by Hairer, Ngrsett & Wanner, first edition), that can
be referred to as ‘the classical paradigm’ (SS 1996).

N.B. Also within the classical paradigm:

e Stiff problems (Dahlquist 1963). Require ad hoc methods and
special packages.

e DAE: Differential equations coupled to algebraic constraints.
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II. B. LIMITATIONS OF THE CLASSICAL PARADIGM

(1) One-size-fits-all? Can specific features of differential system
of interest be taken into account by the method?

(2) Practical useful simulations exist outside the CP:

e Really wish (is it possible) to accurately find y(7)? Or rather
wish to derive qualitative dynamic information? Or statistical
properties of flow?

e Is a package the best choice?

e Are there other mathematical elements (beyond consistency,
stability, etc.) that could help in analyzing/designing methods?

Examples: molecular dynamics, astrophysics.
26



II. C. GEOMETRIC INTEGRATION

A new way of doing numerical initial value problems (SS 1996)
characterized by:

(1) Methods for specific classes of problems.

(2) Methods conceived and analyzed by means of geometric
properties of flow being simulated.

Examples include: (canonical) Hamiltonian problems/symplec-
ticness, noncanonical Hamiltonian problems, Poisson systems,
systems with a symmetry (involution), volume preserving flows,
equations on manifolds/Lie groups, etc.
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II. D. (CANONICAL) HAMILTONIAN PROBLEMS
II. D. (i) FORMULATION Hamilton 1834

Our IVP is Hamiltonian if D = 2d and, with yv = (p,q) (p, ¢
d-dimensional), there exists H : 2 — R, such that
OH OH

fl= . =4
dq; op;

, i=1,...,d

e [ is the Hamiltonian function.

e d is the number of degrees of freedom.

e (2 is the phase space.
28



DE
dpi . OH dqz- L +(9H
dt oq;’ dt  Op;

may be compactly rewritten as
d
W_ jtom, g=|% Tl ;T
dt —1Ig Oy

leading to conservation of energy

%H(y(t}) = vmy(t))TZ—?j = VHy®)" J~ VH(y(t)) = 0.

i=1,...,d

Model many/most situations where dissipation is absent/may be
ignored.
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II. D. (ii) HAMILTONIAN DYNAMICS

Example: Next slide shows the phase space of Ham. (d = 1)
1

H(p,q) = §p2 + (1 —cosq)
that describes the motion of a (planar, frictionless) pendulum.
Note:
e Stable equilibrium at ¢ = 0 has eigenvalues =+z.
e Stable equilibrium surrounded by closed orbits (periodic solutions).

e Unstable equilibrium at ¢ = 7w has eigenvalues +1.

How is the phase plane of nearby systems?
30
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II. D. (iii) THE SYMPLECTIC FORM

In vector space V = R2? of vectors y = [p, q], consider bilinear
form (&,n) €V xV —w(én) =¢&"JneR,

If d =1, then w(&,n) = &Pn? — £99P is the oriented area of the
parallelogram with sides ¢ and 7.

Ifd > 1, thenw(&,n) = > ,;(&Pin%i—£%nPi) is the sum of the oriented

areas of the d parallelograms obtained by projecting £ and n onto
the 2-dimensional planes (p;, q;).
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II. D. (iiii) THE SYMPLECTIC GROUP Weyl 1939

A linear transformation A in V (matrix) is symplectic if w(AE, An) =
w(&,m), i.e. ATJA=J.

A symplectic linear transformtn. preserves the exterior powers
w?,. .. w% that have interpretations as higher-dimensional meas-
ures. In particular w? is the oriented ‘volume’ of parallelepipeds.
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II. D. (v) SYMPLECTIC TRANSFORMATIONS

By using integration, the symplectic form w can be extended from
measuring 2-dimensional parallelograms to measure 2-dimensional
surfaces.

A diffeomorphism F'in €2 is symplectic if, for each 2-dimensional
surface M C 2, w(F(M)) = w(M).

F is symplectic if and only if, at each y € 2, the Jacobian F'(y)
IS a symplectic matrix.
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II. D. (vi) SYMPLECTIC GEOMETRY AND HAMILTONIAN
SYSTEMS

For each t, the flow ¢; of a Hamiltonian system is a symplectic
transformation in 2 Poincaré 1899, integral invariants.

Proof. Enough to show that (d/dt)[#,(y)! J¢,(y)] = O.

But (d/dt)¢;(y) = f'(¢t(y))di(y) = JTH"($:(y)) d1(v).

So that (d/dt)[]1 = ¢, H"J 1 J¢, + T JI-1H"¢, = 0.
Conversely, if a flow preserves [¢,(y)! J¢,(y)], then Jf'(y) is a

symmetric matrix and hence locally exists H such that Jf = VH,
or f=J1VH.
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II. D. (vii) NUMERICAL METHODS AND THE SYMPLECTIC
FORM

Integrate pendulum equations by:

e Euler: Yn+1 = YUn + hf(yn).

e Implicit Euler: y,1+1 = yn + hf(yp+1). (Adjoint of Euler 1% o
vE = 1d).

e Midpoint rule: y,4+1 =yn+hf(Y), Y =yn+(h/2)f(Y) (unique
one-stage RK of order 2, lowest Gauss method).

36



37



338



39



III. SYMPLECTIC RK AND RELATED METHODS

40



III. A. SYMPLECTIC RUNGE-KUTTA METHODS
III. A. (i) SYMPLECTICNESS CONDITION

RK method defined by coefficient matrix (a;;) and weights b; is:

Yn+1 = Yr(yn),
Yn+1 — Yn + h Z bi f(Y3),
i—1
Y = yn+h D aiif(Y)).
=1

Th. (Lasagni 1988/SS 1988/Suris 1988) Relations

guarantee symplectiness of v, if DE are Hamiltonian.
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III. A. (i) GAUSS METHODS

Th. (SS 1988) For each s, the s-stage Gauss method (order 2s
IS symplectic.

Examples:

e s—= 1, Trapezoidal rule, order two:
Yn+1 = yYn+ hf(Y1),
1
Y1 = yn+ Ehf(Yl)-
(Note that, eliminating f, Y1 = (1/2)(yn + yp4+1), SO that
1
Yn+1 — Yn — hf(a(yn + yn—l—l))-)

To implement, find Y7 and extrapolate: y,41 = 2Y71 — yn.

42



e s = 2, order four:

1
Yat1 = o+ h() + RF(V2)
1 1 3
Y1 = yn+ th(Yl) + (Z — %) hf(Y2),
1 3 1
Yo = yn+ (Z + %) hf(Y1) + th(Yz)-

System of dimension 2D = 4d per step.

e With s stages, order is 2s and system has dimension sD = 2sd.
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III. A. (iii) DIAGONALLY IMPLICIT RK METHODS
Symplecticness condition precludes explicit methods.

Diagonally implicit: a;; = O, whenever 37 > 1. Leads to s D-
dimensional systems (rather than an sD-system) per step.

Symplecticness conditions leads to a;; = b; for ¢« < j and a;; =
b;/2, leaving s free parameters. Tableau is:

b1/2 0 ... O
by by/2 ... O

44



Note Yj+1 coincides with result of performing a step of midpoint
rule of length hb;41/2 from yn + k(b1 f(Y1) + -+ b;f(Y;)) and
then

=Py 0o

One step of method is a concatenation of s substeps of midpoint
rule with steplengths b1h, ..., bsh.
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III. B. SYMPLECTIC PARTITIONED RK METHODS
III. B. (i) SYMPLECTICNESS CONDITION

IVP of special format

dp dq
= f(a), il 9(p).
Hamiltonian system has this format if Hamiltonian function has

the separated form H(p,q) = T(p)+V (q). Then f(q) = —V;V(q).

Use different tableaux for each block:

S S
Pnt1=pPn+h D> bf(Qi), au+1=an+h > Big(P),

Pi=pn+h > a;ijf(Q;), Qi=an+h > Aig(F;).
=1 =1
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In shorthand:

ail ai2 ... Gis A1 A1 ... Axg
a1 a2 ... G2 Ap1 Agp ... Apg
: S f : S
a/S]_ a82 . o Ass AS]. A82 “ .. ASS
by by ... bs By DBy ... Bsg

Th. (SS 1989/Suris 1990) Method is symplectic (for separated
Hamiltonian functions) if

biAij + Bjajz- — Q45 — O, 1 S i,j S S.
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III. B. (ii) EXPLICIT SYMPLECTIC PRK METHODS

Given by:
O O O 0
by 0 O 0
by b O 0
b1 by b3 0
b1 bo b3 bs
so that:
P1 = pn

P> = pp+ hb1f(Q1)

Possible to switch tableaux of p and gq.

By 0 O 0
By B, O 0
B1 B> Bs 0
B1 B, Bs B,
B; B, Bs B,

Q1 = qn + hB1g(P1),
Q2 = qn + hB1g(P1) + hBog(P>),
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Examples:

e Symplectic Euler method (Asymmetrical Euler-B), 1st order:

Pnt+1 =pPn +hf(agn) ap+1 = an + hg(Prt1)-

e Also (Asymmetrical Euler-A), 1st order:

Pn+1 — Pn + hf(Qn+1) dn+1 — 4dn ~+ hg(pn).
e Stormer 1907 Verlet 1967, 2nd order, Kick-glide-kick:

Pn41/2 pn+ (h/2) f(gn),
Gnt+1 = dn+ hg(Ppy1/2),
Pnt1 = Ppt1/2 T (R/2)f(gn41)-
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e [eapfrog implementation of Stormer-Verlet. Eliminate p at
integer time levels:

Gn+1 = an+hg(Ppi1/2),
Pnt1/2 = Ppt1/2 T hflan41)

One evaluation of the force per step.

e [ he PRK class contains symplectic methods of arbitrarily high
orders.
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III. C. SYMPLECTIC RK-NYSTROM METHODS

III. C. (i) SYMPLECTICNESS CONDITION

IVP of special format

_ q__ ,.—1
or, equivalently,
d2
M@q — f(CI)

Hamiltonian system has this format if Hamiltonian function has
the separated form H(p,q) = sp" M~1p+ V(q).
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RKN method (Nystrém 1925):. stages (Q; are defined by
MQ; = Man + hyp; + b2y i f(Q))
J
and solution at next time level is
Pn+1 — DPn + hzbzf(Qz)a
i
_ 2
MC]n—I—l = Man + hpn + h Zﬁzf(@z)
i

Each RK or PRK method applied to p = f(q), ¢ = M~ 1p
generates an RKN method. (But properties as RKN may not
be the same when seen as RK/PRK.)
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In shorthand:

71 @11 @12 ... (g
Y2 | @21 @22 ... (XDg
Br P2 ... Bs

Th. Suris 1988/1989. RKN is symplectic for H = sp" M~1p +
Vig) if

b;(B; — aj;).

B;
b;(B; — ;)
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ITII. C. (ii) EXPLICIT SYMPLECTIC RKN METHODS

Have the format:

Y1 0 0 0

v2 | b1(v2 — 1) 0 0

¥s | b1(vs —71) bi(ys —v2) ... 0
b1(1 —7v1) ba(l—72) ... bs(ys—s)

e Methods of order 4, 5 stages, 4 force evaluation per step, with
Mminimized error constant constructed by M.P. Calvo 1992.

e She also constructed optimized methods of order 8.
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IITII. ANALYSIS OF SYMPLECTIC RK METHODS
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IIII. A. THE ORDER OF RK METHODS
IIII. A. (i) TAYLOR EXPANSION OF RK SOLUTION
Perform one step of length h from y to ¥, (y).

If DE/vector field is smooth,

v(y) = vy
+h(3bi) |]

+12 (Y biagg) ') - f(W))]
]

3 _
+7 (S biasjai) [7@) - @), F@)]

ijk

+h3 (D" biagja) [F'@W) - @) F@)| + -
ijk
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¢
+ We encounter a sum of terms of the form %( ) [] where

e 0 IS a positive integer. Does not depend on system or method.

° () IS an homogenous polynomial of degree ¢ in the tableau
elements: elementary weight. Depends on method.

o H is a combination of (Fréchet) derivatives of the vector field
f: elementary differential. Depends on system.

+ All these elements easily written in terms of rooted trees.
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ITIII. A. (ii) ORDER CONDITIONS

RK solution:

v (y) =y + ihe 3

(=1 T€ERTy o (7)

1

c(T)F(m)(y).
True flow:

wh(y>=y+§hﬁz L

(=1 T€RT, o (1) 7(7)

F(7)(y)-

where ~(7) is the so-called density of .
Hence order > p iff for each tree of order < p, c¢(7) = 1/~(1).

Note. Size of ¢(7) — 1/~v(r) for trees of order p+ 1 important!
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The first order conditions are:

Y b o= 1,
i
> biag = 1/2,

1]
> biaijag, = 1/3,
ijk
Zbiaijajk — 1/6,
ijk

Butcher showed that these order conditions are mutually inde-
pendent if the number of stages s and the tableau elements a,;,
b; are free. However ...
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IIII. A. (iii) SIMPLIFYING ASSUMPTIONS
Essential in construction of high-order methods.

Constraints in tableau (¢; = a;1 + -+ + a;s)

1 1
B(p> szcg — g=1,...,p,
i q
q
Cz, qg=1,...,p,

—1
Cln): Yayd ==
j q

1 o1 b
D) D bl agj zg](l—c?), g=1,...,C.
1

Th. (Butcher 1964) B(p), C(n), D((), where p < 2n+ 2 and
p < (+n-+1, guarantee order > p.
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ITIII. B. THE RK GROUP
IIII. B. (i) COMPOSING RK METHODS (Butcher 1969)

A step y+— z = w}[bl]@) with an RK method, followed by a step
2w = zpf](z) with a 2nd RK method is a single step of an RK
method w}f’], product of [t and 2]

Example 1: (Forward) Euler z = y+ hf(y) followed by backward
Euler w = z 4+ hAf(w) yields

w=y+ @[ f@) + W],

trapezoidal rule over an interval of length 2h.
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Example 2: Backward Euler z = y+ hf(z) followed by (forward)
w = z+ hf(z) Euler gives:

w=y+ (2h)f(2), z=y+hf(2),

midpoint rule over an interval of length 2h.

Example 3: A diagonally implicit symplectic RK method with
weights b; is the product of midpoint rule with steplenght b1h,
followed by midpoint rule with steplength bsh, . ..

Butcher derived formulae for the elementary weights of the prod-
uct in terms of the elementary weights of the factors: cl3l(r) =

A (r) + By, Blm) = cM(m) + 2l (ry) 4 Pl (),
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IIII. B. (ii) ADJOINTS OF GENERAL ONE-STEP METHODS

For the true flow ¢;, the inverse mapping gb,jl coincides with ¢_j,
(stepping backwards in time).

For a numerical method, if z = ¢, (y), then y retreived from =z

by applying, with steplength —h, another numerical method v*,
the adjoint of .

Example 1: The adjoint of (forward) Euler is backward Euler:

z=y+hf(y),=y=z-hf(z2).
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e [ he adjoint of the adjoint of ) is .
e A method is symmetric or selfadjoint if ¢ = *.
e Symmetric methods are necessarily of even order.

e The adjoint of a product is the product (in reverse order) of
the adjoints of the factors.

e [ he product of a method and its adjoint is symmetric.

Example 2: Symplectic Euler A and B are mutually adjoint.
Their product is the (symmetric, 2nd order) Stormer-Verlet.
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ITIII. B. (iii) EFFECTIVE ORDER (Butcher 1969)

A method v is of effective order p is a method y; exists such
that W = yo¢ox 1 is of standard order p. The interest lies
in cases where the effective order of ¢ is > than its (standard)
order.

Since W, o-.-0W,; can be written as

~1 ~1 ~1
(Xpodpoxy )o--o(xpodpox, ) =xno(Wpo---0tp)ox, ",

n steps with W are implemented by n steps of ), except for a
pre/postprocessing applied only once. Hence we obtain effectively
order p by implementing a lower order (cheaper) method.
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IIII. B. (iiii) B-series (Hairer-Wanner 1974)

Given a real-valued mapping defined in QURT', the corresponding
B-series is the formal series

c(My+ > rt S

/=1 TERTK U(T)
e Each RK methods corresponds to a B-series, whose coefficients
are ¢(0) = 1 and the elementary weights.

1

c(T)F(7)(y).

e The true flow is a B-series with ¢()) = 1 and c¢(7) = 1/~(7).

e Other numerical methods, such as Taylor expansion methods,
also correspond to B-series.

B-series with ¢(0)) = 1 form a group wrt. composition.
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ITII. C. SYMPLECTIC RK ANALYSIS
IIII. C. (i) SYMPLECTICNESS CONDITION

Th. (Lasagni 1988/SS 1988/Suris 1988) Relations
bia;j + bjaj; —bb; =0, 11,5 <,

guarantee symplectiness of v, if DE are Hamiltonian.

Proof. Originally by explicitly checking that Jacobian of ) is a
symplectic matrix AT JA = J.

The condition is essentially also necessary (Lasagni).
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A better approach (Calvo-SS 1994) is first to investigate when

a general B-series is formally symplectic. It turns out that this
happens if and only if for all pairs of rooted trees u, v,

c(uov) + c(vou) = clu)c(v).

If the B-series stems from an RK method then this condition
holds if and only if
bzaw —|— b]ajz — bzbj — O, 1 S ’i,j S S, .

Result applicable to methods, other than RK, that originate B-
series.
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IT1I. C. (i) SYMPLECTICNESS CONDITIONS ARE SIMPLIFYING
ASSUMPTIONS (SS-Abia 1991)

A B-series if of order > p if and only if for all rooted trees with
< p vertices, c¢(r) = 1/v(7). Now

1 1 1 1
Ywow) T y(wonw) — A(w)(v)

because true solution flow is symplectic. If B-series is also
symplectic

c(uov) 4+ c(vou) = c(u)c(v),

and order condition for wov and v o uw are equivalent if order
conditions for smaller trees v and v hold.
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Hence for symplectic RK methods there is one order condition
for nonsuperflous free tree:
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IIII. b. BACKWARD ERROR ANALYSIS
ITII. D. (i) CONCEPT
What is the error when 1.4 is given as an answer for /27

e —0.0142 ~ 1.4—,/2 measures the difference between our answer
and the true answer. Forward error analysis.

e —0.040 ~ 1.42 -2 measures the difference between the problem
we have solved and the one we would have liked solved. Bacward
error analysis.
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IIII. D. (ii) MODIFIED EQUATIONS
(Warming-Hyett 1974, Griffiths-SS 1986)

Example: dy/dt = f(y) = Ay, y(0) = a € R, solved by Euler’s
Yn+1 — (1 + hAN)yn.

e First order:

2
A, 4 o).

VY (y) — o r(y) = (1 + hAN)y —exp(h)) =

e But, wrt. dy/dt = f;,(y) = (A — (hA2)/2)y:

V() = 8y, 7, () = O(h?),
with consistency of the second order.
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Graphic of preceding one
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e In general, given numerical method and DE dy/dt = f(y), it
is possible, for each N = 1,2,..., to construct vector fields f}]LV
such that ¢y, y — ¢, sv = O(hNT1).

Y , h

o /¥ can be chosen to be of the form f¥(y) = fO+ hfl(y) +
-+ RNV (y).

e The series f¥(y) = f° + hfl(y) +---, does not (in general)
converge. (Maps are not flows.)

e By suitably truncating the series, one may achieve wh,f —
gbh 7, to be exponentially small, under assumptions of analyticity
(Neishtadt 1984).

e For B-series methods, ¥ (y) = fO+hfl(y)+--- is a B-series,
whose coefficients can be systematically found (Hairer 1994,
Murua 1995).

75



IIII. D. (iii)) THE CASE OF SYMPLECTIC INTEGRATORS

For a Hamiltonian problem, symplectic (resp. non-symplectic)
integrators have modified equations that are (resp. are not)
Hamiltonian.

Thus, broadly speaking, the effect of using a symplectic method
is to perturb the differential equation within the class of Hamil-
tonian problems. For nonsymplectic methods, the perturbation
may be small, but is ‘unHamiltonian’.

For B-series methods the modified Hamiltonian functions may
be explicitly written as a so-called H-series, written in terms of
free nonsuperfluous trees. (cf. simplifying assumptions).
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GRAPHIC OF MOD HAMILTONIAN
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78 The interpretation of a step of a symplectic integrator applied
to the system with Hamilonian H as (very high order approximation
to) the exact flow of a perturbed Hamiltonian Hj, leads to many
useful results.

e Small errors in energy over exponentially long times.
e Linear error growth for completely integrable and other systems.

e Preservation of KAM tori.
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IIII. D. (iiii) VARIABLE STEPSIZES

The dependence of H on h, implies that the backward error
analysis breaks down whenever h is adjusted along the computation.

Several fixes (Stoffer, Leimkuhler, ...) of this difficulty have
been suggested in the literature.
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more variable steps
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V. SPLITTING/COMPOSITION METHODS
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V. A. SPLITTING METHODS
V. A. (i) THE SIMPLEST SPLITTING METHOD

Consider differential system (not necessarily Hamiltonian)

d
d_i = f1(y) + fo(y),

and assume that each of the systems

dy dy

azfl(y% E:fé(y%

can be integrated exactly. Then (e.g. Trotter 1959)

Yh = Onf, © Phfy

defines a consistent numerical method for the full system.
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Example 1. We saw before special systems, yv = (p, q),

dy _ || _ _ | F(a)
Split
1) =1+ 0. 1w =" e =] 40,

with flows

O, f,(Y) = [p T ZF(q) ] o Pnp(y) = [ g+ fZ;G(p)
Splitting method is Asymmetric Euler (B). If full system is Ham-
iltonian H =T (p)+V (q), split systems are Hamiltonian for H, =
V(g), H> = T(p), hence symplecticness.
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Example 2. Change the roles of p and ¢, to get Asymmetric
Euler A.

Example 3, Three body problem. Three bodies in 3-dimensional
space subject to gravitational attraction. Split as:

p1 | —Gmima(q1 — ¢2)/r75 — Gmimz(q1 — q3) /735
P> —Gmima(g2 — q1) /735
d|ps| _ —Gmims(q3 — q1) /71>
dt | a1 0
q2 p2/m>
| 43 p3/m3 i

(g1 constant, (po,q>) Kepler, (p3,q3) Kepler, p1 quadrature.)
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and

P1 0
P2 —Gmima(g2 — q3)/llaz — g3|®
d | p3 | _ | ~Gmim3z(gz — q2)/llaz — a2l
dt | q1 p1/m1
g2 0
a3 | | 0 |

(p1, g2, q3 constant, others vary linearly.)

Note this corresponds to splitting Hqy = 15 + 13 + V1o + Vi3,
Ho =T7 + V3. Hence method is symplectic.
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Example 4, Linear/nonlinear splitting. In the Schroedinger problem
in one space dimension

Ou 02
o = 53U + V(z)u

each of the parts

0 02 0
z—u = ——=u, ’L—u = V(x)u
ot Ox? ot
may be exactly solved, the linear part in Fourier space, the

nonlinear in physical space.
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In general, (simple) splitting:

— Only p =1 (but see later).

+ Cheap to implement.

+ Good geometric properties.

+ Allows numerical use of analytical solutions.

+/— Exploits/requires special structure of problem. (cf. one-
size-fits-all).
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V. A. (i) STRANG'S SPLITTING 1963

Given by
Yy, = ¢h/2f2 O Ppfy © ¢h/2f2'

e Now numerical method is selfadjoint and hence second order.

e Can be seen as composition of simple splitting and its adjoint:
Uh = (Sns2p © bnj2p) © (Sn/2p © Phyass)
= (¢h/2f2 o ¢h/2f1) o ((/%/zf2 o ¢h/2f1) :

Example 5. In the context of Example 1 above, Strang splitting
vields the Stormer-Verlet method.
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V. A. (iii) HIGHER ORDER SPLITTING

More generally consider numerical method

Vh = Pbshfs © Pashfy O © Pbohfs © Paphfy © Poihfs © Payhfy © Phohfs

where bg, ..., bo, a1,..., as are 2s+ 1 free parameters that may
be used to boost the order.

No loss of generality in starting and ending with f> as choices
bs = 0 or bg = O allowed.

e Simple splitting has bg =0, by = a7 = 1.
e bo = a1 = 1, by = 0 gives simple splitting with f1, fo switched.

e Strang has bg = b1 = 1/2, a1 = 0 (or bg = by = 0, b1 = 1,
a1 = ap = 1/2 if parts are switched).
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V. A. (iiii) SPLITTING WITH INEXACT FLOWS

In simple splitting use, rather than exact flows,
_ (2] [1]
Yh = wh,fz © wh,fl

where %D;[f]f. is a consistent method for dy/dt = f;(y).

Example 6, Dimensional splitting. To advance in time, after
space discretization, in the twodimensional parabolic problem
for u(xz1,xo,t):

5, 02 02
83:2

=2
ot 85B%

(or more general) advance first with the problem du/0t = 8%u/0x?,

and then with du/ot = 9%u/0x%. Alternating directions.

u -+ boundary conditions
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Strang splitting carries over in the form:
_ . [2]* [1] [2]
Yh = Vhyo, 1, © Yhofr © Vhy2, 1
provided that @b}[}}l IS selfadjoint so as to ensure selfadjointness
(and hence second order) of the overall method.

Example 7, Molecular dynamics. Model biomolecule by system of
N >> 1 classical particles interacting classically with each other.
Forces are categorized as (1) those associated with chemical
bonds, typically strong, but few, O(NN). (2) nonbonded, weaker
but many O(N?2).

Split H1 =T+ V,, Hy = V,;,. Flow for H available (kick). For
Hq use, e.g. Verlet with small stepsize (multiple time-stepping).
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V. B. COMPOSITION METHODS

V. B. (i) COMPOSING A BASIC METHOD WITH ITSELF

Given a method @b}[LB] (the basic method) consider the new method

[B]

T L R

In practice:

e [ he basic method is of low order, but possesses a geometric
property, preserved by compositions.

e One wishes to use the free parameters ~; so as to boost the
order.

Example 8. We saw that symplectic diagonally implicit RK
methods are of this form with the midpoint rule as basic method.
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Example 9, Creutz/Gocksch 1989, Forest 1989, Suzuki 1990,
Yoshida 1900. Assume basic method to be of order p and, choose

Y1, Y2, 3, SO as to have

1 1 1
i+t =1 AT 5T 8T =0,
(iie. 1 =73 =1—2v = 1/[2 - 2Y®+D]). Then new method
is of order p+ 1.

If the basic method is of selfadjoint and of (even) order p, new
method is in fact of order p + 2.

If the new method is taken as basic for newer one, then order
p—+ 2,...Hence methods of arbitrarily high orders exist.
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V. B. (ii)) COMPOSING A METHOD WITH ITS ADJOINT

If basic method is not selfadjoint the preceding format is not
very useful. Rather (MclLachlan 1995), consider compositions

=i 0wl oyl o pllh

of the basic method and its adjoint.

e Clearly this format coincides with that in B. (i) if basic method
is selfadjoint.

e High-order splitting methods as in A (iii) also fit in the present
format. Just take as basic method here the simplest splitting
method.
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V. C. ORDER CONDITIONS
V. C. (i) THE APPROACH VIA TREES

Formats of splitting/composition methods contain free paramet-
ers. These are to be used to boost the order of the method
and optimize the error constants (i.e. the residuals in the order
conditions that are not satisfied).

T he particular problem envisaged may be important, for instance
in the 3 body problem may wish to consider the situation m; >>
mo, ms3.

A convenient approach based on trees developed by Murua/SS
1999.
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V. C. (ii) BCH APPROACH

A more traditional (and more difficult to implement) technique
uses the BCH formula. Here presented for composition of a
method and its adjoint.

Step 1. Write the modified vector field for the basic method:

P = D) 4 hfP () + h2F D () + -

(The modified vector field of the adjoint obtained by chang-

ing sign of h.) Thus mappings being composed are (formally)
replaced by flows.
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Step 2. Each flow is interpreted as the exponential of its Lie
operator.

Step 3. The composition of mappings (now turned into a product
of exponentials) is written as a single exponential via the BCH
formula.

Step 4. The exponential just found is interpreted as a flow of a

vector field f;, (i.e. step 2 is undone). Comparison between fj
and the true f yields the order conditions.
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V. D. LIE FORMALISM
V. D. (i) LIE OPERATORS

With vector field f we associate the Lie operator Lf acting on
real-valued functions F' defined on phase space

OF

OF
Fr— Ly F, (Ly-F)(y) = f1(y)8—y1 +-+ fD(y)ayD-

T hus

(Lg - F) (6 p(0) = 5 F (1. 5(a))

and

k
(L} - F)(91,5(0) = * L F (8, p(@))
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Evaluating the derivatives at time ¢t = 0, we obtain

Frp(e) = (( X —7))(@) = (exp(tLp)) - F)(a).

Use with F' equal to a coordinate function y — y; and find the
Taylor expansion of the flow in terms of the Lie operator.

This is the identification between flows and exponentials required
in steps 2 and 4.
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V. D. (ii) COMMUTATORS

Ly, Lgl = LyLg— LgLy (commutator of Ly and Lg) is itself a Lie
operator for a third vector field called the Lie bracket [f,g] of
the vector fields f and g.

The j-th component of [f,g] is >;,(fi09,/0y; — 9:0f;/0y;).

If f and g are Hamiltonian (with Ham. functions H and G resp.)
so is their Lie bracket. The Hamiltonian function for [f,g] is
given by —{H,G}, with {- -} the Poisson bracket:

OHO0G O0HOG
H,GY} = _ |
{ } ; (3% Op;  Op; 8%‘)

100



V. D. (iii) THE BAKER 1898-CAMPBELL 1905-HAUSSDORFF
1906 FORMULA

Combines products of exponentials into a single exponential.

If

1 1 1 1
€XZI+X+§X2—I-6X3—I—---,eY=I—|—Y—|—§Y2—I—6Y3—|—---

ete’ = I-I-X—I—Y—I—%(Xz—l—QXY—I—YQ)—|—%(X3—|—3X2Y—|—. )4

then exp(X) exp(Y) = exp(~Z), where

Z=X+Y 4 (X V] + (00 YT+ 1Y XD + -+
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