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Resumen

Antecedentes y estado actual del tema

La noción de variedad de Poisson fue introducida por Lichnerowicz en [73]

(ver también [115]). Una estructura de Poisson en una variedad M es

un corchete de álgebra de Lie en el espacio de las funciones reales C∞-

diferenciables en M , C∞(M,R), tal que es una derivación en cada uno de

los argumentos con respecto al producto usual de funciones. Una de las

principales motivaciones para la introducción de esta noción es que las varie-

dades de Poisson juegan un papel importante en la Mecánica Clásica. De

hecho, los corchetes de Poisson aparecen de manera natural en el estudio de

algunos sistemas mecánicos, particularmente sistemas con ligaduras o en la

reducción de sistemas con grupos de simetŕıa. Pero la geometŕıa de Poisson es

también relevante para las álgebras de observables en la Mecánica Cuántica.

De hecho, Kontsevich [59] ha mostrado que la clasificación de deformaciones

formales del álgebra C∞(M,R) para cualquier variedad M es equivalente a

la clasificación de familias formales de estructuras de Poisson en M .

Geométricamente, el corchete de Poisson induce un 2-vector Π en M , carac-

terizado por la relación {f, g} = Π(d0f, d0g), para f, g ∈ C∞(M,R), donde
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d0 es la diferencial exterior sobre M . Aśı, la identidad de Jacobi para { , }
puede ser reinterpretada como la condición

[Π,Π] = 0,

donde [ , ] es el corchete de Schouten-Nijenhuis (ver [3, 73, 110]).

Dos ejemplos interesantes de variedades de Poisson son las variedades sim-

plécticas y las estructuras de Lie-Poisson en el dual de un álgebra de Lie.

De hecho, una variedad de Poisson está hecha de piezas simplécticas en el

sentido de que admite una foliación generalizada, la foliación simpléctica,

cuyas hojas son variedades simplécticas.

Otra categoŕıa con una relación cercana a la geometŕıa Poisson es la de los

algebroides de Lie. Un algebroide de Lie sobre una variedad M es un fibrado

vectorial A sobre M tal que su espacio de secciones Γ(A) admite un corchete

de álgebra de Lie [[ , ]] y, además, existe una aplicación fibrada ρ de A en TM ,

la aplicación ancla, tal que el correspondiente homomorfismo de C∞(M,R)-

módulos, también denotado por ρ : Γ(A)→ X(M), satisface una relación de

tipo Leibniz, esto es,

[[X, fY ]] = ρ(X)(f)Y + f [[X, Y ]],

para X, Y ∈ Γ(A) y f ∈ C∞(M,R) (ver [82, 99]). Los algebroides de Lie son

una generalización natural de los fibrados tangentes y de las álgebras de Lie

reales de dimensión finita. Pero existen muchos otros ejemplos interesantes.

Aśı, la estructura de álgebra de Lie en el espacio de las funciones reales C∞-

diferenciables en una variedad de Poisson M nos permite definir un corchete

de Lie en el espacio de las 1-formas, el cual dota al fibrado cotangente T ∗M

con una estructura natural de algebroide de Lie ([3, 14, 30, 65, 110]). Existe

también otra conexión entre las variedades de Poisson y los algebroides de

Lie: Hay una correspondencia biyectiva entre estructuras de algebroide de Lie

en un fibrado vectorial τ : A→M y estructuras de Poisson homogéneas en el

fibrado dual A∗ (ver [14, 15]). En el caso particular en el que M es un punto,

esto es, A es un álgebra de Lie real de dimensión finita, la correspondiente
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estructura de Poisson homogénea en A∗ es justamente la estructura de Lie-

Poisson usual.

Dos operadores importantes asociados con cualquier algebroide de Lie son el

corchete de Schouten y la diferencial (ver [82]). Además, ciertas definiciones

y construcciones relacionadas con álgebras de Lie graduadas, levantamientos

de campos tensoriales sobre una variedad y estructuras de Poisson pueden

ser generalizadas a algebroides de Lie arbitrarios (ver [36, 37]). En la misma

dirección, en [38] los autores introdujeron la noción de algebroide como una

extensión de la definición de algebroide de Lie y mostraron que muchos ob-

jetos del cálculo diferencial en una variedad (asociado con la estructura de

algebroide de Lie canónica en TM) pueden ser obtenidos en el contexto de

un algebroide general.

Desde el punto de vista de la F́ısica, los algebroides de Lie pueden ser usados

para dar descripciones geométricas de la Mecánica Lagrangiana y Hamilto-

niana. Aśı, en [89], Mart́ınez desarrolló una descripción geométrica de la

Mecánica Lagrangiana independiente del tiempo sobre algebroides de Lie de

una manera paralela al formalismo usual de Mecánica Lagrangiana en el

fibrado tangente de una variedad. Otros art́ıculos que estudian, en parti-

cular, diversos aspectos de sistemas Lagrangianos en algebroides de Lie son

[8, 9, 13, 71, 119]. Más recientemente, otros autores (ver [31, 91, 103]) han

comenzado una investigación sobre la posible generalización del concepto de

algebroide de Lie a fibrados afines. La principal motivación fue crear un

modelo geométrico que proporcione un entorno natural para una versión de-

pendiente del tiempo de las ecuaciones de Lagrange en algebroides de Lie.

Por otra parte, los algebroides de Lie pueden ser considerados como los inva-

riantes infinitesimales de los grupoides de Lie. Para ser precisos, recordamos

primero que una categoŕıa pequeña G sobre una base M es un conjunto G

equipado con aplicaciones “source” y “target” de G enM , una sección unidad

ε : M → G, y una multiplicación (g, h) 7→ gh definida en el conjunto G(2) =

{(g, h) ∈ G × G/α(g) = β(h)} de pares componibles. Estas operaciones

satisfacen las condiciones α(gh) = α(h), β(gh) = β(g), (gh)k = g(hk) cuando
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alguno de los dos miembros está definido, y los elementos de ε(M) en G

actúan como neutros para la multiplicación. Si todos los elementos de G

poseen inverso con respecto a estas identidades, se dice que G es un grupoide.

Si G y M son variedades, y las aplicaciones de estructura son diferenciables

(se requiere que α y β sean sumersiones para asegurar que el dominio de la

multiplicación es una variedad), entonces G se denomina un grupoide de Lie

(ver, por ejemplo, [82]).

El álgebra de Lie de campos de vectores en un grupoide de Lie G contiene

una subálgebra distinguida XL(G) de campos que son invariantes a izquierda

en un cierto sentido; éstos son secciones de un fibrado vectorial AG el cual

puede ser identificado con el fibrado normal a ε(M) en G y, entonces, con

el núcleo de Tβ. Tα es una aplicación ancla AG → TM para una estruc-

tura de algebroide de Lie en AG. A éste se le denomina el algebroide de Lie

del grupoide de Lie G. Esta construcción generaliza la manera de obtener

el álgebra de Lie asociada con cualquier grupo de Lie. Además, sabemos

que cualquier álgebra de Lie puede ser integrada a un grupo de Lie conexo

y simplemente conexo. Sin embargo, esto no es cierto para algebroides de

Lie y grupoides de Lie: No todos los algebroides de Lie pueden ser integra-

dos a grupoides de Lie (ver [82]). Recientemente, Crainic y Fernandes [18]

han obtenido las obstrucciones precisas para integrar un algebroide de Lie

arbitrario a un grupoide de Lie.

Hemos visto que el fibrado cotangente T ∗M de una variedad de Poisson

tiene una estructura de algebroide de Lie natural derivada del corchete de

Poisson de funciones. Si existe un grupoide de Lie G cuyo algebroide de Lie

es isomorfo a T ∗M , decimos que M es una variedad de Poisson integrable.

En este caso, existe una estructura simpléctica Ω en G para la cual el grafo de

la multiplicación {(g, h, gh) ∈ G×G×G/α(g) = β(h)} es una subvariedad

lagrangiana del producto simpléctico (G×G×G,Ω⊕Ω⊕−Ω). Un grupoide

de Lie G ⇒ M dotado con una estructura simpléctica satisfaciendo esta

propiedad se denomina un grupoide simpléctico (ver [14]). El espacio base

de un grupoide simpléctico es siempre una variedad de Poisson. Un ejemplo
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canónico de grupoide simpléctico es el fibrado cotangente T ∗G de un grupoide

de Lie arbitrario G ⇒ M , donde la estructura simpléctica es justamente la

estructura simpléctica canónica ΩT ∗G. En este caso, el espacio base es A∗G y

la estructura de Poisson en A∗G es justamente la estructura de Poisson lineal

inducida por el algebroide de Lie AG. Una propiedad interesante es que la

aplicación “source” de un grupoide simpléctico α : G→M es un morfismo de

Poisson. Realizaciones globales para variedades de Poisson arbitrarias fueron

descubiertas por primera vez por Karasaev [55] y Weinstein [116] (resultados

recientes pueden ser encontrados en [10, 19]).

Como acabamos de decir, los grupoides simplécticos aparecieron en los años

80 en los trabajos independientes de Karasaev [55] y Weinstein [116] (ver

también los trabajos de Zakrzewski [122]), motivados por problemas de cuan-

tificación. Mientras tanto, una teoŕıa de grupos de Lie-Poisson hab́ıa sido de-

sarrollada a través de los trabajos de Drinfeld [27] y Semenov-Tian-Shansky

[104, 105] sobre sistemas completamente integrables y grupos cuánticos (ver

también [28, 63, 80, 81]). Nótese que un grupo de Lie-Poisson abeliano conexo

y simplemente conexo es isomorfo al espacio dual de un álgebra de Lie real

dotada con la estructura de Lie-Poisson. Por tanto, fue natural unificar la

teoŕıa de grupos de Lie-Poisson y la teoŕıa de grupoides simplécticos. Para

este propósito, Weinstein [117] introdujo la noción de grupoide de Poisson.

Un grupoide de Poisson es un grupoide de Lie G ⇒ M con una estructura

de Poisson Π para la cual el grafo de la multiplicación parcial es una sub-

variedad coisótropa en la variedad de Poisson (G × G × G,Π ⊕ Π ⊕ −Π).

Si (G ⇒ M,Π) es un grupoide de Poisson entonces existe una estructura de

Poisson en M tal que la proyección “source” α : G → M es un morfismo

de Poisson. Además, si AG es el algebroide de Lie de G entonces el fibrado

dual A∗G a AG también posee una estructura de algebroide de Lie. Por otra

parte, los grupoides de Poisson tienen interesantes aplicaciones en la ecuación

de Yang-Baxter dinámica clásica (ver, por ejemplo, [29, 68]).

En [83], Mackenzie y Xu probaron que un grupoide de Lie G ⇒ M dotado

con una estructura de Poisson Π es un grupoide de Poisson si y sólo si la
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aplicación fibrada #Π : T ∗G → TG inducida por Π es un morfismo entre el

grupoide cotangente T ∗G ⇒ A∗G y el grupoide tangente TG ⇒ TM . Esta

caracterización fue usada para probar que los bialgebroides de Lie son los

invariantes infinitesimales de los grupoides de Poisson, esto es, si (G ⇒ M,Π)

es un grupoide de Poisson entonces (AG,A∗G) es un bialgebroide de Lie y,

rećıprocamente, una estructura bialgebroide de Lie en el algebroide de Lie

de un grupoide de Lie (α-simplemente conexo) puede ser integrada a una

estructura de grupoide de Poisson [79, 83, 85] (estos resultados pueden ser

aplicados para obtener una nueva demostración de un teorema de Karasaev

[55] y Weinstein [116]). Un bialgebroide de Lie es un algebroide de Lie A tal

que el fibrado vectorial dual A∗ también posee una estructura de algebroide

de Lie la cual es compatible con la de A en cierta manera (ver [83]). Los

bialgebroides de Lie generalizan las biálgebras de Lie de Drinfeld [27]. Otro

ejemplo importante de bialgebroide de Lie es el asociado con una estructura

de Poisson. De forma más precisa, si M es una variedad de Poisson con

2-vector de Poisson Π y en TM (respectivamente, T ∗M) consideramos la

estructura de algebroide de Lie trivial (respectivamente, la estructura de

algebroide de Lie cotangente asociada con Π) entonces el par (TM, T ∗M) es

un bialgebroide de Lie. La condición de compatibilidad de un bialgebroide

de Lie ha sido expresada en el lenguaje de las álgebras de Gerstenhaber en

[61].

Aunque las estructuras simpléctica y de Lie-Poisson son de Poisson, existen

estructuras interesantes para la Mecánica Clásica, como las estructuras de

contacto, que no lo son. Una generalización tanto de las variedades de Poisson

como de las variedades de contacto, son las variedades de Jacobi. Una estruc-

tura de Jacobi en una variedad M es un 2-vector Λ y un campo de vectores

E en M tal que [Λ,Λ] = 2E ∧ Λ y [E,Λ] = 0 (ver [74]). Si (M,Λ, E) es una

variedad de Jacobi uno puede definir un corchete de funciones, el corchete de

Jacobi, de tal manera que el espacio C∞(M,R) dotado con el corchete de Ja-

cobi es un álgebra de Lie local en el sentido de Kirillov [57]. Rećıprocamente,

una estructura de álgebra de Lie local en C∞(M,R) induce una estructura

de Jacobi en M [39, 57]. Algunos ejemplos interesantes de variedades de
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Jacobi, aparte de las variedades de Poisson y de contacto, son las variedades

localmente conforme simplécticas (l.c.s.). De hecho, una variedad de Jacobi

admite una foliación generalizada, llamada la foliación caracteŕıstica, cuyas

hojas son variedades de contacto o l.c.s. (ver [24, 39, 57]).

Existe también una relación entre las variedades de Jacobi y los algebroides

de Lie. De hecho, siM es una variedad arbitraria entonces el fibrado vectorial

TM × R → M posee una estructura de algebroide de Lie natural. Además,

si M es una variedad de Jacobi entonces el fibrado de 1-jets T ∗M × R →
M admite una estructura de algebroide de Lie [56] (para una variedad de

Jacobi el fibrado vectorial T ∗M no es, en general, un algebroide de Lie). Sin

embargo, el pair (TM × R, T ∗M × R) no es, en general, un bialgebroide de

Lie (ver [111]).

La existencia de una estructura de algebroide de Lie asociada con cualquier

estructura de Jacobi justifica la introducción de la noción de grupoide de

contacto. Un grupoide de contacto (G ⇒ M, η, σ) es un grupoide de Lie

G ⇒ M dotado con una 1-forma de contacto η ∈ Ω1(G) y una función

σ ∈ C∞(G,R) tal que

η(gh)(Xg ⊕TG Yh) = η(g)(Xg) + eσ(g)η(h)(Yh),

para (Xg, Yh) ∈ T(g,h)G
(2), donde ⊕TG es la multiplicación parcial en el

grupoide de Lie tangente TG ⇒ TM (ver [22, 23, 56, 69, 70]). Los grupoides

de contacto pueden ser considerados como la versión en dimensión impar

de los grupoides simplécticos y tienen aplicación en la precuantificación de

variedades de Poisson y en la integración de estructuras de álgebras de Lie lo-

cales en fibrados vectoriales de rango 1 (ver [22, 23]). En este caso, la función

σ es multiplicativa y el espacio base M posee una estructura de Jacobi de tal

manera que el par (α, eσ) es un morfismo conforme de Jacobi. Aśı, podemos

considerar el algebroide de Lie T ∗M × R → M . De hecho, el algebroide de

Lie AG de G es isomorfo a T ∗M × R→M .
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Objetivos de la investigación y metodoloǵıa

Como se indica en el t́ıtulo, el propósito general de esta Memoria es estudiar

la relación que existe entre la teoŕıa de grupoides de Lie (y algebroides de

Lie) y las variedades de Jacobi.

Un esquema general de esta Memoria es el siguiente:

• Caṕıtulo 1: Estructuras de Jacobi, algebroides y grupoides de Lie

Este es un caṕıtulo introductorio que contiene algunas generalidades

sobre estructuras de Jacobi, algebroides de Lie y grupoides de Lie,

tales como su definición, algunos ejemplos y propiedades que van a ser

útiles a lo largo de la Memoria.

• Caṕıtulo 2: Algebroides de Jacobi, estructuras de Jacobi homogéneas y su

foliación caracteŕıstica

Una estructura de algebroide de Jacobi en un fibrado vectorial es una

estructura de algebroide Lie y un 1-cociclo en ella. En este caṕıtulo,

consideramos estructuras de Jacobi homogéneas en fibrados vectoriales.

Obtenemos una caracterización de este tipo de estructuras y su relación

con los algebroides de Jacobi. Finalmente, probamos que las hojas de

la foliación caracteŕıstica de una estructura de Jacobi homogénea en

un espacio vectorial son las órbitas de una acción de un grupo de Lie

sobre el espacio vectorial y describimos dicha acción.

• Caṕıtulo 3: Estructuras de Jacobi y bialgebroides de Jacobi

Después de desarrollar un cálculo diferencial para los algebroides de

Jacobi, introducimos la noción de bialgebroide de Jacobi (una genera-

lización de la noción de bialgebroide de Lie) de tal manera que una

variedad de Jacobi tiene asociado un bialgebroide de Jacobi canónico.

De manera rećıproca, probamos que se puede definir una estructura

de Jacobi en el espacio base de un bialgebroide de Jacobi. También

mostramos que es posible construir un bialgebroide de Lie desde un
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bialgebroide de Jacobi y, como consecuencia, deducimos un teorema

de dualidad. La definición de un bialgebroide de Jacobi es ilustrada

con varios ejemplos. En la última parte del caṕıtulo, obtenemos una

caracterización de los bialgebroides de Jacobi en términos de morfismos

de algebroides de Jacobi.

• Caṕıtulo 4: Biálgebras de Jacobi

Estudiamos en este caṕıtulo bialgebroides de Jacobi para los que el

espacio base es un punto, esto es, biálgebras de Jacobi. Proponemos un

método, que generaliza el método de la ecuación de Yang-Baxter, para

obtener biálgebras de Jacobi y damos ejemplos de ellas. Finalmente,

describimos las biálgebras de Jacobi compactas.

• Caṕıtulo 5: Grupoides de Jacobi y bialgebroides de Jacobi

Finalizamos la Memoria introduciendo los grupoides de Jacobi como

una generalización de los grupoides de Poisson y de contacto. Se prueba

que los bialgebroides de Jacobi son los invariantes infinitesimales de los

grupoides de Jacobi.

Resultados obtenidos y conclusiones

Precisaremos ahora el contenido de cada uno de los caṕıtulos incluidos en

esta Memoria.

CAPITULO 1

Comenzamos esta memoria con el Caṕıtulo 1, donde recordamos algunas

definiciones y resultados sobre estructuras de Jacobi, algebroides y grupoides

de Lie. En primer lugar, recordamos la definición de variedad de Jacobi y

consideramos algunos ejemplos, incluyendo a las variedades de Poisson, aśı

como otros ejemplos interesantes de variedades de Jacobi que no son Poisson,

como las variedades de contacto o las localmente conforme simplécticas (ver

Sección 1.1.2). Estas últimas estructuras son especialmente importantes ya

que, de manera poco precisa, podemos decir que toda variedad de Jacobi está
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compuesta por piezas de contacto y localmente conforme simplécticas. De

una forma más rigurosa, tenemos que las hojas de la foliación caracteŕıstica

de una variedad de Jacobi son variedades de contacto o localmente conforme

simplécticas (ver Sección 1.1.3).

Las estructuras de Poisson son ejemplos de estructuras de Jacobi, pero existe

otra relación entre estructuras de Poisson y de Jacobi. De hecho, si M es

una variedad de Jacobi entonces la variedad producto M × R admite una

estructura de Poisson exacta que se denomina la Poissonización de M . En

la Sección 1.1.6 de este Caṕıtulo, damos una descripción de esta estructura

en M × R.

Es bien conocido que si M es una variedad de Jacobi entonces el fibrado

vectorial T ∗M×R→M admite una estructura de algebroide de Lie [56]. En

la segunda parte de este Caṕıtulo (Sección 1.2), recordamos la definición de

estructura de algebroide de Lie en un fibrado vectorial A sobre una variedad

M y la definición de dos operadores importantes asociados con cualquier

algebroide de Lie: el corchete de Schouten de dos multi-secciones de A y la

diferencial de una multi-sección del fibrado dual A∗ de A. La diferencial es un

operador de cohomoloǵıa e induce el complejo de cohomoloǵıa de algebroide

de Lie con coeficientes triviales. Varios ejemplos de algebroides de Lie son

considerados en la Sección 1.2.2, describiendo los elementos asociados con

cada uno de ellos. En particular, presentamos la relación entre las estructuras

de algebroide de Lie en un fibrado vectorial τ : A→ M y las estructuras de

Poisson en el fibrado dual τ ∗ : A∗ → M que son homogéneas con respecto a

∆A∗ , el campo de Liouville de A∗.

Los objetos globales correspondientes a los algebroides de Lie son los gru-

poides de Lie. En la última Sección del Caṕıtulo 1, recordamos la definición

de un grupoide de Lie y de morfismo entre grupoides de Lie. Como en el

caso de un grupo de Lie, uno puede considerar multi-vectores invariantes

a izquierda en un grupoide de Lie. En particular, los campos de vectores

invariantes a izquierda son cerrados con respecto al corchete de Schouten-

Nijenhuis y pueden ser identificados con las secciones de un fibrado vectorial
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AG → M . Estos hechos permiten la construcción de una estructura de

algebroide de Lie en AG. Finalmente, algunos ejemplos de grupoides de

Lie son considerados en la Sección 1.3.2, describiendo el algebroide de Lie

asociado en cada caso.

CAPITULO 2

En el Caṕıtulo 1, hemos recordado la correspondencia biyectiva entre las

estructuras de algebroide de Lie en un fibrado vectorial τ : A→M y las es-

tructuras de Poisson homogéneas en el fibrado dual A∗. Además, mostramos

la relación entre la homogeneidad de una estructura de Poisson Π y el compor-

tamiento del corchete de Poisson { , }Π con respecto a las funciones lineales.

De hecho, una estructura de Poisson en un fibrado vectorial es homogénea

si y sólo si la estructura de Poisson es lineal, es decir, las funciones lineales

son cerradas con respecto al corchete de Poisson. En el Caṕıtulo 2 de esta

Memoria extendemos esta relación al contexto Jacobi. Más precisamente,

en la Sección 2.1, describimos las estructuras de Jacobi homogéneas en un

fibrado vectorial, esto es, estructuras de Jacobi (Λ, E) en un fibrado vectorial

A→M tales que Λ y E son homogéneos con respecto al campo de Liouville

de A. Además, como en el caso Poisson, deducimos la relación entre esta

homogeneidad y el comportamiento del corchete de Jacobi { , }(Λ,E) entre

funciones lineales y constantes. En particular, probamos que el campo E

es el levantamiento vertical de cierta sección de A → M y que existe una

estructura de Poisson homogénea ΠA tal que Λ = ΠA + E ∧∆A, siendo ∆A

el campo de Liouville en A (ver Teorema 2.3).

En la Sección 2.2, mostramos la relación entre las estructuras de Jacobi

homogéneas en A∗ y las estructuras de algebroide de Lie en A. De hecho,

si (Λ, E) es una estructura de Jacobi homogénea en A∗ entonces obtenemos

que induce no sólo una estructura de algebroide de Lie en A, sino también

un 1-cociclo φ0 ∈ Γ(A∗) en el complejo de cohomoloǵıa de A con coeficientes

triviales. El campo E es, salvo el signo, el levantamiento vertical φv
0 ∈ X(A∗)

de φ0, esto es, E = −φv
0 . Motivados por este resultado, introducimos la

noción de algebroide de Jacobi como un par formado por una estructura de
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algebroide de Lie y un 1-cociclo en él. Después de mostrar un rećıproco

de este resultado, esto es, obtener una estructura de Jacobi homogénea en

A∗ → M desde una estructura de algebroide de Jacobi (([[ , ]], ρ), φ0) en A,

presentamos algunos ejemplos y aplicaciones en la Sección 2.3. Dos ejemplos

interesantes son: i) para una variedad arbitraria M , el algebroide de Lie A =

TM×R y el 1-cociclo φ0 = (0,−1) ∈ Ω1(M)×C∞(M,R) ∼= Γ(A∗), probamos

que la estructura de Jacobi homogénea resultante en el fibrado vectorial

T ∗M × R → M es justamente la estructura de contacto canónica ηM ; y ii)

para una variedad de Jacobi (M,Λ, E), el algebroide de Lie A∗ = T ∗M × R
y el 1-cociclo X0 = (−E, 0) ∈ X(M) × C∞(M,R) ∼= Γ(A), deducimos que

la correspondiente estructura de Jacobi homogénea en el fibrado vectorial

TM × R→M está dada por

Λ(TM×R,X0) = Λc +
∂

∂t
∧ Ec − t

(
Λv +

∂

∂t
∧ Ev

)
, E(TM×R,X0) = Ev,

donde Λc y Ec (resp., Λv y Ev) es el levantamiento completo (resp. vertical)

a TM de Λ y E, respectivamente. Esta estructura de Jacobi fue introducida

por vez primera en [43] y es la versión Jacobi de la estructura de Poisson

tangente usada por primera vez en [102] (ver también [15, 35]). Como apli-

cación de nuestra construcción, obtenemos una estructura de algebroide de

Lie ([[ , ]]̂ φ0 , ρ̂φ0) en el fibrado vectorial Ā = A × R → M × R desde una

estructura de algebroide de Jacobi (([[ , ]], ρ), φ0) en A→M .

En la última Sección del Caṕıtulo 2 (Sección 2.4), probamos que las hojas

de la foliación caracteŕıstica de una estructura de Jacobi homogénea en el

espacio dual g∗ de un espacio vectorial real g son las órbitas de cierta acción

de un grupo de Lie conexo y simplemente conexo G̃ sobre g∗ y describimos la

estructura de Jacobi inducida en cada hoja. Como consecuencia, deducimos

un resultado bien conocido: si Πg∗ es una estructura de Poisson lineal en g∗

entonces g es un álgebra de Lie y las hojas de la foliación simpléctica de Πg∗

son las órbitas de la representación coadjunta asociada con un grupo de Lie

conexo y simplemente conexo G con álgebra de Lie g.
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CAPITULO 3

Motivados por los resultados obtenidos en el Caṕıtulo 2, introducimos, en

el Caṕıtulo 3, un cálculo diferencial asociado con cualquier algebroide de

Jacobi. Si (A, ([[ , ]], ρ), φ0) es un algebroide de Jacobi sobre M entonces

la representación usual del álgebra de Lie Γ(A) sobre el espacio C∞(M,R)

dada por la aplicación ancla ρ puede ser modificada y se obtiene una nueva

representación. El operador de cohomoloǵıa resultante dφ0 se denomina la

φ0-diferencial de A. La φ0-diferencial de A nos permite definir, de manera

natural, la φ0-derivada de Lie por una sección X ∈ Γ(A), Lφ0

X = dφ0 ◦ iX +

iX ◦ dφ0 . Por otra parte, imitando la definición de corchete de Schouten de

dos operadores diferenciales multilineales de primer orden en el espacio de las

funciones reales C∞-diferenciables en una variedad N (see [3]), introducimos

el φ0-corchete de Schouten de una k-sección P y una k′-sección P ′ como la

(k + k′ − 1)-sección dada por

[[P, P ′]]φ0 = [[P, P ′]] + (−1)k+1(k − 1)P ∧ (iφ0P
′)− (k′ − 1)(iφ0P ) ∧ P ′,

donde [[ , ]] es el corchete de Schouten usual en A. Para estos operadores,

describimos algunas de sus propiedades.

Por otra parte, si M es una variedad de Jacobi entonces, como sabemos, el

fibrado de 1-jets T ∗M ×R→M admite una estructura de algebroide de Lie

[56]. Sin embargo, si en el fibrado vectorial TM × R → M consideramos la

estructura de algebroide de Lie natural entonces el par (TM ×R, T ∗M ×R)

no es, en general, un bialgebroide de Lie (ver [111]). Por tanto, para una

variedad de Jacobi M , parece razonable considerar el par de algebroides de

Jacobi ((A = TM ×R, φ0 = (0, 1)),(A∗ = T ∗M ×R, X0 = (−E, 0))) en lugar

del par de algebroides de Lie (TM ×R, T ∗M ×R). De hecho, probamos que

los algebroides de Jacobi (A, φ0) y (A∗, X0) satisfacen algunas condiciones de

compatibilidad. Estos resultados nos sugieren introducir, en la Sección 3.3, la

definición de un bialgebroide de Jacobi como un par de algebroides de Jacobi

en dualidad que son compatibles en un cierto sentido. Si M es una variedad

de Jacobi entonces el par ((A = TM ×R, φ0 = (0, 1)),(A∗ = T ∗M ×R, X0 =

(−E, 0))) es un bialgebroide de Jacobi. Rećıprocamente, probamos que una
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estructura de Jacobi puede ser definida en el espacio base de un bialgebroide

de Jacobi. Después de esto, mostramos una caracterización interesante de

bialgebroides de Jacobi que fue probada por Grabowski and Marmo en [33],

a saber, si (A, φ0) y (A∗, X0) son un par de algebroides de Jacobi en dualidad

entonces ((A, φ0), (A
∗, X0)) es un bialgebroide de Jacobi si y sólo si la X0-

diferencial de A∗ es una derivación con respecto a (⊕kΓ(∧kA), [[ , ]]′φ0), donde

⊕kΓ(∧kA) es el espacio de las multi-secciones de A y [[ , ]]′φ0 es el φ0-corchete

de Schouten modificado, que está definido por

[[P,Q]]′φ0 = (−1)p+1[[P,Q]]φ0 ,

para P ∈ Γ(∧pA) y Q ∈ Γ(∧∗A).

Si ((A, φ0), (A
∗, X0)) es un bialgebroide de Jacobi y los 1-cociclos φ0 y X0

se anulan entonces el pair (A,A∗) es un bialgebroide de Lie. Este y otros

ejemplos interesantes, tales como los bialgebroides de Jacobi triangulares

(que generalizan los bialgebroides de Lie triangulares [83]) y el bialgebroide

de Jacobi asociado con una estructura de Poisson exacta, son descritos en la

Sección 3.4, mostrando en cada caso cuál es la estructura de Jacobi inducida

en el espacio base M .

Es bien conocido que el producto de una variedad de Jacobi con R, dotado

con la Poissonización de la estructura de Jacobi, es una variedad de Poisson

(ver [74] y Sección 1.1.6). En la Sección 3.5 de este Caṕıtulo, mostramos un

resultado similar para bialgebroides de Jacobi. Más precisamente, probamos

que si ((A, φ0), (A
∗, X0)) es un bialgebroide de Jacobi sobre M entonces es

posible definir una estructura de bialgebroide de Lie en el par de fibrados

vectoriales duales (A × R, A∗ × R) sobre M × R, de tal manera que la es-

tructura de Poisson inducida en M × R es justamente la Poissonización de

la estructura de Jacobi en M (ver Teorema 3.29). Usando este resultado,

mostramos que los bialgebroides de Jacobi satisfacen un teorema de duali-

dad, esto es, si ((A, φ0), (A
∗, X0)) es un bialgebroide de Jacobi, también lo es

((A∗, X0), (A, φ0)).

Finalmente, en la última sección del Caṕıtulo 3 (Sección 3.6), obtenemos una
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caracterización de bialgebroides de Jacobi en términos de morfismos de al-

gebroides de Jacobi (ver Teorema 3.34). Como consecuencia, deducimos que

los bialgebroides de Lie puede ser caracterizados en términos de morfismos de

algebroides de Lie. Esta última caracterización fue probada por Mackenzie

y Xu en [83].

CAPITULO 4

El objetivo del Caṕıtulo 4 es estudiar las biálgebras de Jacobi, esto es, los

bialgebroides de Jacobi para los que el espacio base es un punto. Comenzamos

el Caṕıtulo, en la Seccion 4.1, estudiando varios aspectos relacionados con es-

tructuras de Jacobi algebraicas. Estas últimas pueden ser consideradas como

una versión sobre un álgebra de Lie de las estructuras de Jacobi sobre una va-

riedad. Entre los ejemplos de estructuras de Jacobi algebraicas encontramos

las álgebras de Lie-localmente conforme simplécticas (una generalización de

las álgebras de Lie simplécticas [76]) y las álgebras de Lie-contacto. Para

este último tipo de estructuras, damos una demostración directa de un resul-

tado que fue probado por Diatta [25]. De hecho, mostramos que si g es un

álgebra de Lie compacta dotada con una estructura de contacto algebraica,

entonces g es isomorfa al álgebra de Lie su(2) del grupo unitario especial

SU(2). Además, describimos todas las estructuras de contacto algebraicas

en su(2).

En la Sección 4.2, mostramos que la X0-diferencial dX0
∗ de g∗ en una biálgebra

de Jacobi ((g, φ0), (g
∗, X0)) es un 1-cociclo con respecto a cierta representa-

ción del álgebra de Lie g sobre ∧2g. Motivados por este hecho, proponemos

un método para obtener biálgebras de Jacobi donde dX0
∗ es un 1-coborde

(ver Teorema 4.8). Este método es una generalización del método de la

ecuación de Yang-Baxter para biálgebras de Lie y, además, nos permite

obtener biálgebras de Jacobi desde estructuras de Jacobi algebraicas. Para

ilustrar la teoŕıa, presentamos algunos ejemplos de biálgebras de Jacobi en

la Sección 4.3.

Varios autores han dedicado especial atención al estudio de las biálgebras

de Lie compactas. Un importante resultado en esta dirección es el siguiente
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[81] (ver también [86]): todo grupo de Lie semisimple compacto y conexo

admite una estructura de grupo de Lie-Poisson no trivial. En la Sección

4.4, describimos la estructura de una biálgebra de Jacobi ((g, φ0), (g∗, X0)),

donde g es un álgebra de Lie compacta y φ0 6= 0 ó X0 6= 0 (ver Teoremas 4.18

y 4.20). En particular, deducimos que, aparte del álgebra de Lie abeliana

de dimensión par, el único ejemplo no trivial de biálgebra de Lie compacta

((g, φ0), (g
∗, X0)) se obtiene cuando g es el álgebra de Lie u(2) del grupo

unitario U(2).

CAPITULO 5

Finalizamos la Memoria introduciendo, en el Caṕıtulo 5, los grupoides de

Jacobi como una generalización de los grupoides de Poisson y de contacto y de

tal manera que los bialgebroides de Jacobi son los invariantes infinitesimales

de los grupoides de Jacobi. Como en el caso de los grupoides de contacto,

comenzamos con un grupoide de Lie G ⇒ M , una estructura de Jacobi (Λ, E)

en G y una función multiplicativa σ : G→ R. Entonces, como en el caso de

los grupoides de Poisson, consideramos el morfismo de fibrados vectoriales

#(Λ,E) : T ∗G×R→ TG×R inducido por la estructura de Jacobi (Λ, E). La

función multiplicativa σ induce, de manera natural, una acción del grupoide

tangente TG ⇒ TM sobre la proyección canónica π1 : TM × R → TM

obteniéndose un grupoide acción TG × R sobre TM × R. Aśı, es necesario

introducir una estructura de grupoide de Lie adecuada en T ∗G×R sobre A∗G.

De hecho, probamos que si AG es el algebroide de Lie de un grupoide de Lie

arbitrario G ⇒ M , σ : G→ R es una función multiplicativa, π̄G : T ∗G×R→
G es la proyección canónica y ηG es la 1-forma de contacto canónica en

T ∗G×R entonces,(T ∗G×R ⇒ A∗G, ηG, σ ◦ π̄G) es un grupoide de contacto

de tal manera que la estructura de Jacobi en A∗G es justamente la estructura

de Jacobi homogénea (Λ(A∗G,φ0), E(A∗G,φ0)) inducida por el algebroide de Lie

y el 1-cociclo φ0 que viene de la función multiplicativa σ (ver Teoremas 5.7

y 5.10).

Motivados por los resultados anteriores, en Sección 5.2, introducimos la

definición de un grupoide de Jacobi como sigue. Sea G ⇒ M un grupoide
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de Lie, (Λ, E) una estructura de Jacobi en G y σ : G → R una función

multiplicativa. Entonces, (G ⇒ M,Λ, E, σ) es un grupoide de Jacobi si la

aplicación #(Λ,E) : T ∗G× R→ TG× R es un morfismo de grupoides de Lie

sobre alguna aplicación ϕ0 : A∗G → TM × R. En esta Sección, también

obtenemos las propiedades principales de este tipo de grupoides. Por otra

parte, los grupoides de Poisson y de contacto son grupoides de Jacobi. Es-

tos y otros ejemplos interesantes, como los grupoides localmente conforme

simplécticos o los grupoides de Jacobi para los que el espacio base es un

punto (llamados grupos de Lie-Jacobi), son tratados en la Sección 5.3.

En la última sección del Caṕıtulo 5 (Sección 5.4), probamos que los bial-

gebroides de Jacobi son los invariantes infinitesimales de los grupoides de

Jacobi. Para este propósito, procedemos como sigue. Si (G ⇒ M,Λ, E, σ)

es un grupoide de Jacobi entonces, usando algunos resultados sobre subva-

riedades coisótropas de una variedad de Jacobi obtenidos en la Sección 5.4.1,

mostramos que el fibrado vectorial A∗G admite una estructura de algebroide

de Lie y la función multiplicativa σ (respectivamente, el campo de vectores

E) induce un 1-cociclo φ0 (respectivamente, X0) en AG (respectivamente,

A∗G) de tal manera que ((AG, φ0), (A
∗G,X0)) es un bialgebroide de Jacobi

(ver Teorema 5.25). Varios ejemplos ilustran este resultado.

También probamos un rećıproco al resultado anterior. Para ello nos situamos

en las siguientes hipótesis: Sea ((AG, φ0), (A∗G, X0)) un bialgebroide de

Jacobi donde AG es el algebroide de Lie de un grupoide de Lie G ⇒ M

α-conexo y α-simplemente conexo. Entonces, existe una única función mul-

tiplicativa σ : G → R y una única estructura de Jacobi (Λ, E) en G que

hace de (G ⇒ M,Λ, E, σ) un grupoide de Jacobi con bialgebroide de Ja-

cobi ((AG, φ0), (A
∗G,X0)) (ver Teorema 5.33). Los dos resultados previos

generalizan los obtenidos por Mackenzie and Xu [83, 85] para grupoides de

Poisson. Como otra aplicación, mostramos que dada una variedad de Jacobi

(M,Λ0, E0) siempre existe, al menos localmente, un grupoide de contacto

(G ⇒ M, η, σ) tal que AG es isomorfo al algebroide de Lie T ∗M × R→ M .

Este resultado fue probado por primera vez en [23] (ver también [2]). Fi-
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nalmente, en el caso particular de un bialgebroide de Jacobi triangular inte-

grable, damos una expresión expĺıcita de la estructura de Jacobi (Λ, E) en el

correspondiente grupoide de Jacobi.
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Notation

All the manifolds which are going to be considered in this Memory will be

connected. Moreover, if M is a smooth manifold, we will use the following

notation:

• C∞(M,R) is the algebra of C∞ real-valued functions on M .

• X(M) is the Lie algebra of vector fields on M .

• Ωk(M) is the space of k-forms on M .

• Vk(M) is the space of k-vector fields on M .

• [ , ] is the Schouten-Nijenhuis bracket on V∗(M) = ⊕kVk(M).

• d0 is the exterior differential on Ω∗(M) = ⊕kΩk(M).

• L0 is the usual Lie derivative.





Introduction

The notion of a Poisson manifold was introduced by Lichnerowicz in [73] (see

also [115]). A Poisson structure on a manifold M is a Lie algebra bracket on

the space of C∞ real-valued functions on M such that it is a derivation on

each argument with respect to the usual product of functions. One of the

main motivations for the introduction of this notion is that Poisson mani-

folds play an important role in Classical Mechanics. In fact, Poisson brackets

appear in a natural way in the study of some mechanical systems, particu-

larly systems with constraints or in the reduction of systems with symmetry

groups. But Poisson geometry is also relevant to the algebras of observables

in quantum mechanics, as well as to more general noncommutative algebras.

In fact, Kontsevich [59] has just shown that the classification of formal de-

formations of the algebra C∞(M,R) for any manifold M is equivalent to the

classification of formal families of Poisson structures on M .

Geometrically, the Poisson bracket induces a 2-vector Π on M , characterized

by the relation

{f, g} = Π(d0f, d0g), for f, g ∈ C∞(M,R).

1
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Thus, the Jacobi identity for { , } can be reinterpreted as the condition

[Π,Π] = 0 (see [3, 73, 110]).

Two interesting examples of Poisson manifolds are symplectic manifolds and

Lie-Poisson structures on the dual of a Lie algebra [115]. In fact, a Pois-

son manifold is made with symplectic pieces in the sense that it admits a

generalized foliation, the symplectic foliation, whose leaves are symplectic

manifolds.

Another category with close relations to Poisson geometry is that of Lie

algebroids. A Lie algebroid over a manifold M is a vector bundle A over M

such that its space of sections Γ(A) admits a Lie algebra bracket [[ , ]] and,

moreover, there exists a bundle map ρ from A to TM , the anchor map, such

that the corresponding homomorphism of C∞(M,R)-modules, also denoted

by ρ : Γ(A)→ X(M), satisfies a Leibniz relation, that is,

[[X, fY ]] = ρ(X)(f)Y + f [[X, Y ]],

for X, Y ∈ Γ(A) and f ∈ C∞(M,R) (see [82, 99]). Lie algebroids are a

natural generalization of tangent bundles and real Lie algebras of finite di-

mension. But, there are many other interesting examples. For instance, the

Lie algebra structure on the space of C∞ real-valued functions on a Poisson

manifold M allows us to define a Lie bracket on the space of 1-forms which

endows the cotangent bundle T ∗M with a natural Lie algebroid structure

([3, 14, 30, 65, 110]). There is also a connection in the reverse direction

between Poisson manifolds and Lie algebroids: there is a one-to-one corre-

spondence between Lie algebroid structures on a vector bundle τ : A → M

and homogeneous Poisson structures on the dual bundle A∗ (see [14, 15]). In

the particular case when M is a single point, that is, A is a real Lie algebra

of finite dimension, the corresponding homogeneous Poisson structure on A∗

is just the usual Lie-Poisson structure.

Two important operators associated with any Lie algebroid are the Schouten

bracket and the differential (see [82]). Moreover, certain definitions and con-

structions related with graded Lie algebras, lifts of tensor fields over a man-

ifold and Poisson structures may be generalized to arbitrary Lie algebroids
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(see [36, 37]). In the same direction, in [38] the authors introduced the notion

of an algebroid as an extension of the definition of a Lie algebroid and they

showed that many objects of the differential calculus on a manifold (associ-

ated with the canonical Lie algebroid structure on TM) may be obtained in

the framework of a general algebroid.

From the Physics point of view, Lie algebroids can be used in order to give

geometric descriptions of Lagrangian and Hamiltonian Mechanics. Thus,

in [89], Mart́ınez developed a geometric description of time-independent La-

grangian Mechanics on Lie algebroids in a parallel way to the usual formalism

of Lagrangian Mechanics on the tangent bundle of a manifold. Other papers

which study, in particular, aspects of time-independent Lagrangian systems

on Lie algebroids are [8, 9, 13, 71, 119]. More recently, other authors (see

[31, 91, 103]) have started an investigation on the possible generalization of

the concept of a Lie algebroid to affine bundles. The main motivation was

to create a geometrical model which would be a natural environment for a

time-dependent version of Lagrange equations on Lie algebroids.

On the other hand, Lie algebroids may be considered as the infinitesimal

invariants of Lie groupoids. To be precise, we recall first that a small category

G over a base M is a set G equipped with source and target maps α and

β from G to M , a unit section ε : M → G, and a multiplication operation

(g, h) 7→ gh defined on the set G(2) = {(g, h) ∈ G × G/α(g) = β(h)} of

composable pairs. These operations satisfy the conditions that α(gh) = α(h),

β(gh) = β(g), (gh)k = g(hk) when either side is defined, and the elements

of ε(M) in G act as identities for multiplication. If all the elements of G

have inverses with respect to these identities, G is called a groupoid. If G

and M are manifolds, and the structural maps are smooth (one requires α

and β to be submersions to insure that the domain of the multiplication is a

manifold), then G is called a Lie groupoid (see, for instance, [82]).

The Lie algebra of vector fields on a Lie groupoid G contains a distinguished

subalgebra XL(G) of fields which are left-invariant in a certain sense; these

are sections of a vector bundle AG which can be identified with the normal
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bundle to ε(M) in G, and then with the kernel of Tβ. Tα is then an anchor

map AG → TM for a Lie algebroid on AG. We call this the Lie algebroid

of the Lie groupoid G (see [82]). This construction generalizes the way to

obtain the Lie algebra associated with any Lie group. Moreover, we know that

any Lie algebra can be integrated to a connected and simply-connected Lie

group. However, this is no longer true for Lie algebroids and Lie groupoids:

Not all Lie algebroids can be integrated to Lie groupoids (see [82]). Recently,

Crainic and Fernandes [18] have given the precise obstructions to integrate

an arbitrary Lie algebroid to a Lie groupoid.

We have seen that the cotangent bundle T ∗M of a Poisson manifold has

a natural Lie algebroid structure derived from the Poisson bracket of func-

tions. If there is a Lie groupoid G whose Lie algebroid is isomorphic to

T ∗M , we say that M is an integrable Poisson manifold. In this case, there

exists a symplectic structure Ω on G for which the graph of the multiplica-

tion {(g, h, gh) ∈ G × G × G/α(g) = β(h)} is a lagrangian submanifold of

the symplectic product (G×G×G,Ω⊕ Ω⊕−Ω). A Lie groupoid G ⇒ M

endowed with a symplectic structure satisfying this property is called a sym-

plectic groupoid (see [14]). The base space of a symplectic groupoid is al-

ways a Poisson manifold. A canonical example of a symplectic groupoid is

the cotangent bundle T ∗G of an arbitrary Lie groupoid G ⇒ M , where the

symplectic structure is just the canonical symplectic structure ΩT ∗G. In this

case, the base space is A∗G and the Poisson structure on A∗G is just the

linear Poisson structure induced by the Lie algebroid AG. An interesting

property is that the source map of a symplectic groupoid α : G → M is a

Poisson morphism. Global realizations for arbitrary Poisson manifolds were

first found by Karasaev [55] and Weinstein [116] (recent results can be found

in [10, 19]).

As we have just said, symplectic groupoids appeared in the 1980’s with the

independent work of Karasaev [55] and Weinstein [116] (see also the papers by

Zakrzewski [122]), motivated by quantization problems. Meanwhile, a theory

of Poisson-Lie groups had been developing through the work of Drinfeld [27]
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and Semenov-Tian-Shansky [104, 105] on completely integrable systems and

quantum groups (see also [28, 63, 80, 81]). We remark that a connected

simply connected abelian Poisson-Lie group is isomorphic to the dual space

of a real Lie algebra endowed with the Lie-Poisson structure. It was therefore

natural to unify the theory of Poisson-Lie groups and the theory of symplectic

groupoids. For this purpose, Weinstein [117] introduced the notion of Poisson

groupoid. A Poisson groupoid is a Lie groupoid G ⇒ M with a Poisson

structure Π for which the graph of the partial multiplication is a coisotropic

submanifold in the Poisson manifold (G×G×G,Π⊕Π⊕−Π). If (G ⇒ M,Π)

is a Poisson groupoid then there exists a Poisson structure onM such that the

source projection α : G→M is a Poisson morphism. Moreover, if AG is the

Lie algebroid of G then the dual bundle A∗G to AG itself has a Lie algebroid

structure. In addition, Poisson groupoids have interesting applications in the

classical dynamical Yang-Baxter equation (see, for instance, [29, 68]).

In [83], Mackenzie and Xu proved that a Lie groupoid G ⇒ M endowed

with a Poisson structure Π is a Poisson groupoid if and only if the bundle

map #Π : T ∗G → TG induced by Π is a morphism between the cotangent

groupoid T ∗G ⇒ A∗G and the tangent groupoid TG ⇒ TM . This character-

ization was used in order to prove that Lie bialgebroids are the infinitesimal

invariants of Poisson groupoids, that is, if (G ⇒ M,Π) is a Poisson groupoid

then (AG,A∗G) is a Lie bialgebroid and, conversely, a Lie bialgebroid struc-

ture on the Lie algebroid of a (suitably simply connected) Lie groupoid can

be integrated to a Poisson groupoid structure [79, 83, 85] (these results can

be applied to obtain a new proof of a theorem of Karasaev [55] and Wein-

stein [116]). A Lie bialgebroid is a Lie algebroid A such that the dual vector

bundle A∗ also carries a Lie algebroid structure which is compatible in a

certain way with that on A (see [83]). Lie bialgebroids generalize Drinfeld’s

Lie bialgebras [27]. Another important example of Lie bialgebroid is the

associated one with a Poisson structure. More precisely, if M is a Poisson

manifold with Poisson 2-vector Π and on TM (respectively, T ∗M) we con-

sider the trivial Lie algebroid structure (resp., the cotangent Lie algebroid

structure associated with Π) then the pair (TM, T ∗M) is a Lie bialgebroid.
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The compatibility condition of a Lie bialgebroid have been expressed in the

language of derivations of Gerstenhaber algebras in [61].

Although symplectic and Lie-Poisson structures are Poisson, there are inte-

resting structures for Classical Mechanics, such as contact structures, which

are not Poisson. An interesting generalization of Poisson manifolds, as well as

of contact manifolds, are Jacobi manifolds. A Jacobi structure on a manifold

M is a 2-vector Λ and a vector field E on M such that [Λ,Λ] = 2E ∧ Λ and

[E,Λ] = 0 [74]. If (M,Λ, E) is a Jacobi manifold one can define a bracket

of functions, the Jacobi bracket, in such a way that the space C∞(M,R)

endowed with the Jacobi bracket is a local Lie algebra in the sense of Kirillov

[57]. Conversely, a local Lie algebra structure on C∞(M,R) induces a Jacobi

structure on M [39, 57]. Some interesting examples of Jacobi manifolds,

apart from Poisson and contact manifolds, are locally conformal symplectic

(l.c.s.) manifolds. In fact, a Jacobi manifold admits a generalized foliation,

called the characteristic foliation, whose leaves are contact or l.c.s. manifolds

(see [24, 39, 57]).

There is also a relation between Jacobi manifolds and Lie algebroids. In fact,

if M is an arbitrary manifold then the vector bundle TM×R→M possesses

a natural Lie algebroid structure. Moreover, if M is a Jacobi manifold then

the 1-jet bundle T ∗M × R→M admits a Lie algebroid structure [56] (for a

Jacobi manifold the vector bundle T ∗M is not, in general, a Lie algebroid).

However, the pair (TM × R, T ∗M × R) is not, in general, a Lie bialgebroid

(see [111]).

The existence of a Lie algebroid structure associated with any Jacobi struc-

ture justifies the introduction of the notion of a contact groupoid. A contact

groupoid (G ⇒ M, η, σ) is a Lie groupoid G ⇒ M endowed with a contact

1-form η ∈ Ω1(G) and a function σ ∈ C∞(G,R) such that

η(gh)(Xg ⊕TG Yh) = η(g)(Xg) + eσ(g)η(h)(Yh),

for (Xg, Yh) ∈ T(g,h)G
(2), where ⊕TG is the partial multiplication in the tan-

gent Lie groupoid TG ⇒ TM (see [22, 23, 56, 69, 70]). Contact groupoids can
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be considered as the odd-dimensional counterpart of symplectic groupoids

and they have applications in the prequantization of Poisson manifolds and

in the integration of local Lie algebras associated to rank one vector bundles

(see [22, 23]). In this case, the function σ is multiplicative and the base space

M carries an induced Jacobi structure in such a way that the pair (α, eσ)

is a conformal Jacobi morphism. Thus, we can consider the 1-jet Lie alge-

broid T ∗M × R → M . In fact, the Lie algebroid AG of G is isomorphic to

T ∗M × R→M .

As it is indicated in the title, the main purpose of this Memory is to study

the relation that there exists between the theory of Lie groupoids (and Lie

algebroids) and Jacobi manifolds.

A general scheme of this Memory is the following one:

• Chapter 1: Jacobi structures, Lie algebroids and Lie groupoids

This is an introductory chapter which contains some generalities about

Jacobi structures, Lie algebroids and Lie groupoids, such as their defi-

nition, several examples and properties which are going to be useful in

the sequel.

• Chapter 2: Jacobi algebroids, homogeneous Jacobi structures and its cha-

racteristic foliation

A Jacobi algebroid structure on a vector bundle is a Lie algebroid struc-

ture plus a 1-cocycle on it. In this chapter, we consider homogeneous

Jacobi structures on vector bundles. We obtain a characterization of

this type of structures and its relation with Jacobi algebroid structures.

We also discuss some examples and applications. Finally, we prove that

the leaves of the characteristic foliation of a homogeneous Jacobi struc-

ture on a vector space are the orbits of an action of a Lie group on the

vector space and we describe such an action.
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• Chapter 3: Jacobi structures and Jacobi bialgebroids

After developing a differential calculus for Jacobi algebroids, we intro-

duce the notion of a Jacobi bialgebroid (a generalization of the notion of

a Lie bialgebroid) in such a way that a Jacobi manifold has associated a

canonical Jacobi bialgebroid. As a kind of converse, we prove that a Ja-

cobi structure can be defined on the base space of a Jacobi bialgebroid.

We also show that it is possible to construct a Lie bialgebroid from a

Jacobi bialgebroid and, as a consequence, we deduce a duality theo-

rem. The definition of a Jacobi bialgebroid is illustrated with several

examples. In the last part of the chapter, we obtain a characterization

of Jacobi bialgebroids in terms of Jacobi algebroid morphisms.

• Chapter 4: Jacobi bialgebras

We study in this chapter Jacobi bialgebroids over a single point, that is,

Jacobi bialgebras. We propose a method generalizing the Yang-Baxter

equation method to obtain Jacobi bialgebras and give some examples

of them. Finally, we discuss compact Jacobi bialgebras.

• Chapter 5: Jacobi groupoids and Jacobi bialgebroids

We finish the Memory introducing Jacobi groupoids as a generaliza-

tion of Poisson and contact groupoids. It is also proved that Jacobi

bialgebroids are the infinitesimal invariants of Jacobi groupoids.

Next, we will precisely give the contents of every chapter included in this

Memory.

We start this Memory with Chapter 1, where we recall some definitions and

results about Jacobi structures, Lie algebroids and Lie groupoids, which will

be useful in the sequel. First of all, we recall the definition of a Jacobi mani-

fold. Several examples are considered, including Poisson manifolds, as well as

other interesting examples of Jacobi manifolds which are not Poisson, such as

contact or locally conformal symplectic manifolds (see Section 1.1.2). These

last structures are specially important since, roughly speaking, every Jacobi



Introduction 9

manifold is made from contact and locally conformal symplectic pieces. More

precisely, we have that the leaves of the characteristic foliation of a Jacobi

manifold are contact or locally conformal symplectic manifolds (see Section

1.1.3).

Poisson structures are examples of Jacobi structures, but there exists another

relation between Jacobi and Poisson structures. In fact, if M is a Jacobi

manifold then the product manifold M×R admits an exact Poisson structure

which is called the Poissonization of M . In Section 1.1.6 of this Chapter, we

give a description of this structure on M × R.

It is well known that if M is a Jacobi manifold then the vector bundle T ∗M×
R → M admits a Lie algebroid structure [56]. In the second part of this

Chapter (Section 1.2), we recall the definition of a Lie algebroid structure on

a vector bundle A over a manifold M and the definition of two important

operators associated with any Lie algebroid: the Schouten bracket of two

multi-sections of A and the differential of a multi-section of the dual bundle

A∗ to A. The differential is a cohomology operator and it induces the so-

called Lie algebroid cohomology complex with trivial coefficients. Several

examples of Lie algebroids are considered in Section 1.2.2, describing all the

elements associated with each of them. In particular, we present the relation

between Lie algebroid structures on a vector bundle τ : A→M and Poisson

structures on the dual bundle τ ∗ : A∗ → M which are homogeneous with

respect to ∆A∗ , the Liouville vector field of A∗.

The global objects corresponding with Lie algebroids are Lie groupoids. In

the last section of Chapter 1, we recall the definition of a Lie groupoid and of

a morphism between Lie groupoids. As in the case of a Lie group, one may

consider left-invariant multivector fields on a Lie groupoid. In particular,

left-invariant vector fields are closed with respect to the Schouten-Nijenhuis

bracket and can be identified with sections of a vector bundle AG → M .

These facts permit the construction of a Lie algebroid structure on AG.

Some examples of Lie groupoids are considered in Section 1.3.2, describing

the associated Lie algebroid in each case.
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In Chapter 1, we have recalled the one-to-one correspondence between Lie

algebroid structures on a vector bundle τ : A→M and homogeneous Poisson

structures on the dual bundle A∗. Moreover, we show the relation between

the homogeneity of a Poisson structure and the behaviour of the Poisson

bracket with respect to linear functions. In fact, a Poisson structure on a

vector bundle is homogeneous if and only if the Poisson structure is linear, i.e.,

linear functions are closed with respect to the Poisson bracket. In Chapter 2

of this Memory we extend this relation to the Jacobi setting. More precisely,

in Section 2.1, we describe homogeneous Jacobi structures on a vector bundle,

that is, Jacobi structures (Λ, E) on a vector bundle A→M such that Λ and

E are homogeneous with respect to the Liouville vector field of A. Moreover,

as in the Poisson case, we explain the relation between this homogeneity and

the behaviour of the Jacobi bracket { , }(Λ,E) between linear and constant

functions. In particular, we prove that the vector field E is the vertical lift of

a certain section of A→M and there exists a homogeneous Poisson structure

ΠA such that Λ = ΠA+E ∧∆A, ∆A being the Liouville vector field of A (see

Theorem 2.3).

In Section 2.2, we show the relation between homogeneous Jacobi structures

on A∗ and Lie algebroid structures on A. In fact, if (Λ, E) is a homogeneous

Jacobi structure on A∗ then we obtain that it induces not only a Lie algebroid

structure on A, but also a 1-cocycle φ0 ∈ Γ(A∗) in the cohomology complex

of A with trivial coefficients. The vector field E is, up to the sign, the

vertical lift φv
0 ∈ X(A∗) of φ0, that is, E = −φv

0 . Motivated by this result,

we introduce the notion of a Jacobi algebroid as a pair formed with a Lie

algebroid structure and a 1-cocycle on it. After showing a converse of this

result, that is, to obtain a homogeneous Jacobi structure on A∗ → M from

a Jacobi algebroid structure (([[ , ]], ρ), φ0) on A, we present some examples

and applications in Section 2.3. Two interesting examples are: i) for an

arbitrary manifold M , the Lie algebroid A = TM × R and the 1-cocycle

φ0 = (0,−1) ∈ Ω1(M) × C∞(M,R) ∼= Γ(A∗), we prove that the resultant

homogeneous Jacobi structure on the vector bundle T ∗M × R → M is just

the canonical contact structure ηM ; and ii) for a Jacobi manifold (M,Λ, E),
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the Lie algebroid A∗ = T ∗M ×R and the 1-cocycle X0 = (−E, 0) ∈ X(M)×
C∞(M,R) ∼= Γ(A), we deduce that the corresponding homogeneous Jacobi

structure (Λ(TM×R,X0), E(TM×R,X0)) on the vector bundle TM × R → M is

given by

Λ(TM×R,X0) = Λc +
∂

∂t
∧ Ec − t

(
Λv +

∂

∂t
∧ Ev

)
, E(TM×R,X0) = Ev,

where Λc and Ec (resp. Λv and Ev) is the complete (resp. vertical) lift to TM

of Λ and E, respectively. This Jacobi structure was first introduced in [43]

and it is the Jacobi counterpart to the tangent Poisson structure first used in

[102] (see also [15, 35]). As an application of our construction, we obtain a Lie

algebroid structure ([[ , ]]̂ φ0 , ρ̂φ0) on the vector bundle Ā = A× R→ M × R
from a Jacobi algebroid structure (([[ , ]], ρ), φ0) on A→M .

In the last Section of Chapter 2 (Section 2.4), we prove that the leaves of the

characteristic foliation of a homogeneous Jacobi structure on the dual space

g∗ of a real vector space g are the orbits of a certain action of a connected

simply connected Lie group G̃ on g∗ and we describe the Jacobi structure

induced on each of the leaves. As a consequence, we deduce a well-known

result: if Πg∗ is a linear Poisson structure on g∗ then g is a Lie algebra and

the leaves of the symplectic foliation of Πg∗ are the orbits of the coadjoint

representation associated with a connected simply connected Lie group G

with Lie algebra g.

Motivated by the results obtained in Chapter 2, we introduce, in Chapter 3, a

differential calculus associated with any Jacobi algebroid. If (A, ([[ , ]], ρ), φ0)

is a Jacobi algebroid over M then the usual representation of the Lie algebra

Γ(A) on the space C∞(M,R) given by the anchor map ρ can be modified and

a new representation is obtained. The resultant cohomology operator dφ0 is

called the φ0-differential of A. The φ0-differential of A allows us to define,

in a natural way, the φ0-Lie derivative by a section X ∈ Γ(A), Lφ0

X , as the

commutator of dφ0 and the contraction by X, that is, Lφ0

X = dφ0 ◦iX+iX ◦dφ0 .

On the other hand, imitating the definition of the Schouten bracket of two

multilinear first-order differential operators on the space of C∞ real-valued
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functions on a manifold N (see [3]), we introduce the φ0-Schouten bracket of

a k-section P and a k′-section P ′ as the (k + k′ − 1)-section given by

[[P, P ′]]φ0 = [[P, P ′]] + (−1)k+1(k − 1)P ∧ (iφ0P
′)− (k′ − 1)(iφ0P ) ∧ P ′,

where [[ , ]] is the usual Schouten bracket of A. For these operators, we des-

cribe some of their properties.

On the other hand, if M is a Jacobi manifold then, as we know, the 1-jet

bundle T ∗M ×R→M admits a Lie algebroid structure [56]. However, if on

the vector bundle TM×R→M we consider the natural Lie algebroid struc-

ture then the pair (TM × R, T ∗M × R) is not, in general, a Lie bialgebroid

(see [111]). Therefore, for a Jacobi manifold M , it seems reasonable to con-

sider the pair of Jacobi algebroids ((A = TM ×R, φ0 = (0, 1)),(A∗ = T ∗M ×
R, X0 = (−E, 0))) instead of the pair of Lie algebroids (TM ×R, T ∗M ×R).

In fact, we prove that the Jacobi algebroids (A, φ0) and (A∗, X0) satisfy some

compatibility conditions. These results suggest us to introduce, in Section

3.3, the definition of a Jacobi bialgebroid as a pair of Jacobi algebroids in

duality which are compatible in a certain sense. If M is a Jacobi manifold

then the pair ((A = TM ×R, φ0 = (0, 1)),(A∗ = T ∗M ×R, X0 = (−E, 0))) is

a Jacobi bialgebroid. As a kind of converse, we prove that a Jacobi structure

can be defined on the base space of a Jacobi bialgebroid. After this, we show

an interesting characterization of Jacobi bialgebroids which was proved by

Grabowski and Marmo in [33], namely, if (A, φ0) and (A∗, X0) are a pair

of Jacobi algebroids in duality then ((A, φ0), (A
∗, X0)) is a Jacobi bialge-

broid if and only if the X0-differential of A∗ is a derivation with respect to

(⊕kΓ(∧kA), [[ , ]]′φ0), where ⊕kΓ(∧kA) is the space of multi-sections of A and

[[ , ]]′φ0 is the modified φ0-Schouten bracket which is defined by

[[P,Q]]′φ0 = (−1)p+1[[P,Q]]φ0 ,

for P ∈ Γ(∧pA) and Q ∈ Γ(∧∗A).

If ((A, φ0), (A
∗, X0)) is a Jacobi bialgebroid and the 1-cocycles φ0 and X0

vanish then the pair (A,A∗) is a Lie bialgebroid. This and other interesting
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examples, such as triangular Jacobi bialgebroids (which generalize triangular

Lie bialgebroids [83]) and the Jacobi bialgebroid associated with an exact

Poisson structure, are described in Section 3.4, showing in each case which

is the induced Jacobi structure on the base space M .

It is well-known that the product of a Jacobi manifold M with R, endowed

with the Poissonization of the Jacobi structure, is a Poisson manifold (see

[74] and Section 1.1.6). We show a similar result for Jacobi bialgebroids.

Namely, we prove that if ((A, φ0), (A
∗, X0)) is a Jacobi bialgebroid over M

then it is possible to define a Lie bialgebroid structure on the dual pair of

vector bundles (A×R, A∗ ×R) over M ×R, in such a way that the induced

Poisson structure on M ×R is just the Poissonization of the Jacobi structure

on M (Theorem 3.29 in Section 3.5). Using this result, we deduce that the

Jacobi bialgebroids satisfy a duality theorem, that is, if ((A, φ0), (A
∗, X0)) is

a Jacobi bialgebroid, so is ((A∗, X0), (A, φ0)).

Finally, in the last section of Chapter 3 (Section 3.6), we obtain a charac-

terization of Jacobi bialgebroids in terms of Jacobi algebroid morphisms (see

Theorem 3.34). As a consequence, we deduce that Lie bialgebroids may be

characterized in terms of Lie algebroid morphisms. This characterization was

proved by Mackenzie and Xu [83].

The purpose of Chapter 4 is to study Jacobi bialgebras, that is, Jacobi bialge-

broids over a single point. We start the Chapter, in Section 4.1, considering

several aspects of algebraic Jacobi structures, an algebraic version of the

concept of Jacobi structures. Among the examples of algebraic Jacobi struc-

tures we find locally conformal symplectic Lie algebras (a generalization of

symplectic Lie algebras [76]) and contact Lie algebras. For this last type of

structures, we give a direct proof of a result which was proved by Diatta

[25]. In fact, we show that if g is a compact Lie algebra endowed with an

algebraic contact structure, then g is isomorphic to the Lie algebra su(2) of

the special unitary group SU(2). In addition, we describe all the algebraic

contact structures on su(2).

In Section 4.2, we deal with a Jacobi bialgebra ((g, φ0), (g
∗, X0)). In parti-
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cular, we have that the X0-differential dX0
∗ of g∗ is a 1-cocycle with respect

to a certain representation of the Lie algebra g on ∧2g. Motivated by this

fact, we propose a method to obtain Jacobi bialgebras where dX0
∗ is a 1-

coboundary (see Theorem 4.8). This method is a generalization of the Yang-

Baxter equation method for Lie bialgebras and, moreover, allows us to obtain

Jacobi bialgebras from algebraic Jacobi structures. To illustrate the theory,

we present some examples of Jacobi bialgebras.

Several authors have devoted special attention to the study of compact Lie

bialgebras and an important result in this direction is the following one [81]

(see also [86]): every connected compact semisimple Lie group has a nontri-

vial Poisson Lie group structure. In Section 4.4, we describe the structure of a

Jacobi bialgebra ((g, φ0), (g
∗, X0)), g being a compact Lie algebra and φ0 6= 0

or X0 6= 0 (see Theorems 4.18 and 4.20). In particular, we deduce that, apart

from the abelian Lie algebra of even dimension, the only nontrivial example

of compact Jacobi bialgebra ((g, φ0), (g
∗, X0)) is obtained when g is the Lie

algebra u(2) of the unitary group U(2).

We finish the Memory introducing, in Chapter 5, Jacobi groupoids as a

generalization of Poisson and contact groupoids and, in such a way that

Jacobi bialgebroids may be considered as the infinitesimal invariants of Jacobi

groupoids. As in the case of contact groupoids, we start with a Lie groupoid

G ⇒ M , a Jacobi structure (Λ, E) on G and a multiplicative function σ :

G → R. Then, as in the case of Poisson groupoids, we consider the vector

bundle morphism #(Λ,E) : T ∗G×R→ TG×R induced by the Jacobi structure

(Λ, E). The multiplicative function σ induces, in a natural way, an action of

the tangent groupoid TG ⇒ TM over the canonical projection π1 : TM ×
R → TM obtaining an action groupoid TG × R over TM × R. Thus, it is

necessary to introduce a suitable Lie groupoid structure in T ∗G×R over A∗G.

In fact, we prove that if AG is the Lie algebroid of an arbitrary Lie groupoid

G ⇒ M , σ : G → R is a multiplicative function, π̄G : T ∗G × R → G is

the canonical projection and ηG is the canonical contact 1-form on T ∗G×R
then (T ∗G × R ⇒ A∗G, ηG, σ ◦ π̄G) is a contact groupoid in such a way
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that the Jacobi structure on A∗G is just the homogeneous Jacobi structure

(Λ(A∗G,φ0), E(A∗G,φ0)) induced by the Lie algebroid AG and the 1-cocycle φ0

which comes from the multiplicative function σ (see Theorems 5.7 and 5.10).

Motivated by the above results, in Section 5.2, we introduce the definition

of a Jacobi groupoid as follows. Let G ⇒ M be a Lie groupoid, (Λ, E) be

a Jacobi structure on G and σ : G→ R be a multiplicative function. Then,

(G ⇒ M,Λ, E, σ) is a Jacobi groupoid if the map #(Λ,E) : T ∗G×R→ TG×R
is a Lie groupoid morphism over some map ϕ0 : A∗G → TM × R. In this

Section, we also obtain the main properties of this kind of groupoids. On the

other hand, Poisson and contact groupoids are Jacobi groupoids. These and

other interesting examples, such as locally conformal symplectic groupoids or

Jacobi groupoids over a single point (called Jacobi-Lie groups), are treated

in Section 5.3.

In the last section of Chapter 5 (Section 5.4), we prove that Jacobi bialge-

broids are the infinitesimal invariants of Jacobi groupoids. For this purpose,

we proceed as follows. If (G ⇒ M,Λ, E, σ) is a Jacobi groupoid then, using

some results about coisotropic submanifolds of a Jacobi manifold obtained

in Section 5.4.1, we show that the vector bundle A∗G admits a Lie algebroid

structure and the multiplicative function σ (respectively, the vector field E)

induces a 1-cocycle φ0 (respectively, X0) on AG (respectively, A∗G) in such

a way that ((AG, φ0), (A
∗G,X0)) is a Jacobi bialgebroid (see Theorem 5.25).

Several examples illustrate this result.

We also prove a converse of the above statement. Namely, let ((AG, φ0),

(A∗G,X0)) be a Jacobi bialgebroid, where AG is the Lie algebroid of an

α-connected and α-simply connected Lie groupoid G ⇒ M . Then, there is

a unique multiplicative function σ : G → R and a unique Jacobi struc-

ture (Λ, E) on G that makes (G ⇒ M,Λ, E, σ) into a Jacobi groupoid

with Jacobi bialgebroid ((AG, φ0), (A
∗G,X0)) (see Theorem 5.33). The two

previous results generalize those obtained by Mackenzie and Xu [83, 85]

for Poisson groupoids. As another application, we show that given a Ja-

cobi manifold (M,Λ0, E0) there always exists, at least locally, a contact
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groupoid (G ⇒ M, η, σ) such that AG is isomorphic to the 1-jet Lie al-

gebroid T ∗M × R → M . This result was first proved in [23] (see also [2]).

On the other hand, in the particular case of an integrable triangular Jacobi

bialgebroid, we give an explicit expression of the Jacobi structure (Λ, E) on

the corresponding Jacobi groupoid.

We finish this Memory with the references that we have mentioned through-

out it, as well as with some other references in where some of the results that

we have obtained here are included or others which have relation with this

Memory.



CHAPTER 1

Jacobi structures, Lie algebroids and Lie groupoids

1.1 Local Lie algebras and Jacobi manifolds.

Examples

This first Section of Chapter 1 contains some generalities about Jacobi mani-

folds: definition, examples and the description of the characteristic foliation

of a Jacobi manifold.

1.1.1 Local Lie algebras and Jacobi manifolds

A Jacobi structure on a manifold M is a pair (Λ, E), where Λ is a 2-vector

and E is a vector field on M satisfying the following properties:

[Λ,Λ] = 2E ∧ Λ, [E,Λ] = 0. (1.1)

A manifold M endowed with a Jacobi structure is called a Jacobi manifold.

If (M,Λ, E) is a Jacobi manifold then a bracket of functions (the Jacobi

bracket) is defined by

{f, g}(Λ,E) = Λ(d0f, d0g) + fE(g)− gE(f), for f, g ∈ C∞(M,R). (1.2)

17
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This bracket is R-bilinear and satisfies the following properties:

i) Skew-symmetry: {f, g}(Λ,E) = −{g, f}(Λ,E), for all f, g ∈ C∞(M,R).

ii) It is a first-order differential operator on each of its arguments with

respect to the ordinary multiplication of functions, that is,

{f1f2, g}(Λ,E) = f1{f2, g}(Λ,E) + f2{f1, g}(Λ,E) − f1f2{1, g}(Λ,E), (1.3)

for f1, f2, g ∈ C∞(M,R).

iii) Jacobi identity:

{f, {g, h}(Λ,E)}(Λ,E) + {g, {h, f}(Λ,E)}(Λ,E) + {h, {f, g}(Λ,E)}(Λ,E) = 0,

for f, g, h ∈ C∞(M,R).

Property ii) can be replaced by the following relation between the supports

of the functions:

ii’) support{f, g}(Λ,E) ⊆ (support f) ∩ (support g), for f, g ∈ C∞(M,R).

Properties i), ii) y iii) guarantee that the Jacobi bracket defines a local Lie

algebra structure in the sense of Kirillov [57] on the space C∞(M,R). Con-

versely, a local Lie algebra structure on C∞(M,R) defines a Jacobi structure

on M (see [39, 57]).

If the vector field E identically vanishes then, from (1.2), { , }(Λ,0) = { , }Λ is

a derivation in each argument and, therefore, { , }Λ defines a Poisson bracket

on M . In this case, (1.1) reduces to [Λ,Λ] = 0 and (M,Λ) is a Poisson

manifold. Jacobi and Poisson manifolds were introduced by Lichnerowicz

[73, 74] (see also [3, 24, 39, 72, 110, 115]).

1.1.2 Examples of Jacobi manifolds

In this Section, we will present some examples of Jacobi manifolds.
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1.- Poisson manifolds. A Poisson structure on a manifold M is a 2-vector Π

on M such that

[Π,Π] = 0.

We have seen in the previous Section that Poisson manifolds is a particular

example of Jacobi manifolds. Some particular examples of Poisson manifolds

are the following ones.

1a.- Symplectic manifolds. A symplectic manifold is a pair (M,Ω), where M

is an even-dimensional manifold and Ω is a closed non-degenerate 2-form on

M . We define a Poisson 2-vector Π on M by

Π(µ, ν) = Ω([−1(µ), [−1(ν)), (1.4)

for µ, ν ∈ Ω1(M), where [ : X(M) −→ Ω1(M) is the isomorphism of

C∞(M,R)-modules given by [(X) = iXΩ (see [73]).

Using the classical theorem of Darboux, around every point of M there exist

canonical coordinates (q1, . . . , qm, p1, . . . , pm) on M such that

Ω =
m∑
i=1

d0q
i ∧ d0pi, Π =

m∑
i=1

∂

∂qi
∧ ∂

∂pi
.

1b.- Lie-Poisson structures. Let (g, [ , ]g) be a real Lie algebra of dimension

n with Lie bracket [ , ]g and denote by g∗ the dual vector space of g. Given

two functions f, h ∈ C∞(g∗,R), we define {f, h} as follows. For a point

x ∈ g∗, we linearize f and h, namely, we take the differential of f and h at x,

(d0f)(x) and (d0h)(x), and identify them with two elements f̂ , ĥ ∈ g. Thus,

[f̂ , ĥ]g ∈ g, and we define

{f, h}(x) = 〈x, [f̂ , ĥ]g〉.

{ , } is the so-called Lie-Poisson bracket on g∗ (see [110, 115]).

If Πg∗ is the corresponding Poisson 2-vector on g∗ and (vi) are global coordi-

nates for g∗ obtained from a basis, we have that

Πg∗ =
∑
i<j

∑
k

ckijvk
∂

∂vi
∧ ∂

∂vj
, (1.5)
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ckij being the structure constants of g with respect to the basis.

From (1.5), it follows that

(L0)∆g∗Πg∗ = −Πg∗ , (1.6)

where ∆g∗ is the radial vector field on g∗. Note that the expression of ∆g∗

with respect to the coordinates (vi) is

∆g∗ =
n∑
i=1

vi
∂

∂vi
. (1.7)

2.- Contact manifolds. Let M be a (2m+ 1)-dimensional manifold and η be

a 1-form on M . We say that η is a contact 1-form if η ∧ (d0η)
m 6= 0 at every

point. In such a case, (M, η) is termed a contact manifold (see, for example,

[4, 72, 74]). If (M, η) is a contact manifold, we define a 2-vector Λ and a

vector field E on M as follows

Λ(µ, ν) = d0η([
−1(µ), [−1(ν)), E = [−1(η), (1.8)

for all µ, ν ∈ Ω1(M), where [ : X(M) −→ Ω1(M) is the isomorphism of

C∞(M,R)-modules given by [(X) = iX(d0η) + η(X)η. Then, (M,Λ, E) is a

Jacobi manifold (see [74]). The vector field E is just the Reeb vector field of

M and it is characterized by the relations

iEη = 1, iE(d0η) = 0. (1.9)

Using the generalized Darboux theorem, we deduce that around every point

of M there exist canonical coordinates (t, q1, . . . , qm, p1, . . . , pm) such that

(see [4, 72, 74])

η = d0t−
m∑
i=1

pid0q
i, Λ =

m∑
i=1

( ∂

∂qi
+pi

∂

∂t

)
∧ ∂

∂pi
, E =

∂

∂t
. (1.10)

3.- Locally conformal symplectic manifolds. An almost symplectic manifold

is a pair (M,Ω), where M is an even-dimensional manifold and Ω is a non-

degenerate 2-form on M . An almost symplectic manifold is said to be locally
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conformal symplectic (l.c.s.) if for each point x ∈M there is an open neigh-

borhood U such that d0(e
−fΩ) = 0, for some function f : U −→ R (see, for

example, [39, 57, 109]). So, (U, e−fΩ) is a symplectic manifold. If U = M

then M is said to be a globally conformal symplectic (g.c.s.) manifold. An

almost symplectic manifold (M,Ω) is l.(g.)c.s. if and only if there exists a

closed (exact) 1-form ω such that

d0Ω = ω ∧ Ω. (1.11)

The 1-form ω is called the Lee 1-form of M . It is obvious that l.c.s. manifolds

with Lee 1-form identically zero are just symplectic manifolds.

In a similar way that for contact manifolds, we define a 2-vector Λ and a

vector field E on M which are given by

Λ(µ, ν) = Ω([−1(µ), [−1(ν)), E = [−1(ω) , (1.12)

for µ, ν ∈ Ω1(M), where [ : X(M) −→ Ω1(M) is the isomorphism of

C∞(M,R)-modules defined by [(X) = iXΩ. Then, (M,Λ, E) is a Jacobi

manifold (see [39]).

Using the classical theorem of Darboux, around every point of M there exist

canonical coordinates (q1, . . . , qm, p1, . . . , pm) and a local differentiable func-

tion f such that

Ω = ef
m∑
i=1

d0q
i ∧ d0pi, ω = d0f =

m∑
i=1

( ∂f
∂qi

d0q
i +

∂f

∂pi
d0pi

)
,

Λ = e−f
m∑
i=1

( ∂

∂qi
∧ ∂

∂pi

)
, E = e−f

m∑
i=1

( ∂f
∂pi

∂

∂qi
− ∂f

∂qi
∂

∂pi

)
.

1.1.3 The characteristic foliation of a Jacobi manifold

Let (M,Λ, E) be a Jacobi manifold. Define a homomorphism of C∞(M,R)-

modules #Λ : Ω1(M) −→ X(M) by

(#Λ(µ))(ν) = Λ(µ, ν), (1.13)
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for µ, ν ∈ Ω1(M). This homomorphism can be extended to a homomorphism,

which we also denote by #Λ, from the space Ωk(M) to the space Vk(M) by

putting:

#Λ(f) = f, #Λ(µ)(µ1, . . . , µk) = (−1)kµ(#Λ(µ1), . . . ,#Λ(µk)), (1.14)

for f ∈ C∞(M,R), µ ∈ Ωk(M) and µ1, . . . , µk ∈ Ω1(M).

Remark 1.1 i) If M is a contact manifold with Reeb vector field E, then

#Λ(µ) = −[−1(µ) + µ(E)E, for all µ ∈ Ω1(M). In particular, η(#Λ(µ)) = 0.

ii) If (M,Ω) is a l.c.s. manifold with Lee 1-form ω then #Λ(µ) = −[−1(µ),

for all µ ∈ Ω1(M). In particular, #Λ(ω) = −E.

If f is a C∞-differentiable real-valued function on a Jacobi manifold M, the

vector field H(Λ,E)
f defined by

H(Λ,E)
f = #Λ(d0f) + fE (1.15)

is called the hamiltonian vector field associated with f . It should be noticed

that the hamiltonian vector field associated with the constant function 1 is

just E. A direct computation proves that (see [74, 87])

[H(Λ,E)
f ,H(Λ,E)

g ] = H(Λ,E)
{f,g}(Λ,E)

, (1.16)

which shows that the mapping C∞(M,R) −→ X(M), f 7→ H(Λ,E)
f , is a

homomorphism between the Lie algebras (C∞(M,R), { , }(Λ,E)) and (X(M),

[ , ]).

Now, for every x ∈ M, we consider the subspace F (Λ,E)
x of TxM generated

by all the hamiltonian vector fields evaluated at the point x. In other words,

F (Λ,E)
x = (#Λ)x(T

∗
xM) + 〈Ex〉. Since F (Λ,E) is involutive and finitely gene-

rated, one easily follows that F (Λ,E) defines a generalized foliation in the sense

of Sussmann [106], which is called the characteristic foliation (see [24, 39]).

Moreover, the Jacobi structure of M induces a Jacobi structure on each leaf.

In fact, if Lx is the leaf over a point x of M and Ex /∈ Im(#Λ)x (or, equiva-

lently, the dimension of Lx is odd) then Lx is a contact manifold with the
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induced Jacobi structure. More precisely, if y is a point of Lx and ηLx is the

contact structure on Lx then Ty(Lx) = {H(Λ,E)
f (y) / f ∈ C∞(M,R)} and

ηLx(y)(H(Λ,E)
f (y)) = f(y). (1.17)

If Ex ∈ Im(#Λ)x (or, equivalently, the dimension of Lx is even) then Lx is a

l.c.s. manifold and the l.c.s. structure (ΩLx , ωLx) on Lx is given by

ΩLx(y)(H(Λ,E)
f (y),H(Λ,E)

g (y)) = Λ(y)(d0f(y), d0g(y)) + f(y)E(y)(g)

−g(y)E(y)(f),

ωLx(y)(H(Λ,E)
f (y)) = −E(y)(f),

(1.18)

for y ∈ Lx and f, g ∈ C∞(M,R) (for a detailed study of the characteristic

foliation, we refer to [24, 39]). In the particular case when M is a Poisson

manifold then, from (1.13) and (1.15), we deduce that the characteristic

foliation of M is just the canonical symplectic foliation of M (see [110, 115]).

Remark 1.2 For a symplectic, contact or l.c.s. manifold M there exists a

unique leaf of its characteristic foliation: the manifold M . Conversely, if M

is a transitive Jacobi manifold, that is, if F (Λ,E)
x = TxM , for all x ∈M , then

M is a contact or l.c.s. manifold (see [24, 39, 57]).

1.1.4 Conformal changes of Jacobi manifolds and con-
formal Jacobi morphisms

Let (M,Λ, E) be a Jacobi manifold and a ∈ C∞(M,R) be a positive function.

Let us consider the 2-vector Λa and the vector field Ea on M given by

Λa = aΛ, Ea = H(Λ,E)
a = #Λ(d0a) + aE.

Then, the pair (Λa, Ea) is a Jacobi structure on M . The Jacobi brackets

{ , }(Λ,E) and { , }(Λa,Ea) are related by

{f, g}(Λa,Ea) =
1

a
{a f, a g}(Λ,E),

for f, g ∈ C∞(M,R).
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In this case, we say that the Jacobi structures (Λ, E) and (Λa, Ea) are con-

formally equivalent (see [24, 39, 74]).

Let ψ : (M1,Λ1, E1) → (M2,Λ2, E2) be a differentiable mapping between

the Jacobi manifolds (M1,Λ1, E1) and (M2,Λ2, E2). Suppose that { , }(Λ1,E1)

(respectively, { , }(Λ2,E2)) is the Jacobi bracket on M1 (respectively, M2).

The mapping ψ is said to be a Jacobi morphism if

{f2, g2}(Λ2,E2) ◦ ψ = {f2 ◦ ψ, g2 ◦ ψ}(Λ1,E1),

for f2, g2 ∈ C∞(M2,R). Equivalently, ψ is a Jacobi morphism if

Λ1(ψ
∗µ, ψ∗ν) = Λ2(µ, ν) ◦ ψ, ψ∗E1 = E2,

for µ, ν ∈ Ω1(M2).

Now, if a is a positive function on M1 the pair (ψ, a) is called a conformal

Jacobi morphism if the mapping ψ is a Jacobi morphism between the Ja-

cobi manifolds (M1, (Λ1)a, (E1)a) and (M2,Λ2, E2). The conformal Jacobi

isomorphisms are the conformal Jacobi morphisms (ψ, a) such that ψ is a

diffeomorphism (see [24]).

1.1.5 Coisotropic submanifolds

In this Section, we will give a definition which will be useful in the following.

Definition 1.3 Let S be a submanifold of a manifold M and Λ be an arbi-

trary 2-vector. S is said to be coisotropic (with respect to Λ) if

#Λ((TxS)◦) ⊆ TxS,

for x ∈ S, (TxS)◦ being the annihilator space of TxS.

Remark 1.4 If Π (respectively, (Λ, E)) is a Poisson structure (respectively,

a Jacobi structure) on M then we recover the notion of a coisotropic sub-

manifold of the Poisson manifold (M,Π) [72, 117] (respectively, coisotropic

submanifold of a Jacobi manifold (M,Λ, E) [43]) .
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1.1.6 The Poissonization of a Jacobi manifold

Let (Λ, E) be a 2-vector and a vector field on a manifold M . Then, we can

consider the 2-vector Π on M × R given by

Π = e−t
(
Λ +

∂

∂t
∧ E

)
, (1.19)

where t is the usual coordinate on R. The 2-vector Π is homogeneous with

respect to the vector field
∂

∂t
, that is,

[
∂

∂t
,Π] = −Π.

In fact, if Π is a 2-vector on M×R such that [
∂

∂t
,Π] = −Π then there exists a

2-vector Λ and a vector field E onM such that Π is given by (1.19). Moreover,

(Λ, E) is a Jacobi structure on M if and only if Π defines a Poisson structure

on M × R (see [74]). The manifold M × R endowed with the structure Π is

called the Poissonization of the Jacobi manifold (M,Λ, E).

Examples 1.5 1.- The Poissonization of a Poisson manifold.

Let (M,Λ) be a Poisson manifold. We have seen that it can be considered as

a Jacobi manifold, where E = 0. In this case, the Poissonization of (M,Λ)

is again a Poisson structure Π = e−tΛ.

2.- The Poissonization of a contact structure.

Let η be a 1-form on a manifold M of dimension 2m + 1. If we consider on

the product manifold M × R, the 2-form Ω given Ω = et
(
d0η + d0t ∧ η

)
,

it follows that η is a contact 1-form on M if and only if Ω is a symplectic

2-form on M × R (see, for instance, [72]).

We denote by (Λ, E) the Jacobi structure associated with η and by Π the

Poisson structure coming from the symplectic form Ω. A direct computation,

using (1.4) and (1.8), shows that Π = e−t
(
Λ+

∂

∂t
∧E

)
. Thus, the Poissoniza-

tion of a contact manifold (M, η) is the symplectic manifold (M × R,Ω).
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1.2 Lie algebroids. Examples

A category with close relations to Poisson and Jacobi geometry is that of Lie

algebroids. In this Section, we will recall the definition of a Lie algebroid

and of the differential calculus associated to them. Moreover, we illustrate

the theory with several examples.

1.2.1 Lie algebroids

A Lie algebroid A over a manifold M is a vector bundle A over M together

with a Lie bracket [[ , ]] on the space Γ(A) of the global cross sections of

A → M and a bundle map ρ:A → TM , called the anchor map, such that

if we also denote by ρ : Γ(A) → X(M) the homomorphism of C∞(M,R)-

modules induced by the anchor map then

[[X, fY ]] = f [[X, Y ]] + (ρ(X)(f))Y,

for X, Y ∈ Γ(A) and f ∈ C∞(M,R). The triple (A, [[ , ]], ρ) is called a Lie

algebroid over M (see [82, 99]).

Remark 1.6 If (A, [[ , ]], ρ) is a Lie algebroid over M then the anchor map

ρ : Γ(A)→ X(M) is a homomorphism between the Lie algebras (Γ(A), [[ , ]])

and (X(M), [ , ]).

If (A, [[ , ]], ρ) is a Lie algebroid, the Lie bracket on Γ(A) can be extended

to the so-called Schouten bracket [[ , ]] on the space Γ(∧∗A) = ⊕kΓ(∧kA) of

multi-sections of A in such a way that (⊕kΓ(∧kA),∧, [[ , ]]) is a graded Lie

algebra. In fact, the Schouten bracket satisfies the following properties

[[P,Q]] ∈ Γ(∧p+q−1A),

[[X, f ]] = ρ(X)(f),

[[P,Q]] = (−1)pq[[Q,P ]],

[[P,Q ∧R]] = [[P,Q]] ∧R + (−1)q(p+1)Q ∧ [[P,R]],

(−1)pr[[[[P,Q]], R]] + (−1)qr[[[[R,P ]], Q]] + (−1)pq[[[[Q,R]], P ]] = 0,

(1.20)
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for X ∈ Γ(A), f ∈ C∞(M,R), P ∈ Γ(∧pA), Q ∈ Γ(∧qA) and R ∈ Γ(∧rA)

(see [110]).

Remark 1.7 The definition of Schouten bracket considered here is the one

given in [110] (see also [3, 73]). Some authors (see, for instance, [61]) de-

fine the Schouten bracket in another way. In fact, the relation between the

Schouten bracket [[ , ]]′ in the sense of [61] and the Schouten bracket [[ , ]] in

the sense of [110] is the following one:

[[P,Q]]′ = (−1)p+1[[P,Q]],

for P ∈ Γ(∧pA) and Q ∈ Γ(∧∗A).

On the other hand, imitating the de Rham differential on the space Ω∗(M),

we define the differential of the Lie algebroid A, d: Γ(∧kA∗)→ Γ(∧k+1A∗), as

follows:

dµ(X0, . . . , Xk) =
k∑
i=0

(−1)iρ(Xi)(µ(X0, . . . , X̂i, . . . , Xk))

+
∑
i<j

(−1)i+jµ([[Xi, Xj]], X0, . . , X̂i, . . , X̂j, . . , Xk),

(1.21)

for µ ∈ Γ(∧kA∗) and X0, . . . , Xk ∈ Γ(A).

Moreover, since d2 = 0, we have the corresponding cohomology spaces. This

cohomology is the Lie algebroid cohomology with trivial coefficients (see [82]).

Using the above definitions, it follows that a 1-cochain φ0 ∈ Γ(A∗) is a 1-

cocycle if and only if

φ0[[X, Y ]] = ρ(X)(φ0(Y ))− ρ(Y )(φ0(X)), (1.22)

for all X, Y ∈ Γ(A).

In addition, if X ∈ Γ(A), we can define the Lie derivative of a multi-section of

the dual bundle A∗ as the commutator of the differential and the contraction

by X, that is, LX = d ◦ iX + iX ◦ d.
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1.2.2 Examples of Lie algebroids

Next, we will consider some examples of Lie algebroids.

1.- Real Lie algebras of finite dimension

Let g be a real Lie algebra of finite dimension. Then, it is clear that g is a

Lie algebroid over a single point. The differential (respectively, the Schouten

bracket) on g is just the algebraic differential (respectively, the algebraic

Schouten bracket) on g.

2.- The tangent bundle

Let TM be the tangent bundle of a manifold M . Then, the triple (TM, [ , ],

Id) is a Lie algebroid over M , where Id : TM → TM is the identity map. In

this case, the differential (respectively, the Schouten bracket) of TM is just

the de Rham differential d0 on Ω∗(M) = ⊕kΩk(M) (respectively, the usual

Schouten-Nijenhuis bracket on V∗(M) = ⊕kVk(M)).

3.- The Lie algebroid (TM × R, [ , ], π)

If M is a differentiable manifold, we will exhibit a natural Lie algebroid

structure on the vector bundle TM × R → M . First, we will show some

identifications which will be useful in the sequel.

Let A → M be a vector bundle over M . Then, it is clear that A× R is the

total space of a vector bundle over M . Moreover, the dual bundle to A× R
is A∗ ×R and the spaces Γ(∧r(A×R)) and Γ(∧k(A∗ ×R)) can be identified

with Γ(∧rA)⊕ Γ(∧r−1A) and Γ(∧kA∗)⊕ Γ(∧k−1A∗) in such a way that

(P, Q)((µ1, f1), . . . , (µr, fr))

= P (µ1, . . . , µr) +
r∑
i=1

(−1)i+1fiQ(µ1, . . . , µ̂i, . . . , µr),

(µ, ν)((X1, g1), . . . , (Xk, gk))

= µ(X1, . . . , Xk) +
k∑
i=1

(−1)i+1gi ν(X1, . . . , X̂i, . . . , Xk),

(1.23)

for (P,Q) ∈ Γ(∧rA) ⊕ Γ(∧r−1A), (µ, ν) ∈ Γ(∧kA∗) ⊕ Γ(∧k−1A∗), (µi, fi) ∈
Γ(A∗)⊕C∞(M,R) and (Xj, gj) ∈ Γ(A)⊕C∞(M,R), with i ∈ {1, . . . , r} and
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j ∈ {1, . . . , k}.
Under these identifications, the contractions and the exterior products are

given by

i(µ,ν)(P,Q) = (iµP + iνQ, (−1)kiµQ), if k ≤ r,

i(µ,ν)(P,Q) = 0, if k > r,

i(P,Q)(µ, ν) = (iPµ+ iQν, (−1)riPν), if r ≤ k,

i(P,Q)(µ, ν) = 0, if r > k,

(P,Q) ∧ (P ′, Q′) = (P ∧ P ′, Q ∧ P ′ + (−1)rP ∧Q′),

(µ, ν) ∧ (µ′, ν ′) = (µ ∧ µ′, ν ∧ µ′ + (−1)kµ ∧ ν ′),

(1.24)

for (P ′, Q′) ∈ Γ(∧r′A)⊕ Γ(∧r′−1A) and (µ′, ν ′) ∈ Γ(∧k′A∗)⊕ Γ(∧k′−1A∗).

Now, suppose that A is the tangent bundle TM . Then, the triple (A× R =

TM × R, [ , ], π) is a Lie algebroid over M , where π : TM × R → TM is

the canonical projection over the first factor and [ , ] is the bracket given by

(see [82, 94])

[(X, f), (Y, g)] = ([X, Y ], X(g)− Y (f)), (1.25)

for (X, f), (Y, g) ∈ X(M) × C∞(M,R) ∼= Γ(TM × R). In this case, the

dual bundle to TM × R is T ∗M × R and the spaces Γ(∧r(TM × R)) and

Γ(∧k(T ∗M × R)) can be identified with Vr(M) ⊕ Vr−1(M) and Ωk(M) ⊕
Ωk−1(M). Under these identifications, the differential d̃0 of the Lie algebroid

is

d̃0(µ, ν) = (d0µ,−d0ν) (1.26)

and the Schouten bracket [ , ] is given by

[(P,Q), (P ′, Q′)] = ([P, P ′], (−1)r+1[P,Q′]− [Q,P ′]), (1.27)

for (µ, ν) ∈ Ωk(M) ⊕ Ωk−1(M), (P,Q) ∈ Vr(M) ⊕ Vr−1(M) and (P ′, Q′) ∈
Vr′(M)⊕Vr′−1(M). Thus, (µ, f) ∈ Ω1(M)×C∞(M,R) is a 1-cocycle if and

only if µ is a closed 1-form and f is a constant function. In particular, the

pair (0, 1) ∈ Ω1(M)× C∞(M,R) is a 1-cocycle.
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4.- The Lie algebroid (T ∗M × R, [[ , ]](Λ,E), #̃(Λ,E)) associated with a Jacobi

manifold (M,Λ, E)

If A→M is a vector bundle over M and P ∈ Γ(∧2A) is a 2-section of A, we

will denote by #P : A∗ → A the bundle map given by

νx(#P (µx)) = P (x)(µx, νx), (1.28)

for µx, νx ∈ A∗
x. We will also denote by #P : Γ(A∗)→ Γ(A) the corresponding

homomorphism of C∞(M,R)-modules.

Then, a Jacobi manifold (M,Λ, E) has an associated Lie algebroid (T ∗M ×
R, [[ , ]](Λ,E), #̃(Λ,E)), where ([[ , ]](Λ,E),#̃(Λ,E)) are defined by

[[(µ, f), (ν, g)]](Λ,E)

=((L0)#Λ(µ)ν−(L0)#Λ(ν)µ−d0(Λ(µ, ν))+f(L0)Eν−g(L0)Eµ

−iE(µ ∧ ν),Λ(ν, µ)+#Λ(µ)(g)−#Λ(ν)(f)+fE(g)−gE(f)),

#̃(Λ,E)(µ, f) = #Λ(µ) + fE,

(1.29)

for (µ, f), (ν, g) ∈ Ω1(M)× C∞(M,R) (see [56]). For this Lie algebroid, the

differential d∗ is given by (see [66, 67])

d∗(P,Q) = (−[Λ, P ]+kE∧P +Λ∧Q, [Λ, Q]−(k−1)E∧Q+[E,P ]), (1.30)

for (P,Q) ∈ Vk(M) ⊕ Vk−1(M). Thus, (X, f) ∈ X(M) × C∞(M,R) is a

1-cocycle if and only if

(L0)XΛ = E ∧X + fΛ, #Λ(d0f) = −[E,X].

Therefore, the pair (E, 0) ∈ X(M)× C∞(M,R) is a 1-cocycle.

In the particular case when (M,Λ) is a Poisson manifold we recover, by

projection on the first factor, the Lie algebroid (T ∗M, [[ , ]]Λ,#Λ), where [[ , ]]Λ

is the bracket of 1-forms defined by (see [3, 14, 30, 110]):

[[µ, ν]]Λ = (L0)#Λ(µ)ν − (L0)#Λ(ν)µ− d0(Λ(µ, ν)), (1.31)
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for µ, ν ∈ Ω1(M). For this Lie algebroid, the differential is the operator given

by

d∗P = −[Λ, P ], (1.32)

for P ∈ Vk(M). This operator was introduced by Lichnerowicz in [73] to

define the Lichnerowicz-Poisson cohomology.

Remark 1.8 LetM be a smooth manifold. If µ∈Ω1(M) and f ∈C∞(M,R),

we will denote by (µ, f) the 1-form on M × R given by

(µ, f) = et(µ+ f d0t).

Now, suppose that (Λ, E) is a Jacobi structure on M and that Π is the

Poissonization on M × R of the Jacobi structure (Λ, E). Then, a direct

computation, using (1.29) and (1.31), proves that

[[(µ, f), (ν, g)]]Π = [[(µ, f), (ν, g)]](Λ,E), (1.33)

for (µ, f), (ν, g) ∈ Ω1(M)× C∞(M,R).

5.- The Lie algebroid associated with a Nijenhuis operator

Let (A, [[ , ]], ρ) be a Lie algebroid over M and N : A → A be a vector

bundle morphism over the identity Id : M → M . Let us also denote by

N : Γ(A)→ Γ(A) the corresponding homomorphism of C∞(M,R)-modules.

We say that N is a Nijenhuis operator on (A, [[ , ]], ρ) if it has vanishing

Nijenhuis torsion T (N ), where T (N ) is defined by

T (N )(X, Y ) = [[NX,NY ]]−N [[NX, Y ]]−N [[X,NY ]] +N 2[[X, Y ]],

for X, Y ∈ Γ(A). Note that for the usual Lie algebroid structure on the

tangent bundle of an arbitrary manifold M , we recover the usual notion of a

Nijenhuis operator on M .

If N is a Nijenhuis operator on (A, [[ , ]], ρ) then there exists a deformed Lie

algebroid structure ([[ , ]]N , ρN ) on A→M , where [[ , ]]N and ρN are given by

(see [36, 64])

[[X, Y ]]N = [[NX, Y ]] + [[X,NY ]]−N [[X, Y ]],

ρN = ρ ◦ N .
(1.34)
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The differential dN of the Lie algebroid (A, [[ , ]]N , ρN ) is

dN = iN ◦ d− d ◦ iN , (1.35)

iN : Γ(∧kA∗)→ Γ(∧kA∗) being the contraction by N defined by

(iN (γ))(X1, . . . , Xk) =
k∑
i=1

γ(X1, . . . ,NXi, . . . , Xk), (1.36)

for γ ∈ Γ(∧kA∗) and X1, . . . , Xk ∈ Γ(A).

On the other hand, denote by N ∗ : Γ(A∗) → Γ(A∗) the adjoint operator of

N : Γ(A) → Γ(A) and by iN ∗ : Γ(∧rA) → Γ(∧rA) the natural extension of

N to the space Γ(∧rA) defined by

(iN ∗R)(µ1, . . . , µr) =
r∑
i=1

R(µ1, . . . ,N ∗µi, . . . , µr),

for R ∈ Γ(∧rA) and µ1, . . . , µr ∈ Γ(A∗). Then, the Schouten bracket [[ , ]]N

of the Lie algebroid (A, [[ , ]]N , ρN ) is given by

[[P,Q]]N = [[iN ∗P,Q]] + [[P, iN ∗Q]]− iN ∗ [[P,Q]],

for P ∈ Γ(∧pA) and Q ∈ Γ(∧qA).

6.- Action of a Lie algebroid on a smooth map

Let (A, [[ , ]], ρ) be a Lie algebroid over a manifold M and π : P → M be a

smooth map. An action of A on π : P →M is a R-linear map

∗ : Γ(A)→ X(P ), X ∈ Γ(A) 7→ X∗ ∈ X(P ),

such that:

(fX)∗ = (f ◦ π)X∗, [[X,Y ]]∗ = [X∗, Y ∗], πp∗(X
∗(p)) = ρ(X(π(p))),

for f ∈ C∞(M,R), X, Y ∈ Γ(A) and p ∈ M . If ∗ : Γ(A) → X(P ) is an

action of A on π : P →M and τ : A→M is the bundle projection then the

pullback vector bundle of A over π,

π∗A = {(a, p) ∈ A× P / τ(a) = π(p)},
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is a Lie algebroid over P with the Lie algebroid structure ([[ , ]]π, ρπ) which is

characterized by

[[X, Y ]]π = [[X, Y ]] ◦ π, ρπ(X)(p) = X∗(p),

for X, Y ∈ Γ(A) and p ∈ P . The triple (π∗A, [[ , ]]π, ρπ) is called the action

Lie algebroid of A on π and it is denoted by An π or An P (see [42]).

7.- The Lie algebroid of an exact Poisson structure

An exact Poisson manifold (M,Π, Z) is a Poisson manifold (M,Π) with a

vector field Z such that [Z,Π] = −Π (see [24]). We may consider the Lie

algebroid structure ([[ , ]]Π,#Π) on the vector bundle T ∗M → M induced by

the Poisson structure Π (see (1.31)) and the Lie algebroid structure ([[ , ]]Z , ρZ)

on the vector bundle M × R → M induced by the vector field Z, that is,

[[ , ]]Z and ρZ are defined by

[[f, g]]Z = g Z(f)− f Z(g), ρZ(f) = −f Z,

for f, g ∈ C∞(M,R) ∼= Γ(M × R).

Moreover, using the homogeneous character of Π with respect to Z, one can

introduce a Lie algebroid structure ([[ , ]](Π,Z), #̄(Π,Z)) on the vector bundle

T ∗M × R→M , where [[ , ]](Π,Z) and #̄(Π,Z) are given by

[[(µ, f), (ν, g)]](Π,Z)

=((L0)#Π(µ)ν−(L0)#Π(ν)µ−d0(Π(µ, ν))−f((L0)Zν − ν)
+g((L0)Zµ− µ),#Π(µ)(g)−#Π(ν)(f)+ g Z(f)−f Z(g)),

#̄(Π,Z)(µ, f) = #Π(µ)− f Z,

(1.37)

for (µ, f), (ν, g) ∈ Ω1(M)× C∞(M,R) ∼= Γ(T ∗M × R) (see [113]).

In addition, using (1.37), we deduce that (T ∗M, [[ , ]]Π, #Π) and (M×R, [[ , ]]Z ,

ρZ) are Lie subalgebroids of (T ∗M×R, [[ , ]](Π,Z), #̄(Π,Z)). In fact, (T ∗M, [[ , ]]Π,

#Π) and (M×R, [[ , ]]Z , ρZ) form a matched pair of Lie algebroids in the sense

of Mokri [93].
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For the Lie algebroid (T ∗M ×R, [[ , ]](Π,Z), #̄(Π,Z)), the differential d∗ is given

by

d∗(P,Q) = (−[Π, P ], [Π, Q]− [Z, P ]− kP ), (1.38)

for (P,Q) ∈ Vk(M) ⊕ Vk−1(M). Thus, (X, f) ∈ X(M) × C∞(M,R) ∼=
Γ(TM × R) is a 1-cocycle if and only if

(L0)XΠ = 0, #Π(d0f) = [Z,X] +X.

In particular, the pair (0, 1) ∈ X(M)× C∞(M,R) is a 1-cocycle.

8.- The Lie algebroid associated with a linear Poisson structure

Let τ : A → M be a vector bundle on a manifold M . Then, it is clear

that there exists a bijection between the space Γ(A∗) of sections of the dual

bundle τ ∗ : A∗ →M and the set L(A) of real functions on A which are linear

on each fiber

Γ(A∗)→ L(A), µ 7→ µ̃.

For any section µ ∈ Γ(A∗) the corresponding linear function µ̃ on the vector

bundle A is given by µ̃(Xp) = µ(p)(Xp), for Xp ∈ Ap. Note that if f : A→ R
is a smooth real function then

f is basic⇔ ∆A(f) = 0,

f is linear⇔ ∆A(f) = f,
(1.39)

where ∆A denotes the Liouville (Euler) vector field on A.

On the other hand, a 2-vector Π on A is linear if and only if the induced

bracket { , }Π is closed on linear functions, that is, if µ, ν ∈ Γ(A∗) then

{µ̃, ν̃}Π = i(d0µ̃∧d0ν̃)Π

is again a linear function. If Π is a linear 2-vector field on A and fM , gM :

M → R are real smooth functions then

{µ̃, fM ◦ τ}Π is a basic function and {fM ◦ τ, gM ◦ τ}Π = 0. (1.40)
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Using the above facts, it is easy to prove that

Π is linear ⇔ Π is homogeneous with respect to ∆A

⇔ (L0)∆A
Π = −Π.

(1.41)

Now, suppose that Π is a linear Poisson structure on A∗ with Poisson bracket

{ , }Π. From (1.40), one may define a Lie algebroid structure ([[ , ]]Π, ρΠ) on

τ : A→M which is characterized by

˜[[X, Y ]] Π = {X̃, Ỹ }Π,

ρΠ(X)(fM) ◦ τ ∗ = {X̃, fM ◦ τ ∗}Π,
(1.42)

for X,Y ∈ Γ(A) and fM ∈ C∞(M,R), τ ∗ : A∗ → M being the canonical

projection (see [14, 15]). Conversely, if A is a vector bundle over M which

admits a Lie algebroid structure ([[ , ]], ρ) then one may define a linear Poisson

structure ΠA∗ on the dual bundle A∗ in such a way that (1.42) holds.

The local expression of ΠA∗ is given as follows. Let U be an open coordinate

neighbourhood of M with coordinates (x1, . . . , xm) and {ei}i=1,...,n a local

basis of sections of τ : A → M in U . Then, τ−1(U) is an open coordinate

neighbourhood of A with coordinates (xi, vj) such that vj = ẽj, for all j. In

these coordinates the structure functions and the components of the anchor

map are

[[ei, ej]] =
n∑
k=1

ckijek, ρ(ei) =
m∑
l=1

ρli
∂

∂xl
, i, j ∈ {1, . . . , n}, (1.43)

with ckij, ρ
l
i ∈ C∞(U,R), and the Poisson structure ΠA∗ is given by

ΠA∗ =
∑
i<j

∑
k

ckijvk
∂

∂vi
∧ ∂

∂vj
+

∑
i,l

ρli
∂

∂vi
∧ ∂

∂xl
. (1.44)

Note that the Liouville vector field is given by

∆A =
n∑
i=1

vi
∂

∂vi
. (1.45)
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Remark 1.9 Let (A, [[ , ]], ρ) be a Lie algebroid and φ0 be a section of the

dual bundle A∗ to A. Then, one may consider the vertical lift φv
0 ∈ X(A∗) of

φ0 and, using (1.42) and the fact that

φv
0 (X̃) = φ0(X) ◦ τ ∗, for X ∈ Γ(A),

we deduce that

((L0)φv0 ΠA∗)(d0X̃, d0Ỹ ) = −dφ0(X, Y ) ◦ τ ∗,

for X, Y ∈ Γ(A), d being the differential of the Lie algebroid (A, [[ , ]], ρ).

Thus,

(L0)φv0 ΠA∗ = 0⇔ φ0 is a 1-cocycle. (1.46)

Examples 1.10 1.- Let (g, [ , ]g) be a real Lie algebra of dimension n. Then,

g is a Lie algebroid over a point. Moreover, if Πg∗ is the linear Poisson

structure on g∗, using (1.5) and (1.44), we have that Πg∗ is the well known

Lie-Poisson structure.

2.- Let (TM, [ , ], Id) be the trivial Lie algebroid. From (1.43) and (1.44), it

follows that the linear Poisson structure ΠT ∗M on T ∗M is just the canonical

symplectic structure, that is,

ΠT ∗M =
m∑
i=1

∂

∂qi
∧ ∂

∂pi
,

(q1, . . . , qm, p1, . . . , pm) being fibred coordinates on T ∗M .

3.- Let (M,Π) be a Poisson manifold and (T ∗M, [[ , ]]Π,#Π) be the associated

cotangent Lie algebroid. From (1.31), (1.43) and (1.44), we obtain that the

induced Poisson structure on TM is the complete lift Πc to TM of Π (see

[15]).

4.- The triple (TM ×R, [ , ], π) is a Lie algebroid over M , where π : TM ×
R → TM is the canonical projection over the first factor and [ , ] is the

bracket given by (1.25). In this case, the Poisson structure ΠT ∗M×R on T ∗M×
R is just the canonical cosymplectic structure of T ∗M × R (see [1, 7]), that

is, ΠT ∗M×R = ΠT ∗M .
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5.- Let (M,Λ, E) be a Jacobi manifold and (T ∗M × R, [[ , ]](Λ,E), #̃(Λ,E)) the

associated Lie algebroid. A direct computation, using (1.29), (1.43) and

(1.44), shows that the Poisson structure ΠTM×R is

ΠTM×R = Λc − tΛv − Ev ∧∆TM +
∂

∂t
∧ Ec,

where Λc and Ec (respectively, Λv and Ev) are the complete (respectively,

vertical) lift to TM of Λ and E and t is the usual coordinate on R.

6.- Let (A, [[ , ]], ρ) be a Lie algebroid over a manifold M and N be a Nijenhuis

operator on A. Denote by ([[ , ]]N , ρN ) the Lie algebroid structure on A given

by (1.34), by ΠA∗ the linear Poisson structure on A∗ associated with the Lie

algebroid (A, [[ , ]], ρ) and by JA∗(N ) the vector field on A∗ defined by

JA∗(N )(µp) = (N ∗(µp))
v,

for µp ∈ A∗
p, where N ∗ : A∗ → A∗ is the adjoint operator of N and v : A∗

p →
Tµp(A

∗
p) is the vertical lift. Then,

ΠN
A∗ = (L0)JA∗ (N )ΠA∗ ,

ΠN
A∗ being the linear Poisson structure on A∗ associated with the Lie algebroid

structure ([[ , ]]N , ρN ) (see [36]).

7.- Let (M,Π, Z) be an exact Poisson manifold and (T ∗M × R, [[ , ]](Π,Z),

#̄(Π,Z)) be the associated Lie algebroid. From (1.37), (1.43) and (1.44), we

obtain that the linear Poisson structure ΠTM×R on TM × R is

ΠTM×R = Πc + (Zc −∆TM) ∧ ∂

∂t
.

9.- The tangent Lie algebroid

Assume that τ : A → M is a Lie algebroid over a manifold M and that

p : A∗ ×M A → R is the natural pairing. Then, TA and TA∗ are vector

bundles over TM and p induces a non-degenerate pairing TA∗×TM TA→ R.

Thus, we get an isomorphism between the vector bundles TA → TM and

(TA∗)∗ → TM . Therefore, the dual bundle to TA→ TM may be identified
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with the vector bundle TA∗ → TM . On the other hand, denote by ΠA∗ the

linear Poisson structure on A∗ induced by the Lie algebroid A. Then, it is

easy to prove that the complete lift Πc
A∗ of ΠA∗ to TA∗ is a linear Poisson

structure on the vector bundle TA∗ → TM . Consequently, the vector bundle

TA → TM is a Lie algebroid which is called the tangent Lie algebroid to A

(for more details, see [16, 37, 83]).

1.2.3 Lie algebroid morphisms

Let (A, [[ , ]], ρ) (respectively, (A′, [[ , ]]′, ρ′)) be a Lie algebroid over a manifold

M (respectively, M ′) and suppose that Ψ : A → A′ is a vector bundle

morphism over the map Ψ0 : M → M ′. Then, the following diagram is

commutative

M
Ψ0

M ′-

A
Ψ

? ?

- A′

Now, if X ∈ Γ(A) then

Ψ ◦X =
∑
i

fi(X
′
i ◦Ψ0), (1.47)

for suitable fi ∈ C∞(M,R) and X ′
i ∈ Γ(A′). We refer to a relation (1.47) as

a Ψ-decomposition of X.

The pair (Ψ,Ψ0) is said to be a Lie algebroid morphism if

ρ′ ◦Ψ = TΨ0 ◦ ρ, (1.48)

Ψ ◦ [[X, Y ]] =
∑
i,j

fi gj([[X
′
i, Y

′
j ]]
′ ◦Ψ0) +

∑
j

ρ(X)(gj)(Y
′
j ◦Ψ0)

−
∑
i

ρ(Y )(fi)(X
′
i ◦Ψ0),

(1.49)
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for X, Y ∈ Γ(A), where TΨ0 : TM → TM ′ is the tangent map of Ψ0 and

Ψ ◦X =
∑
i

fi(X
′
i ◦Ψ0), Ψ ◦ Y =

∑
j

gj(Y
′
j ◦Ψ0),

are Ψ-decompositions of X and Y , respectively. The right-hand side of equa-

tion (1.49) is independent of the choice of the Ψ-decompositions of X and Y

(for more details, see [42]).

If M = M ′, Ψ0 is the identity map and X ∈ Γ(A) then Ψ ◦X is a section of

A′ and (1.49) is equivalent to the condition

Ψ ◦ [[X, Y ]] = [[Ψ ◦X,Ψ ◦ Y ]]′, (1.50)

for X, Y ∈ Γ(A).

1.3 Lie groupoids. Examples

The global objects corresponding to Lie algebroids are Lie groupoids. In this

last Section of Chapter 1, we recall the definition of a Lie groupoid and some

generalities about them are explained. We also discuss some examples which

will be interesting in the sequel.

1.3.1 Lie groupoids

A groupoid consists of two sets G and M , called respectively the groupoid and

the base, together with two maps α and β from G to M , called respectively

the source and target projections, a map ε : M → G, called the inclusion, a

partial multiplication m : G(2) = {(g, h) ∈ G × G/α(g) = β(h)} → G and a

map ι : G→ G, called the inversion, satisfying the following conditions:

i) α(m(g, h)) = α(h) and β(m(g, h)) = β(g), for all (g, h) ∈ G(2),

ii) m(g,m(h, k)) = m(m(g, h), k), for all g, h, k ∈ G such that α(g) = β(h)

and α(h) = β(k),

iii) α(ε(x)) = x and β(ε(x)) = x, for all x ∈M ,
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iv) m(g, ε(α(g))) = g and m(ε(β(g)), g) = g, for all g ∈ G,

v) m(g, ι(g)) = ε(β(g)) and m(ι(g), g) = ε(α(g)), for all g ∈ G.

A groupoid G over a base M will be denoted by G ⇒ M .

If G and M are manifolds, G ⇒ M is a Lie groupoid if:

i) α and β are differentiable submersions.

ii) m, ε and ι are differentiable maps.

From i) and ii), it follows that m is a submersion, ε is an immersion and ι is

a diffeomorphism. In fact, ι2 = Id.

From now on, we will usually write gh for m(g, h) and g−1 for ι(g). Moreover,

if x ∈ M then Gx = α−1(x) (resp., Gx = β−1(x)) will be said the α-fiber

(resp., the β-fiber) of x. Furthermore, since ε is an inmersion, we will identify

M with ε(M).

Next, we will recall some notions related with Lie groupoids which will be

useful in the following (for more details, see [82]).

Definition 1.11 Let G ⇒ M be a Lie groupoid over a manifold M . For

U ⊆ M open, a local bisection (or local admissible section) of G on U

is a smooth map K : U → G which is right-inverse to β and for which

α ◦ K : U → α(K(U)) is a diffeomorphism from U to the open set α(K(U))

in M . If U = M , K is a global bisection or simply a bisection.

The existence of local bisections through any point g ∈ G is always guaran-

teed.

If K : U → G is a local bisection with V = (α ◦ K)(U), the local left-

translation and right-translation induced by K are the maps LK : β−1(V ) →
β−1(U) and RK : α−1(U)→ α−1(V ) defined by

LK(g) = K((α ◦ K)−1(β(g))) g, RK(h) = hK(α(h)), (1.51)

for g ∈ β−1(V ) and h ∈ α−1(U).
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Remark 1.12 If y0 ∈ U and K(y0) = g0, α(g0) = x0 then the restriction of

LK to Gx0 is the left-translation by g0

Lg0 : Gx0 → Gy0 , h 7→ Lg0(h) = g0h.

In a similar way, the restriction of RK to Gy0 is the right-translation by g0

Rg0 : Gy0 → Gx0 , g 7→ Rg0(g) = gg0.

A multivector field P on G is said to be left-invariant (respectively, right-

invariant) if it is tangent to the fibers of β (respectively, α) and P (gh) =

(LK)h∗(P (h)) (respectively, P (gh) = (RK)g∗(P (g))) for (g, h) ∈ G(2) and K :

U → G any local bisection through h (respectively, g). If P and Q are

two left-invariant (respectively, right-invariant) multivector fields on G then

[P,Q] is again left-invariant (respectively, right-invariant).

Now, we will recall the definition of the Lie algebroid associated with a Lie

groupoid.

Suppose that G ⇒ M is a Lie groupoid. Then, we may consider the vector

bundle AG→M , whose fiber at a point x ∈M is AxG = Tε(x)G
x. It is easy

to prove that there exists a bijection between the space Γ(AG) and the set

of left-invariant (respectively, right-invariant) vector fields on G. If X is a

section of AG, the corresponding left-invariant (respectively, right-invariant)

vector field on G will be denoted by
←−
X (respectively,

−→
X ). Using the above

facts, we may introduce a Lie algebroid structure ([[ , ]], ρ) on AG, which is

defined by
←−−−−
[[X,Y ]] = [

←−
X,
←−
Y ], ρ(X)(x) = αε(x)∗ (X(x)), (1.52)

for X, Y ∈ Γ(AG) and x ∈M .

Remark 1.13 There exists a bijection between the space Γ(∧k(AG)) and

the set of left-invariant (respectively, right-invariant) k-vector fields. If P is

a section of ∧k(AG), we will denote by
←−
P (respectively,

−→
P ) the corresponding

left-invariant (respectively, right-invariant) k-vector field on G. Moreover, if

P,Q ∈ Γ(∧∗(AG)), we have that

←−−−
[[P,Q]] = [

←−
P ,
←−
Q ],

−−−→
[[P,Q]] = −[

−→
P ,
−→
Q ], [

−→
P ,
←−
Q ] = 0. (1.53)
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Given two Lie groupoids G ⇒ M and G′ ⇒ M ′, a morphism of Lie groupoids

is a smooth map Φ : G → G′ such that if (g, h) ∈ G(2) then (Φ(g),Φ(h)) ∈
G′(2) and Φ(gh) = Φ(g)Φ(h). A morphism of Lie groupoids Φ : G → G′

induces a smooth map Φ0 : M → M ′ in such a way that α′ ◦ Φ = Φ0 ◦ α,

β′ ◦Φ = Φ0 ◦ β and Φ ◦ ε = ε′ ◦Φ0, α, β and ε (resp., α′, β′ and ε′) being the

projections and the inclusion in the Lie groupoid G ⇒ M (resp., G′ ⇒ M ′).

If (Φ,Φ0) is a morphism between the Lie groupoidsG ⇒ M andG′ ⇒ M ′ and

AG → M (respectively, AG′ → M ′) is the Lie algebroid of G (respectively,

G′) then (Φ,Φ0) induces, in a natural way, a morphism (A(Φ),Φ0) between

the Lie algebroids AG and AG′ (see [42, 82]).

1.3.2 Examples of Lie groupoids

1.- Lie groups

Any Lie group G is a Lie groupoid over {e}, the identity element of G. The

Lie algebroid associated with G is just the Lie algebra g of G.

2.- The banal groupoid

Let M be a differentiable manifold. The product manifold M ×M is a Lie

groupoid over M in the following way: α is the projection onto the second

factor and β is the projection onto the first factor; ε(x) = (x, x) for all x ∈M
and m((x, y), (y, z)) = (x, z). M ×M ⇒ M is called the banal groupoid. The

Lie algebroid associated with the banal groupoid is the tangent bundle TM

of M .

3.- The direct product of Lie groupoids

If G1 ⇒ M1 and G2 ⇒ M2 are Lie groupoids, then G1 ×G2 ⇒ M1 ×M2 is a

Lie groupoid in a natural way.

4.- Action groupoids

Let G ⇒ M be a Lie groupoid and π : P → M be a smooth map. If

P ∗ G = {(p, g) ∈ P × G/π(p) = β(g)} then a right action of G on π is a

smooth map

P ∗G→ P, (p, g) 7→ p · g,
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which satisfies the following relations

π(p · g) = α(g), for all (p, g) ∈ P ∗G,

(p · g) · h = p · (gh), for all (g, h) ∈ G(2) and (p, g) ∈ P ∗G,
p · ε(π(p)) = p, for all p ∈ P.

Given such an action one constructs the action groupoid P ∗ G ⇒ P by

defining
α′(p, g) = p · g, β′(p, g) = p,

m′((p, g), (q, h)) = (p, gh), if q = p · g,
ε′(p) = (p, ε(π(p))), ι′(p, g) = (p · g, g−1).

Now, if p ∈ P , we consider the map p · : Gπ(p) → P given by

p · (g) = p · g.

Then, if AG is the Lie algebroid of G, the R-linear map

∗ : Γ(AG)→ X(P ), X ∈ Γ(AG) 7→ X∗ ∈ X(P ),

defined by

X∗(p) = (p ·)ε(π(p))
∗ (X(π(p))), (1.54)

for all p ∈ P , induces an action of AG on π : P → M . In addition, the

Lie algebroid associated with the Lie groupoid P ∗ G ⇒ P is the action Lie

algebroid AGn π (for more details, see [42]).

5.- The tangent groupoid

Let G ⇒ M be a Lie groupoid. Then, the tangent bundle TG is a Lie

groupoid over TM . The projections αT , βT , the partial multiplication ⊕TG,

the inclusion εT and the inversion ιT are defined by

αT (Xg) = αg∗(Xg), for Xg ∈ TgG,
βT (Yh) = βh∗ (Yh), for Yh ∈ ThG,

Xg ⊕TG Yh = m
(g,h)
∗ (Xg, Yh), if αT (Xg) = βT (Yh),

εT (Xx) = εx∗(Xx), for Xx ∈ TxM,

ιT (Xg) = ιg∗(Xg), for Xg ∈ TgG.

(1.55)
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In [120] it has been given an explicit expression for the multiplication ⊕TG.

If x = α(g) = β(h) and αT (Xg) = βT (Xh) = Wx ∈ TxM , then

Xg ⊕TG Yh = (LX )h∗(Yh) + (RY)g∗(Xg)− (LX )h∗((RY)ε(x)∗ (εx∗(Wx))), (1.56)

where X ,Y are any (local) bisections of G with X (x) = g and Y(x) = h. If

AG → M is the Lie algebroid of G ⇒ M , then the tangent Lie algebroid

TAG → TM is just the Lie algebroid associated with the tangent groupoid

TG ⇒ TM (for more details, see [83]).

Remark 1.14 If G is a Lie group then, from (1.56), it follows that

Xg ⊕TG Yh = (Lg)
h
∗(Yh) + (Rh)

g
∗(Xg), (1.57)

for Xg ∈ TgG and Yh ∈ ThG.

6.- The cotangent groupoid

Let G ⇒ M be a Lie groupoid. If A∗G is the dual bundle to AG then the

cotangent bundle T ∗G is a Lie groupoid over A∗G. The projections α̃ and

β̃, the partial multiplication ⊕T ∗G, the inclusion ε̃ and the inversion ι̃ are

defined as follows,

α̃(µg)(X) = µg((Lg)
ε(α(g))
∗ (X)), for µg ∈ T ∗gG and X ∈ Aα(g)G,

β̃(νh)(Y ) = νh((Rh)
ε(β(h))
∗ (Y − εβ(h)

∗ (α
ε(β(h))
∗ (Y )))),

for νh ∈ T ∗hG and Y ∈ Aβ(h)G,

(µg ⊕T ∗G νh)(Xg ⊕TG Yh) = µg(Xg) + νh(Yh),

for (Xg, Yh) ∈ T(g,h)G
(2),

ε̃(µx)(Xε(x)) = µx(Xε(x) − εx∗(β
ε(x)
∗ (Xε(x)))),

for µx ∈ A∗
xG and Xε(x) ∈ Tε(x)G,

ι̃(µg)(Xg−1) = −µg(ιg
−1

∗ (Xg−1)), for µg ∈ T ∗gG and Xg−1 ∈ Tg−1G.

(1.58)

Note that ε̃(A∗G) is just the conormal bundle of M ∼= ε(M) as a submanifold

of G.

On the other hand, since A∗G is a Poisson manifold, the cotangent bundle

T ∗(A∗G) is a Lie algebroid. In fact, the Lie algebroid of the cotangent Lie
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groupoid T ∗G ⇒ A∗G may be identified with T ∗(A∗G) (for more details, see

[14, 83]).

Remark 1.15 If G is a Lie group and µg ∈ T ∗gG, νh ∈ T ∗hG satisfy α̃(µg) =

β̃(νh) then, from (1.57), it follows that

µg ⊕T ∗G νh =
1

2

{
((Rh−1)gh∗ )∗(µg) + ((Lg−1)gh∗ )∗(νh)

}
. (1.59)
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CHAPTER 2

Jacobi algebroids, homogeneous Jacobi structures
and its characteristic foliation

In this Chapter, we consider a particular class of Jacobi structures on vector

bundles which includes homogeneous (linear) Poisson structures. We obtain

a correspondence of this type of structures with Jacobi algebroid structures,

a class generalizing Lie algebroid structures. We also discuss some examples

and applications. Finally, we prove that the leaves of the characteristic foli-

ation of this type of Jacobi structures on a vector space are the orbits of an

action of a Lie group on the vector space and we describe such an action.

2.1 Homogeneous Jacobi structures

In this Section, we will describe a particular class of Jacobi structures on

vector bundles and we will give some of its properties.

Definition 2.1 Let τ : A → M be a vector bundle and (Λ, E) be a Jacobi

structure on A. (Λ, E) is said to be homogeneous if Λ and E are homogeneous

with respect to Liouville vector field ∆A, that is,

(L0)∆A
Λ = −Λ, (L0)∆A

E = −E.

47
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(Λ, E) is said to be linear if the Jacobi bracket of linear functions is again a

linear function.

Now, we prove the following characterizations.

Theorem 2.2 A Jacobi structure (Λ, E) is homogeneous if and only if the

first-order differential operator D = ∆A − Id acts as a derivation of the

corresponding Jacobi bracket, that is,

D({f, g}(Λ,E)) = {D(f), g}(Λ,E) + {f,D(g)}(Λ,E),

for f, g ∈ C∞(M,R).

Proof: A direct computation proves that

D({f, g}(Λ,E))− {Df, g}(Λ,E) − {f,Dg}(Λ,E)

= ((L0)∆A
Λ + Λ)(d0f, d0g) + f((L0)∆A

E + E)(g)− g((L0)∆A
E +E)(f),

which implies the result. QED

Before characterizing homogeneous Jacobi structures in terms of linear brack-

ets we consider the canonical family V(A) = {Xv /X ∈ Γ(A)} of vertical lifts

of sections of A. We note that Xv is always a homogeneous vector field with

respect to ∆A, for all X ∈ Γ(A). In fact, if (x1, . . . , xm) are local coordinates

on an open subset U of M and {e1, . . . , en} is a local basis of sections of A in

U such that X =
n∑
i=1

X iei then (xi, vj = ẽj) are local coordinates on τ−1(U)

and

Xv =
n∑
i=1

X i ∂

∂vi
. (2.1)

Theorem 2.3 Let (Λ, E) be a Jacobi structure on a vector bundle A. Then,

the following statements are equivalent:

i) (Λ, E) is homogeneous;
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ii) The Jacobi structure (Λ, E) is linear and the bracket of a linear function

and the constant function 1 is a basic function;

iii) E ∈ V(A) and there exists a linear Poisson structure ΠA on A such

that

Λ = ΠA + E ∧∆A. (2.2)

Proof: i)⇒ ii) If µ, ν are sections of A∗ then, from (1.39) and Theorem 2.2,

it follows that

D({µ̃, ν̃}(Λ,E)) = 0,

which implies that {µ̃, ν̃}(Λ,E) is linear.

On the other hand, since E is homogeneous, we obtain that

∆A(E(µ̃)) = 0

and thus E(µ̃) = {1, µ̃}(Λ,E) is a basic function (see (1.39)).

ii)⇒ iii) Let f be a basic function. If µ is a section of A∗, then the functions

{1, µ̃}(Λ,E), {1, f µ̃}(Λ,E) = E(f)µ̃+ f{1, µ̃}(Λ,E)

are basic. Therefore, E(f) = 0. Consequently, E ∈ V(A) (note that E(µ̃) is

a basic function, for all µ ∈ Γ(A∗)).

Next, we will prove that Λ is linear. For µ, ν ∈ Γ(A∗), we have

{µ̃, ν̃}Λ = Λ(d0µ̃, d0ν̃) = {µ̃, ν̃}(Λ,E) − µ̃ E(ν̃) + ν̃ E(µ̃)

and, since E(µ̃) and E(ν̃) are basic functions, we conclude that Λ(d0µ̃, d0ν̃)

is a linear function. This implies that (see (1.41))

(L0)∆A
Λ = −Λ

and thus, since E ∈ V(A), we deduce that

[Λ− E ∧∆A,Λ− E ∧∆A] = 0,
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that is, ΠA = Λ− E ∧∆A is a Poisson structure on A. Finally, from (1.41)

and using that Λ is linear and the fact that E ∈ V(A), we obtain that ΠA is

a linear 2-vector on A.

iii) ⇒ i) If E ∈ V(A), it is clear that E is homogeneous. Therefore, from

(1.41) and (2.2), we have that Λ is also homogeneous. QED

Remark 2.4 That condition of linearity of the Jacobi structure does not

necessarily imply that it is homogeneous is illustrated by the following simple

example. Let M be a single point and A∗ = R2 endowed with the Jacobi

structure (Λ, E), where Λ = xy ∂
∂x
∧ ∂

∂y
and E = x ∂

∂x
. It is easy to prove

that the Jacobi structure is linear. However, the Jacobi bracket of a linear

function and the constant function 1 is not, in general, a basic function.

2.2 Homogeneous Jacobi structures and Ja-

cobi algebroids

Let τ : A → M be a vector bundle and A∗ the dual bundle to A. Suppose

that τ ∗ : A∗ → M is the canonical projection. It is well-known that there

exists a one-to-one correspondence between Lie algebroid structures ([[ , ]], ρ)

on A and homogeneous (linear) Poisson structures on A∗ (see [14, 15] and

Section 1.2.2). Next, we will show an extension of the above results to the

Jacobi setting.

Theorem 2.5 Let τ : A → M be a vector bundle over M and (Λ, E) be a

homogeneous Jacobi structure on the dual bundle A∗. Then, (Λ, E) induces

a Lie algebroid structure ([[ , ]](Λ,E), ρ(Λ,E)) on A and a 1-cocycle φ0 ∈ Γ(A∗)

for this structure characterized by the following relations

˜[[X,Y ]] (Λ,E) = {X̃, Ỹ }(Λ,E),

ρ(Λ,E)(X)(fM) ◦ τ ∗ = {X̃, fM ◦ τ ∗}(Λ,E) − (fM ◦ τ ∗){X̃, 1}(Λ,E),

φ0(X) ◦ τ ∗ = {X̃, 1}(Λ,E),

(2.3)
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for X, Y ∈ Γ(A) and fM ∈ C∞(M,R), where { , }(Λ,E) is the Jacobi bracket

associated with the Jacobi structure (Λ, E).

Proof: From Theorem 2.3, we have that E ∈ V(A) and there exists a linear

Poisson structure ΠA∗ on A∗ such that

Λ = ΠA∗ + E ∧∆A∗ . (2.4)

Using the results in Section 1.2.2 (see Example 8), we deduce that ΠA∗ in-

duces a Lie algebroid structure ([[ , ]]ΠA∗ , ρΠA∗ ) on A and, from (1.39), (1.42)

and (2.4), it follows that

˜[[X,Y ]] ΠA∗ = {X̃, Ỹ }(Λ,E),

ρΠA∗ (X)(fM) ◦ τ ∗ = {X̃, fM ◦ τ ∗}(Λ,E) − (fM ◦ τ ∗){X̃, 1}(Λ,E),
(2.5)

for X, Y ∈ Γ(A) and fM ∈ C∞(M,R). Thus, the Lie algebroid structure

([[ , ]](Λ,E), ρ(Λ,E)) is just ([[ , ]]ΠA∗ , ρΠA∗ ).

On the other hand, using Theorem 2.3, we have that E ∈ V(A) and, therefore,

there exists a unique section φ0 of A∗ such that E = −φv
0 . This implies that

{X̃, 1}(Λ,E) = −E(X̃) = φ0(X) ◦ τ ∗,

for X ∈ Γ(A). Finally, from (2.5), we obtain that φ0 ∈ Γ(A∗) is a 1-cocycle

for the Lie algebroid (A, [[ , ]](Λ,E), ρ(Λ,E)). QED

Motivated by Theorem 2.5, we introduce the following definition.

Definition 2.6 A Jacobi algebroid structure on a vector bundle τ : A→M

is a pair (([[ , ]], ρ), φ0), where ([[ , ]], ρ) is a Lie algebroid structure on A and

φ0 ∈ Γ(A∗) is a 1-cocycle.

Now, we will prove a converse of Theorem 2.5.

Theorem 2.7 Let τ : A → M be a vector bundle and (([[ , ]], ρ), φ0) a Ja-

cobi algebroid structure on A. Then, there is a unique Jacobi structure
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(Λ(A∗,φ0), E(A∗,φ0)) on A∗ with Jacobi bracket which we will denote by {, }(A∗,φ0)

satisfying

{X̃, Ỹ }(A∗,φ0) = ˜[[X, Y ]],

{X̃, fM ◦ τ ∗}(A∗,φ0) = (ρ(X)(fM) + φ0(X)fM) ◦ τ ∗,

{fM ◦ τ ∗, gM ◦ τ ∗}(A∗,φ0) = 0,

(2.6)

for X, Y ∈ Γ(A) and fM , gM ∈ C∞(M,R). The Jacobi structure is homoge-

neous and it is given by

Λ(A∗,φ0) = ΠA∗ + ∆A∗ ∧ φv
0 , E(A∗,φ0) = −φv

0 , (2.7)

ΠA∗ being the linear Poisson structure on A∗ induced by the Lie algebroid

(A, [[ , ]], ρ).

Proof: Denote by Λ(A∗,φ0) and E(A∗,φ0) the 2-vector and the vector field on

A∗ given by (2.7).

From (1.46), we obtain that φv
0 is an infinitesimal automorphism of the Pois-

son structure ΠA∗ , that is,

(L0)φv0 ΠA∗ = 0. (2.8)

Thus, using (1.41), (2.8) and since φv
0 is a homogeneous vector field, it follows

that (Λ(A∗,φ0), E(A∗,φ0)) is a homogeneous Jacobi structure on A∗. In addition,

from (1.40), (1.42) and (2.7), we deduce that (2.6) holds.

Finally, it is clear that if (Λ, E) is a Jacobi structure on A∗ which satisfies

(2.6) then Λ = Λ(A∗,φ0) and E = E(A∗,φ0). QED

Remark 2.8 If (([[ , ]], ρ), φ0) is a Jacobi algebroid structure on a vector bun-

dle τ : A→M and (Λ, E) is a Jacobi structure on A∗ such that

{X̃, Ỹ }(Λ,E) = ˜[[X, Y ]], {X̃, 1}(Λ,E) = φ0(X) ◦ τ ∗,

for X, Y ∈ Γ(A), then, using Theorems 2.3 and 2.7, we deduce that Λ =

Λ(A∗,φ0) and E = E(A∗,φ0).
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Let M be a differentiable manifold and τ : A → M be a vector bundle.

Denote by JA and HJ the following sets: JA is the set of Jacobi algebroid

structures on A and HJ is the set of the homogeneous Jacobi structures on

A∗.

Then, using Theorems 2.5 and 2.7, we obtain

Theorem 2.9 The mapping Ψ : JA → HJ between the sets JA and HJ
given by

Ψ(([[ , ]], ρ), φ0) = (Λ(A∗,φ0), E(A∗,φ0))

is a bijection.

Note that Ψ(LA) = LP, where LP is the subset of the Jacobi structures of

HJ which are Poisson and LA is the subset of JA of the pairs of the form

(([[ , ]], ρ), 0), that is, LP is the set of linear Poisson structures on A∗ and LA
is the set of Lie algebroid structures on A. Therefore, from Theorem 2.9, we

deduce a well known result (see [14, 15] and Example 8 in Section 1.2.2): the

mapping Ψ induces a bijection between the sets LA and LP.

2.3 Examples and applications

In this Section we will present some examples and applications of the results

obtained in Section 2.2.

1.- Let (g, [ , ]g) be a real Lie algebra of dimension n. The resultant Poisson

structure Πg∗ on g∗ is the well known Lie-Poisson structure (see Examples

1.10). Thus, if φ0 ∈ g∗ is a 1-cocycle then, using Theorem 2.7, we deduce

that
Λ(g∗,φ0) = Πg∗ + ∆g∗ ∧ Cφ0 ,

E(g∗,φ0) = −Cφ0 ,

is a homogeneous Jacobi structure on g∗, where ∆g∗ is the radial (Liouville)

vector field on g∗.

2.- Let (TM, [ , ], Id) be the trivial Lie algebroid. In this case, the linear Pois-

son structure ΠT ∗M on T ∗M is the canonical symplectic structure. Therefore,
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if φ0 is a closed 1-form on M , then the pair

Λ(T ∗M,φ0) = ΠT ∗M + ∆T ∗M ∧ φv
0 ,

E(T ∗M,φ0) = −φv
0 ,

(2.9)

is a homogeneous Jacobi structure on T ∗M . Furthermore, it is easy to

prove that the map #Λ(T∗M,φ0)
: Ω1(T ∗M) → X(T ∗M) is an isomorphism

of C∞(M,R)-modules. Therefore, (T ∗M,Λ(T ∗M,φ0), E(T ∗M,φ0)) is a transitive

Jacobi manifold which implies that it is a l.c.s. manifold (see Remark 1.2).

In fact, if λT ∗M is the Liouville 1-form on T ∗M and ΩT ∗M = −d0λT ∗M is the

canonical symplectic 2-form then, using (1.12) and (2.9), we have that the

l.c.s. structure Ω(T ∗M,φ0) and the Lee 1-form ω(T ∗M,φ0) on T ∗M are given by

Ω(T ∗M,φ0) = ΩT ∗M + π∗M(φ0) ∧ λT ∗M ,

ω(T ∗M,φ0) = π∗M(φ0),

πM : T ∗M → M being the canonical projection. This l.c.s. structure was

first considered in [40].

3.- Let (M,Π) be a Poisson manifold and (T ∗M, [[ , ]]Π,#Π) be the associated

cotangent Lie algebroid. The induced Poisson structure on TM is the com-

plete lift Πc to TM of Π (see Examples 1.10). Thus, if X ∈ X(M) = Γ(TM)

is a 1-cocycle, that is, X is a Poisson infinitesimal automorphism of Π

((L0)XΠ = 0), we deduce that

Λ(TM,X) = Πc + ∆TM ∧Xv,

E(TM,X) = −Xv,

is a homogeneous Jacobi structure on TM .

4.- The triple (TM × R, [ , ], π) is a Lie algebroid over M , where π :

TM × R → TM is the canonical projection over the first factor and [ , ]

is the bracket given by (1.25). In this case, the linear Poisson structure

ΠT ∗M×R on T ∗M × R is the canonical cosymplectic structure on T ∗M × R,

that is, ΠT ∗M×R = ΠT ∗M and the pair φ0 = (0,−1) ∈ Ω1(M)×C∞(M,R) ∼=
Γ(T ∗M × R) is a 1-cocycle of the Lie algebroid (TM × R, [ , ], π) (see
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Example 3 in Section 1.2.2). Moreover, using Theorem 2.7, we have that

the homogeneous Jacobi structure (Λ(T ∗M×R,φ0), E(T ∗M×R,φ0)) on T ∗M × R
is the one defined by the canonical contact 1-form ηM . We recall that if

π1 : T ∗M ×R→ T ∗M and π2 : T ∗M ×R→ R are the canonical projections

then ηM is the 1-form on T ∗M × R given by (see [72])

ηM = π∗2(d0t)− π∗1(λT ∗M) (2.10)

and that the local expressions of the Poisson structure ΠT ∗M and the Jacobi

structure associated with ηM are

ΠT ∗M×R =
m∑
i=1

∂

∂qi
∧ ∂

∂pi
,

Λ(T ∗M×R,φ0) =
m∑
i=1

( ∂

∂qi
+ pi

∂

∂t

)
∧ ∂

∂pi
, E(T ∗M×R,φ0) =

∂

∂t
,

(2.11)

(q1, . . . , qm, p1, . . . , pm, t) being fibred coordinates on T ∗M × R.

5.- Let (M,Λ, E) be a Jacobi manifold. Then, the vector bundle T ∗M ×
R → M admits a Lie algebroid structure ([[ , ]](Λ,E), #̃(Λ,E)) and the pair

φ0 = (−E, 0) ∈ X(M) × C∞(M,R) ∼= Γ(TM × R) is a 1-cocycle for this

Lie algebroid (see Example 4 in Section 1.2.2). Moreover, using Examples

1.10 and Theorem 2.7, we deduce that the homogeneous Jacobi structure

(Λ(TM×R,φ0), E(TM×R,φ0)) on TM × R is given by

Λ(TM×R,φ0) = Λc +
∂

∂t
∧ Ec − t

(
Λv +

∂

∂t
∧ Ev

)
,

E(TM×R,φ0) = Ev,

where Λc and Ec (resp. Λv and Ev) is the complete (resp. vertical) lift to TM

of Λ and E, respectively. We remark that in [43] the authors characterize the

conformal infinitesimal automorphisms of (M,Λ, E) as Legendre-Lagrangian

submanifolds of the Jacobi manifold (TM × R,Λ(TM×R,φ0), E(TM×R,φ0)).

6.- Let (([[ , ]], ρ), φ0) be a Jacobi algebroid structure on a vector bundle

A → M . Denote by Ā the product A × R and by ΠĀ∗ the Poissonization
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of the homogeneous Jacobi structure (Λ(A∗,φ0), E(A∗,φ0)) (see (1.19)). From

(1.19) and Theorem 2.7, it follows that ΠĀ∗ is a linear Poisson structure

on the vector bundle Ā∗ = A∗ × R → M × R. Thus, the vector bundle

Ā = A × R → M × R admits a Lie algebroid structure ([[ , ]]̂ φ0 , ρ̂φ0). Note

that the space Γ(Ā) can be identified with the set of time-dependent sections

of A → M . Under this identification and using (1.2), (1.19), (1.42) and

Theorem 2.7, we deduce that

[[X̄, Ȳ ]]̂ φ0 = e−t
(
[[X̄, Ȳ ]] + φ0(X̄)(

∂Ȳ

∂t
− Ȳ )− φ0(Ȳ )(

∂X̄

∂t
− X̄)

)
,

ρ̂φ0(X̄) = e−t
(
ρ(X̄) + φ0(X̄)

∂

∂t

)
,

(2.12)

for all X̄, Ȳ ∈ Γ(Ā), where
∂X̄

∂t
(resp.,

∂Ȳ

∂t
) is the derivative of X̄ (resp.,

Ȳ ) with respect to the time. Note that if t ∈ R then the sections X̄ and Ȳ

induce, in a natural way, two sections X̄t and Ȳt of A→M and that [[X̄, Ȳ ]]

and ρ(X̄) are the time-dependent sections of A→M given by [[X̄, Ȳ ]](x, t) =

[[X̄t, Ȳt]](x) and the vector field ρ(X̄) on M × R defined by ρ(X̄)(x, t) =

ρ(X̄t)(x), for all (x, t) ∈M × R.

2.4 The characteristic foliation of a homoge-

neous Jacobi structure on a vector space

Let g be a real vector space of finite dimension and Πg∗ be a linear Poisson

structure on g∗. The Poisson structure Πg∗ induces a Lie algebra structure on

g. Denote by G a connected and simply connected Lie group with Lie algebra

g. Then, the leaves of the symplectic foliation associated with Πg∗ are the

orbits of the coadjoint representation associated with G. In this Section we

will obtain the corresponding result in the Jacobi setting.

First of all, we must replace the terms linear and Poisson by the terms homo-

geneous and Jacobi, respectively. So, suppose that (Λ, E) is a homogeneous

Jacobi structure on the dual vector space g∗ of a real vector space g. Then,
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from Theorems 2.5 and 2.7 (see also Example 1 in Section 2.3), we deduce

that there exists a Lie algebra structure [ , ]g on g and a 1-cocycle φ0 ∈ g∗ of

(g, [ , ]g) such that

Λ = Πg∗ + ∆g∗ ∧ Cφ0 , E = −Cφ0 . (2.13)

Moreover, if f ∈ C∞(g∗,R) and H(Λ,E)
f is the hamiltonian vector field of f

with respect to (Λ, E) then the mapping

−H(Λ,E) : g→ X(g∗), Y 7→ −H(Λ,E)(Y ) = −H(Λ,E)

Ỹ

is a Lie algebra anti-homomorphism (see (1.16) and (2.13)). However, E /∈
−H(Λ,E)(g) because the constant function 1 is not a linear function on g∗.

The way of solving this problem is the following one. Consider the semi-direct

Lie algebra structure on g̃ = g× R given by

[(Y, λ), (Z, γ)]g̃ = ([Y, Z]g, γ φ0(Y )− λφ0(Z)),

for (Y, λ), (Z, γ) ∈ g̃ = g × R. Now, using (1.16) and (2.13), we obtain that

the mapping

Φ : g̃→ X(g∗), (Y, λ) 7→ Φ(Y, λ) = −H(Λ,E)

Ỹ
− λE,

is a Lie algebra anti-homomorphism. Thus, under the canonical identification

Tµg
∗ ∼= g∗, for all µ ∈ g∗, it follows that Φ defines a linear representation of

g̃ on g∗ which we will also denote by Φ : g̃ × g∗ → g∗. In fact, using (1.15)

and (2.13), we deduce that

Φ((Y, λ), µ) = coadg
Y µ+ φ0(Y )µ+ λφ0,

for (Y, λ) ∈ g̃ and µ ∈ g∗, where coadg : g × g∗ → g∗ is the coadjoint

representation associated with g.

On the other hand, if F (Λ,E) is the characteristic foliation on g∗ associated

with the Jacobi structure (Λ, E), it is clear that

F (Λ,E)
µ = {Φ((Y, λ), µ) ∈ g∗ ∼= Tµg

∗ / (Y, λ) ∈ g̃ = g× R}.
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Next, we consider a connected and simply connected Lie group G̃ with Lie

algebra (g̃, [ , ]g̃). Since Φ : g̃×g∗ → g∗ is a linear representation, there exists

a linear representation of G̃ on g∗

Coad : G̃× g∗ → g∗,

such that the associated linear representation of g̃ on g∗, coad : g̃× g∗ → g∗,

is just Φ. Consequently,

Theorem 2.10 Let g be a real vector space of finite dimension and (Λ, E) be

a homogeneous Jacobi structure over g∗. Then, the leaves of the characteristic

foliation associated with the Jacobi structure (Λ, E) are just the orbits of the

linear representation Coad : G̃× g∗ → g∗.

In the following, we will give an explicit description of the Lie group G̃ and

the linear representation Coad.

Let G be a connected and simply connected Lie group with Lie algebra g.

Since φ0 is a 1-cocycle, then there exists a unique multiplicative function

σ0 : G→ R such that

(d0σ0)(e) = φ0. (2.14)

We recall that σ0 : G → R is multiplicative if σ0(gh) = σ0(g) + σ0(h), for

g, h ∈ G.

Thus, using the results in [112], the Lie group G̃ is isomorphic to the product

G× R and the multiplication in G̃ = G× R is given by

(g1, t1)(g2, t2) = (g1g2, t1 + eσ0(g1)t2), (2.15)

for all (g1, t1), (g2, t2) ∈ G̃ = G×R, that is, G̃ is the semi-direct product Lie

group G×ψσ0
R, associated with the linear representation ψσ0 : G×R→ R,

(g, t) 7→ t eσ0(g).

Next, we will describe the linear representation Coad : G̃× g∗ → g∗.

Theorem 2.11 Let g be a real vector space of finite dimension and (Λ, E) be

a homogeneous Jacobi structure over g∗. Then, the leaves of the characteristic



2.4. The characteristic foliation of a homogeneous Jacobi structure 59

foliation associated with (Λ, E) are the orbits of the linear representation

Coad : G̃× g∗ → g∗ given by

Coad(g,t)(µ) = eσ0(g)CoadGg µ+ tφ0, (2.16)

for (g, t) ∈ G̃ = G × R and µ ∈ g∗, where CoadG : G × g∗ → g∗ is the

coadjoint representation associated with G.

Proof: Using (2.15), we obtain that the coadjoint representation associated

with G̃, CoadG̃ : G̃× g̃∗ → g̃∗, is given by

CoadG̃(g,t)(µ, γ) = (CoadGg µ+ γte−σ0(g)φ0, γe
−σ0(g)), (2.17)

for all (g, t) ∈ G̃ = G× R and (µ, γ) ∈ g̃∗ = g∗ × R.

From (2.17), it follows that the action C̃oad : G̃× g̃∗ → g̃∗ of G̃ on g̃∗ defined

by

C̃oad(g,t)(µ, γ) = eσ0(g)CoadG̃(g,t)(µ, γ) (2.18)

satisfies

C̃oad(g,t)(µ, 1) ∈ g∗ × {1},

for all (g, t) ∈ G̃ ∼= G × R and µ ∈ g∗. In addition, the restriction to

g∗ × {1} ∼= g∗ of the infinitesimal generator of (Y, λ) ∈ g̃ ∼= g × R with

respect to C̃oad, (Y, λ)
˜Coad

g̃∗ , is just Φ(Y, λ), that is,

((Y, λ)
˜Coad

g̃∗ )|g∗ = Φ(Y, λ).

Consequently, the restriction to g∗ × {1} ∼= g∗ of C̃oad(g,t) is just Coad(g,t),

for all (g, t) ∈ G̃. Finally, using (2.17) and (2.18), we obtain (2.16). QED

Theorem 2.11 allows us to describe the Jacobi structure on the leaves of the

characteristic foliation of a homogeneous Jacobi structure on a vector space.

Theorem 2.12 Let g be a real vector space of finite dimension and (Λ, E)

be a homogeneous Jacobi structure on g∗. Consider µ ∈ g∗ and Lµ the leaf

of the characteristic foliation over the point µ associated with (Λ, E).
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i) If E(µ) /∈ #Λ(T ∗µg
∗) and ν ∈ Lµ then

TνLµ =< {Yν = Y CoadG

g∗ (ν) + φ0(Y )∆g∗(ν)}Y ∈g, φ
v
0 (ν) >

and (Λ, E) induces a contact structure ηLµ on Lµ defined by

ηLµ(ν)(Yν) = −ν(Y ), ηLµ(ν)(φv
0 (ν)) = −1,

for all Y ∈ g.

ii) If E(µ) ∈ #Λ(T ∗µg
∗) and ν ∈ Lµ then

TνLµ =< {Yν = Y CoadG

g∗ (ν) + φ0(Y )∆g∗(ν)}Y ∈g >

and (Λ, E) induces a l.c.s. structure (ΩLµ , ωLµ) on Lµ defined by

ΩLµ(ν)(Yν , Zν) = ν([Y, Z]g),

ωLµ(ν)(Yν) = −φ0(Y ),

for all Y, Z ∈ g.

Proof: If (Y, λ) ∈ g̃ ∼= g× R and ν ∈ g∗ is a point of Lµ then

H(Λ,E)

(λ+Ỹ )
(ν) = −coad((Y, λ), ν)

= −Y CoadG

g∗ (ν)− φ0(Y )∆g∗(ν)− λCφ0(ν),

where λ+ Ỹ is the function on g∗ given by (λ+ Ỹ )(ν) = λ+ν(Y ), for ν ∈ g∗.

Thus, using (1.17) and (1.18), we deduce the result. QED



CHAPTER 3

Jacobi structures and Jacobi bialgebroids

In this Chapter, we introduce the notion of a Jacobi bialgebroid (a gener-

alization of the notion of a Lie bialgebroid) in such a way that a Jacobi

manifold has associated a canonical Jacobi bialgebroid. Furthermore, some

properties of Jacobi algebroids are proved, the relation with Lie bialgebroids

is discussed and several examples of Jacobi bialgebroids are given. In the

last part of the Chapter, a characterization of Jacobi bialgebroids in terms

of Jacobi algebroid morphisms is obtained.

3.1 Differential calculus on Jacobi algebroids

In this Section, we will develop a differential calculus for Jacobi algebroids.

3.1.1 φ0-differential and φ0-Lie derivative

Let (([[ , ]], ρ), φ0) be a Jacobi algebroid structure on a vector bundle τ : A→
M . Using (1.22), we can define a representation ρφ0 of the Lie algebroid

(A, [[ , ]], ρ) on the trivial vector bundle M × R→M given by

ρφ0(X)f = ρ(X)(f) + φ0(X)f, (3.1)

61
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for X ∈ Γ(A) and f ∈ C∞(M,R). Thus, one can consider the standard

cohomology complex associated with the vector bundle M × R → M and

the representation ρφ0 (see [82]). The cohomology operator dφ0 : Γ(∧kA∗)→
Γ(∧k+1A∗) of this complex will be called the φ0-differential of A. If d is the

differential of the Lie algebroid (A, [[ , ]], ρ) then we have that

dφ0µ = dµ+ φ0 ∧ µ, (3.2)

for µ ∈ Γ(∧kA∗).

Remark 3.1 If φ0 is a closed 1-form on a manifold M then φ0 is a 1-cocycle

for the trivial Lie algebroid (TM, [ , ], Id) and we can consider the operator

dφ0 . Some results about the cohomology defined by dφ0 were obtained in

[39, 66, 108]. These results were used in the study of locally conformal

Kähler and locally conformal symplectic structures.

If k ≥ 0 and X ∈ Γ(A), we can also define the Lie derivative (associated

with the representation ρφ0) with respect to X, Lφ0

X : Γ(∧kA∗) → Γ(∧kA∗),

as follows (see [82]):

Lφ0

X = dφ0 ◦ iX + iX ◦ dφ0 . (3.3)

It is called the φ0-Lie derivative with respect to X. A direct computation

proves that if L is the usual Lie derivative of the Lie algebroid (A, [[ , ]], ρ)

then

Lφ0

X µ = LXµ+ φ0(X)µ, (3.4)

for any µ ∈ Γ(∧kA∗) .

Remark 3.2 i) If we consider the Lie algebroid (TM × R, [ , ], π) then

φ0 = (0, 1) ∈ Ω1(M)×C∞(M,R) ∼= Γ(T ∗M ×R) is a 1-cocycle (see Example

3 in Section 1.2.2). Thus, we have the corresponding representation π(0,1) of

TM ×R on the vector bundle M ×R→M which, in this case, is defined by

π(0,1)((X, f), g) = X(g) + fg, (3.5)

for (X, f) ∈ X(M)×C∞(M,R) and g ∈ C∞(M,R). From (1.24), (1.26) and

(3.2), we obtain that the φ0-differential d̃
(0,1)
0 is given by

d̃
(0,1)
0 (µ, ν) = (d0µ, µ− d0ν), (3.6)
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for (µ, ν) ∈ Ωk(M)⊕ Ωk−1(M) ∼= Γ(∧k(T ∗M × R)). Moreover, using (1.24),

(3.3) and (3.6), we deduce that

(L̃(0,1)
0 )(X,f)(µ, ν) = ((L0)Xµ+ d0f ∧ ν + f µ, (L0)Xν + f ν), (3.7)

for (X, f) ∈ X(M) × C∞(M,R) ∼= Γ(TM × R), where L̃(0,1)
0 is the φ0-Lie

derivative of (TM × R, ([ , ], π), (0, 1)).

ii) Assume that (Λ, E) is a Jacobi structure on M . Then, we may consider

the 1-jet Lie algebroid (T ∗M × R, [[ , ]](Λ,E), #̃(Λ,E)) and the corresponding

homomorphism of C∞(M,R)-modules #(Λ,E) : Γ(T ∗M × R) ∼= Ω1(M) ×
C∞(M,R) → Γ(TM × R) ∼= X(M)× C∞(M,R). Furthermore, a long com-

putation, using (1.23), (1.24), (3.6) and (3.7), shows that the Lie algebroid

bracket [[ , ]](Λ,E) and the anchor map #̃(Λ,E) can be written in terms of the

homomorphism #(Λ,E) : Γ(T ∗M ×R)→ Γ(TM ×R) and the operators L̃(0,1)
0

and d̃
(0,1)
0 as follows

[[(µ, f), (ν, g)]](Λ,E) = (L̃(0,1)
0 )#(Λ,E)(µ,f)(ν, g)− (L̃(0,1)

0 )#(Λ,E)(ν,g)(µ, f)

−d̃(0,1)
0

(
(Λ, E)((µ, f), (ν, g))

)
= i#(Λ,E)(µ,f)(d̃

(0,1)
0 (ν, g))− i#(Λ,E)(ν,g)(d̃

(0,1)
0 (µ, f))

+d̃
(0,1)
0

(
(Λ, E)((µ, f), (ν, g))

)
,

#̃(Λ,E) = π ◦#(Λ,E).

(3.8)

Compare equation (1.31) with the above expression of the Lie algebroid

bracket [[ , ]](Λ,E).

iii) Let (A, ([[ , ]], ρ), φ0) be a Jacobi algebroid over M . The homomorphism

of C∞(M,R)-modules (ρ, φ0) : Γ(A)→ X(M)× C∞(M,R) given by

X 7→ (ρ(X), φ0(X)), (3.9)

induces a Lie algebroid homomorphism over the identity between the Lie

algebroids (A, [[ , ]], ρ) and (TM × R, [ , ], π), that is, π ◦ (ρ, φ0) = ρ and

(ρ, φ0)[[X, Y ]] = [(ρ, φ0)(X), (ρ, φ0)(Y )], (3.10)
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for X, Y ∈ Γ(A). Moreover, if (ρ, φ0)
∗ : Ω1(M)× C∞(M,R)→ Γ(A∗) is the

adjoint homomorphism of (ρ, φ0), then

(ρ, φ0)
∗(0, 1) = φ0.

As a consequence,

(ρ, φ0)
∗(d̃

(0,1)
0 f) = (ρ, φ0)

∗(d0f, f) = dφ0f,

(ρ, φ0)
∗(d0f, 0) = df,

(3.11)

for f ∈ C∞(M,R).

3.1.2 φ0-Schouten bracket

In [3], a skew-symmetric Schouten bracket was defined for two multilinear

maps of a commutative associative algebra F over R with unit as follows. Let

P and P ′ be skew-symmetric multilinear maps of degree k and k′, respec-

tively, and f1, . . . , fk+k′−1 ∈ F. If A is any subset of {1, 2, . . . , (k + k′ − 1)},
let A′ denote its complement and |A| the number of elements in A. If |A| = l

and the elements in A are {i1, . . . , il} in increasing order, let us write fA for

the ordered k-uple (fi1 , . . . , fil). Furthermore, we write εA for the sign of

the permutation which rearranges the elements of the ordered (k + k′ − 1)-

uple (A’,A), in the original order. Then, the Schouten bracket of P and P ′,
[P ,P ′](0,1), is the skew-symmetric multilinear map of degree k+ k′− 1 given

by

[P ,P ′](0,1)(f1, . . . fk+k′−1)

=
∑
|A|=k′

εAP(P ′(fA), fA′) + (−1)kk
′ ∑
|B|=k

εBP ′(P(fB), fB′).

One can prove that if P and P ′ are first-order differential operators on each of

its arguments, so is [P ,P ′](0,1). In particular, if M is a differentiable manifold

and F = C∞(M,R), we know that a k-linear skew-symmetric first-order

differential operator can be identified with a pair (P,Q) ∈ Vk(M)⊕Vk−1(M)
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(that is, a k-section of TM × R→M) in such a way that

(P,Q)(f1, . . . , fk)

= P (d0f1, . . . , d0fk) +
k∑
i=1

(−1)i+1fiQ(d0f1, . . . , d̂0fi, . . . , d0fk),

for f1, . . . , fk ∈ C∞(M,R). Under the above identification, we have that

[(P,Q), (P ′, Q′)](0,1)

=
(
[P, P ′]+ (−1)k+1(k − 1)P ∧Q′− (k′ − 1)Q∧P ′,

(−1)k+1[P,Q′]− [Q,P ′]+ (−1)k+1(k − k′)Q∧Q′
)
,

(3.12)

for (P,Q) ∈ Vk(M)⊕ Vk−1(M) and (P ′, Q′) ∈ Vk′(M)⊕ Vk′−1(M). If [ , ] is

the Schouten bracket of the Lie algebroid (TM ×R, [ , ], π), an easy compu-

tation, using (1.24), (1.27) and (3.12), shows that

[(P,Q), (P ′, Q′)](0,1) = [(P,Q), (P ′, Q′)]+(−1)k+1(k − 1)(P,Q)∧

(i(0,1)(P
′, Q′))−(k′ − 1)(i(0,1)(P,Q))∧ (P ′, Q′).

(3.13)

Remark 3.3 i) Note that a 2-section of the vector bundle TM × R → M

defines a Jacobi structure on M if and only if

[(Λ, E), (Λ, E)](0,1) = 0 (3.14)

(see (1.1) and (3.12)).

ii) Suppose that (Λ, E) is a Jacobi structure on M . Then, the vector bundle

T ∗M ×R→M is a Lie algebroid and X0 = (−E, 0) ∈ X(M)×C∞(M,R) ∼=
Γ(TM × R) is a 1-cocycle of this Lie algebroid (see Example 4 in Section

1.2.2). Moreover, if d∗ is the differential of T ∗M×R, using (1.30) and (3.12),

we have that the X0-differential dX0
∗ = d

(−E,0)
∗ is given by

d(−E,0)
∗ (P,Q) = −[(Λ, E), (P,Q)](0,1), (3.15)

for (P,Q) ∈ Vk(M)⊕Vk−1(M). Compare equation (3.15) with the expression

of the differential of the Lie algebroid associated with a Poisson manifold (see

(1.32)).
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Suggested by (3.13), we prove the following result.

Theorem 3.4 Let (A, ([[ , ]], ρ), φ0) be a Jacobi algebroid over M . Then,

there exists a unique operation [[ , ]]φ0 : Γ(∧∗A) × Γ(∧∗A) → Γ(∧∗A) such

that

[[P, P ′]]φ0 ∈ Γ(∧k+k′−1A), (3.16)

[[X, f ]]φ0 = ρφ0(X)(f), (3.17)

[[X, Y ]]φ0 = [[X, Y ]], (3.18)

[[P, P ′]]φ0 = (−1)kk
′
[[P ′, P ]]φ0 , (3.19)

[[P, P ′ ∧ P ′′]]φ0 = [[P, P ′]]φ0 ∧ P ′′ + (−1)k
′(k+1)P ′ ∧ [[P, P ′′]]φ0

−(iφ0P ) ∧ P ′ ∧ P ′′,
(3.20)

for f ∈ C∞(M,R), X, Y ∈ Γ(A), P ∈ Γ(∧kA), P ′ ∈ Γ(∧k′A) and P ′′ ∈
Γ(∧k′′A). This operation is given by the general formula

[[P, P ′]]φ0 = [[P, P ′]] + (−1)k+1(k − 1)P ∧ (iφ0P
′)− (k′ − 1)(iφ0P ) ∧ P ′.

Furthermore, it satisfies the graded Jacobi identity

(−1)kk
′′
[[[[P, P ′]]φ0 , P ′′]]φ0 + (−1)k

′k′′ [[[[P ′′, P ]]φ0 , P ′]]φ0

+(−1)kk
′
[[[[P ′, P ′′]]φ0 , P ]]φ0 = 0.

(3.21)

Proof: We define the operation [[ , ]]φ0 : Γ(∧∗A)× Γ(∧∗A)→ Γ(∧∗A) by

[[P, P ′]]φ0 = [[P, P ′]] + (−1)k+1(k− 1)P ∧ (iφ0P
′)− (k′− 1)(iφ0P )∧P ′, (3.22)

for P ∈ Γ(∧kA) and P ′ ∈ Γ(∧k′A). Using (3.22) and the properties of the

Schouten bracket of multi-sections of A, we deduce (3.16), (3.17), (3.18),

(3.19) and (3.20).

To prove the graded Jacobi identitity, we proceed as follows. If d is the

differential of the Lie algebroid A and µ ∈ Γ(A∗) is a 1-cocycle, we have that

iµ[[X,P
′]] = [[X, iµP

′]]− id(µ(X))P
′,
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for X ∈ Γ(A) and P ′ ∈ Γ(∧k′A). Using this relation and the fact that

[[X1 ∧ . . . ∧Xk, P
′]] =

k∑
i=1

(−1)i+1X1 ∧ . . . ∧ X̂i ∧ . . . ∧Xk ∧ [[Xi, P
′]],

for X1, . . . , Xk ∈ Γ(A), it follows that

iµ[[P, P
′]] = −[[iµP, P

′]] + (−1)k+1[[P, iµP
′]], (3.23)

for P ∈ Γ(∧kA). From (3.22) and (3.23), we deduce that

iφ0([[P, P
′]]φ0) = −[[iφ0P, P

′]]φ0 + (−1)k+1[[P, iφ0P
′]]φ0 . (3.24)

On the other hand, we have that

[[P, f ]]φ0 = i(dφ0f)P, (3.25)

for f ∈ C∞(M,R). From (3.23), (3.24) and (3.25), we obtain that

[[f, [[P ′, P ′′]]φ0 ]]φ0 + [[[[f, P ′]]φ0 , P ′′]]φ0 + (−1)k
′
[[P ′, [[f, P ′′]]φ0 ]]φ0 = 0. (3.26)

This proves (3.21) for k = 0.

On the other hand, if X ∈ Γ(A), using (3.23) and the properties of the

Schouten bracket [[ , ]], it follows that

[[X, [[P ′, P ′′]]φ0 ]]φ0 = [[[[X,P ′]]φ0 , P ′′]]φ0 + [[P ′, [[X,P ′′]]φ0 ]]φ0 . (3.27)

We must show that (3.21) holds, for k ≥ 1. But, this is equivalent to prove

that (3.21) holds for P ′ ∈ Γ(∧k′A), P ′′ ∈ Γ(∧k′′A) and P = P̄ ∧ Y, with

P̄ ∈ Γ(∧k−1A) and Y ∈ Γ(A).

We will proceed by induction on k. From (3.27), we deduce that the result

is true for k = 1. Now, assume that

(−1)(k̄+1)k′′ [[[[Q̄ ∧ Y, P ′]]φ0 , P ′′]]φ0 + (−1)k
′k′′ [[[[P ′′, Q̄ ∧ Y ]]φ0 , P ′]]φ0+

(−1)(k̄+1)k′ [[[[P ′, P ′′]]φ0 , Q̄ ∧ Y ]]φ0 = 0,

for Q̄ ∈ Γ(∧k̄A), with k̄ ≤ k − 2.
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Then, we have that

(−1)k̃k
′′
[[[[Q̃, P ′]]φ0 , P ′′]]φ0 + (−1)k

′k′′ [[[[P ′′, Q̃]]φ0 , P ′]]φ0

+(−1)k̃k
′
[[[[P ′, P ′′]]φ0 , Q̃]]φ0 = 0,

for Q̃ ∈ Γ(∧k̃A), with k̃ ≤ k − 1.

Using this fact, (3.24) and (3.27), we conclude that

(−1)kk
′′
[[[[P̄ ∧ Y, P ′]]φ0 , P ′′]]φ0 + (−1)k

′k′′ [[[[P ′′, P̄ ∧ Y ]]φ0 , P ′]]φ0

+(−1)kk
′
[[[[P ′, P ′′]]φ0 , P̄ ∧ Y ]]φ0 = 0.

Finally, if [[ , ]]̃ : Γ(∧∗A)× Γ(∧∗A)→ Γ(∧∗A) is an operation which satisfies

(3.16)-(3.20), then it is clear that [[ , ]]̃ = [[ , ]]φ0 . QED

The operation [[ , ]]φ0 is called the φ0-Schouten bracket of (A, ([[ , ]], ρ), φ0).

Remark 3.5 The φ0-Schouten bracket of the Jacobi algebroid (A, ([[ , ]], ρ),

φ0) can be characterized as follows. The product manifold Ā = A × TR is

a vector bundle over M × R and one may define a Lie algebroid structure

([[ , ]]̄ , ρ̄) on Ā, where [[ , ]]̄ is the obvious product Lie bracket and ρ̄ = ρ ×
Id : Ā → TM × TR. The direct sum Γ(∧kA) ⊕ Γ(∧k−1A) is a subspace

of Γ(∧kĀ) and we may consider the monomorphism of C∞(M,R)-modules

Ūφ0 : Γ(∧kA)→ Γ(∧kĀ) given by Ūφ0(P ) = (e−(k−1)tP, e−(k−1)tiφ0(P )). Then,

it is easy to prove that Ūφ0([[P, P
′]]φ0) = [[Ūφ0(P ), Ūφ0(P

′)]]̄ , for P ∈ Γ(∧kA)

and P ′ ∈ Γ(∧k′A) (see [33]). Here, [[ , ]]̄ denotes the usual Schouten bracket

of the Lie algebroid (Ā, [[ , ]]̄ , ρ̄)

Now, if (A, ([[ , ]], ρ), φ0) is a Jacobi algebroid, X ∈ Γ(A) and P ∈ Γ(∧kA),

we can define the φ0-Lie derivative of P by X as follows

Lφ0

X (P ) = [[X,P ]]φ0 . (3.28)

Then, from Theorem 3.4, we deduce

Proposition 3.6 Let (([[ , ]], ρ), φ0) be a Jacobi algebroid structure on τ :

A → M . If f ∈ C∞(M,R), X ∈ Γ(A), P ∈ Γ(∧kA) and P ′ ∈ Γ(∧k′A), we

have

Lφ0

X (P ∧ P ′) = (Lφ0

X (P )) ∧ P ′ + P ∧ (Lφ0

X (P ′))− φ0(X)P ∧ P ′, (3.29)
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Lφ0

fX(P ) = fLφ0

X (P )−X ∧ idfP. (3.30)

Finally, using (3.4), (3.18), (3.28) and (3.29), we obtain that

Lφ0

X (iωP ) = iP

(
Lφ0

X ω
)

+ iω

(
Lφ0

X (P )
)

+ (k − 1)φ0(X)iωP,

for ω ∈ Γ(∧kA∗), P ∈ Γ(∧kA) and X ∈ Γ(A).

3.2 Jacobi structures and Lie bialgebroids

Let (A, [[ , ]], ρ) be a Lie algebroid over a manifold M such that its dual

bundle A∗ → M also admits a Lie algebroid structure ([[ , ]]∗, ρ∗). Then the

pair (A,A∗) is said to be a Lie bialgebroid if

d∗[[X, Y ]] = [[X, d∗Y ]]− [[Y, d∗X]], (3.31)

for X, Y ∈ Γ(A), where d∗ denotes the differential associated with the Lie

algebroid structure ([[ , ]]∗, ρ∗) on A∗ (see [83]).

Examples 3.7 1.- Let (M,Π) be a Poisson manifold and (T ∗M, [[ , ]]Π,#Π)

be the associated Lie algebroid (see Example 4 in Section 1.2.2). If on TM we

consider the trivial Lie algebroid structure then, using (1.32) and the proper-

ties of the Schouten-Nijenhuis bracket, we deduce that the pair (TM, T ∗M)

is a Lie bialgebroid (see also [83]).

2.- It is obvious that if g is a Lie algebra, (3.31) reduces to Drinfeld’s cocycle

condition for the pair (g, g∗) to be a Lie bialgebra [27].

3.- If Π′ is a 2-vector on a manifold M , we will denote by [[ , ]]Π′ the skew-

symmetric bracket defined by

[[µ, ν]]Π′ = (L0)#Π′ (µ)ν − (L0)#Π′ (ν)
µ− d0(Π

′(µ, ν)),

for µ, ν ∈ Ω1(M).

Now, suppose that Π is a Poisson structure on M and that N : TM → TM

is a Nijenhuis operator on TM . Assume also that

N ◦#Π = #Π ◦ N ∗, (3.32)
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N ∗ : T ∗M → T ∗M being the adjoint operator of N . Then, one may consider

the 2-vector Π1 on M characterized by the condition #Π1 = #Π ◦ N ∗ and

the concomitant C(Π,N ) of Π and N , that is, C(Π,N ) is the tensor field of

type (2,1) defined by

C(Π,N )(µ, ν) = [[µ, ν]]Π1 − [[N ∗µ, ν]]Π − [[µ,N ∗ν]]Π +N ∗[[µ, ν]]Π,

for µ, ν ∈ Ω1(M). The pair (Π,N ) is said to be a Poisson-Nijenhuis structure

on M if (3.32) holds and C(Π,N ) identically vanishes (see [64]). In [62], it

was proved that (Π,N ) is a Poisson-Nijenhuis structure on M if and only if

the pair (TM, T ∗M) is a Lie bialgebroid, when TM (respectively, T ∗M) is

equipped with the deformed Lie algebroid structure ([ , ]N ,N ) (respectively,

the cotangent Lie algebroid structure ([[ , ]]Π,#Π)).

In [61], it was given an equivalent definition of a Lie bialgebroid in terms of

derivations of graded Lie algebras. Let (A,A∗) be a pair of Lie algebroids

in duality. If d∗ is the differential of (A∗, [[ , ]]∗, ρ∗) and [[ , ]]′ is the modified

Schouten bracket of A (see Remark 1.7), one can show that (A,A∗) is a Lie

bialgebroid if and only if d∗ is a derivation with respect to (⊕kΓ(∧kA), [[ , ]]′),

that is,

d∗[[P,Q]]′ = [[d∗P,Q]]′ + (−1)p+1[[P, d∗Q]]′

for P ∈ Γ(∧pA) and Q ∈ Γ(∧∗A).

Next, suppose that (M,Λ, E) is a Jacobi manifold. We consider the 1-jet Lie

algebroid (T ∗M × R, [[ , ]](Λ,E), #̃(Λ,E)) associated with the Jacobi structure

(Λ, E) and the 1-cocycle (−E, 0) ∈ X(M) × C∞(M,R) ∼= Γ(TM × R). As

we know, the dual bundle TM ×R admits a Lie algebroid structure ([ , ], π)

and the pair (0, 1) ∈ Ω1(M)× C∞(M,R) ∼= Γ(T ∗M × R) is a 1-cocycle (see

Examples 3 and 4 in Section 1.2.2).

For the above Jacobi algebroids, we deduce

Proposition 3.8 i) If (X, f), (Y, g) ∈ X(M) × C∞(M,R) ∼= Γ(TM × R),

then

d(−E,0)
∗ [(X, f), (Y, g)] = [(X, f), d(−E,0)

∗ (Y, g)](0,1) − [(Y, g), d(−E,0)
∗ (X, f)](0,1).
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ii) If L∗ denotes the Lie derivative on the Lie algebroid (T ∗M ×R, [[ , ]](Λ,E),

#̃(Λ,E)), then

(L(−E,0)
∗ )(0,1)(P,Q) + (L̃(0,1)

0 )(−E,0)(P,Q) = 0,

for (P,Q) ∈ Vk(M)⊕ Vk−1(M) ∼= Γ(∧k(TM × R)).

Proof: i) It follows from (3.15), (3.19) and (3.21).

ii) Using (1.24), (1.30), (3.3), (3.12) and (3.28), we have that

(L(−E,0)
∗ )(0,1)(P,Q) + (L̃(0,1)

0 )(−E,0)(P,Q)

= d
(−E,0)
∗ (Q, 0) + i(0,1)

(
− [Λ, P ] + (k − 1)E ∧ P + Λ ∧Q, [Λ, Q]

−(k − 2)E ∧Q+ [E,P ]
)
−

(
[E,P ], [E,Q]

)
= 0.

QED

Remark 3.9 If (M,Λ, E) is a Jacobi manifold and on TM×R (respectively,

T ∗M × R) we consider the Lie algebroid structure ([ , ], π) (respectively,

([[ , ]](Λ,E), #̃(Λ,E))) then, from Proposition 3.8, we deduce that the pair (TM×
R, T ∗M × R) is not, in general, a Lie bialgebroid (see also [111]).

3.3 Jacobi bialgebroids

Let A be a vector bundle over M and A∗ the dual bundle to A. Suppose that

(([[ , ]], ρ), φ0) (respectively, (([[ , ]]∗, ρ∗), X0)) is a Jacobi algebroid structure

on A (respectively, A∗). Then, we will use the following notation:

• d (resp. d∗) is the differential of (A, [[ , ]], ρ) (resp. (A∗, [[ , ]]∗, ρ∗)).

• dφ0 (resp. dX0
∗ ) is the φ0-differential (resp. X0-differential) of A (resp. A∗).

• L (resp. L∗) is the Lie derivative of A (resp. A∗).

• Lφ0 (resp. LX0
∗ ) is the φ0-Lie derivative (resp. X0-Lie derivative).

• [[ , ]]φ0 (resp. [[ , ]]X0
∗ ) is the φ0-Schouten bracket (resp. X0-Schouten bracket)

on (A, ([[ , ]], ρ), φ0) (resp. (A∗, ([[ , ]]∗, ρ∗), X0)).

• ρφ0 : Γ(A) × C∞(M,R) → C∞(M,R) (resp. ρX0
∗ : Γ(A∗) × C∞(M,R) →

C∞(M,R)) is the representation given by (3.1).
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• (ρ, φ0) : Γ(A) → X(M) × C∞(M,R) (resp. (ρ∗, X0) : Γ(A∗) → X(M) ×
C∞(M,R)) is the homomorphism of C∞(M,R)-modules given by (3.9) and

(ρ, φ0)
∗ : Ω1(M)×C∞(M,R)→ Γ(A∗) (resp. (ρ∗, X0)

∗ : Ω1(M)×C∞(M,R)

→ Γ(A)) is the adjoint operator of (ρ, φ0) (resp. (ρ∗, X0)).

Now, Proposition 3.8 suggests us to introduce the following definition.

Definition 3.10 The pair ((A, φ0), (A
∗, X0)) is said to be a Jacobi bialge-

broid over M if

dX0
∗ [[X, Y ]] = [[X, dX0

∗ Y ]]φ0 − [[Y, dX0
∗ X]]φ0 , (3.33)

(LX0
∗ )φ0P + Lφ0

X0
P = 0, (3.34)

for all X, Y ∈ Γ(A) and P ∈ Γ(∧kA).

Using (3.1), (3.4), (3.18), (3.28) and (3.29), we obtain that (3.34) holds if

and only if

φ0(X0) = 0, ρ(X0) = −ρ∗(φ0), (3.35)

(L∗)φ0X + [[X0, X]] = 0, for X ∈ Γ(A). (3.36)

Note that (3.35) and (3.36) follow applying (3.34) to P = f ∈ C∞(M,R) =

Γ(∧0A) and P = X ∈ Γ(A), respectively.

Next, we will see that the base space of a Jacobi bialgebroid carries an induced

Jacobi structure.

First, we will prove some results.

Proposition 3.11 Let ((A, φ0), (A
∗, X0)) be a Jacobi bialgebroid. Then,

(LX0
∗ )dφ0fX = [[X, dX0

∗ f ]], (3.37)

for X ∈ Γ(A) and f ∈ C∞(M,R).

Proof: Using (3.2) and the derivation law on Lie algebroids, we obtain that

dX0
∗

(
[[X, fY ]]

)
= (dX0

∗ f) ∧ [[X,Y ]] + fdX0
∗ [[X, Y ]]− fX0 ∧ [[X, Y ]]

+dX0
∗ (ρ(X)(f))∧Y + ρ(X)(f)dX0

∗ Y − ρ(X)(f)X0∧Y,
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for X, Y ∈ Γ(A) and f ∈ C∞(M,R).

On the other hand, from (3.2), (3.29), (3.30) and (3.33), we deduce that

dX0
∗

(
[[X, fY ]]

)
= Lφ0

X (dX0
∗ (fY ))− Lφ0

fY (dX0
∗ (X))

=
(
Lφ0

X (dX0
∗ f)

)
∧ Y + (dX0

∗ f) ∧ Lφ0

X Y

−φ0(X)(dX0
∗ f)∧Y + fLφ0

X (dX0
∗ Y ) + ρ(X)(f)dX0

∗ Y

−f
(
Lφ0

XX0 ∧ Y +X0 ∧ Lφ0

X Y − φ0(X)X0 ∧ Y
)

−ρ(X)(f)X0 ∧ Y − fLφ0

Y (dX0
∗ X)− idf (dX0

∗ X) ∧ Y.

Thus, using again (3.33), it follows that

dX0
∗ (ρ(X)(f)) ∧ Y =

(
Lφ0

X d
X0
∗ f − φ0(X)dX0

∗ f − fLφ0

XX0

+fφ0(X)X0 − idf (dX0
∗ X)

)
∧ Y,

and so
dX0
∗ (ρ(X)(f)) − Lφ0

X d
X0
∗ f + φ0(X)dX0

∗ f + fLφ0

XX0

− fφ0(X)X0 + idf (d
X0
∗ X) = 0,

which, by (3.2), (3.3) and (3.36), implies (3.37). QED

Corollary 3.12 Under the same hypothesis as in Proposition 3.11, we have

dφ0f · dX0
∗ g + dφ0g · dX0

∗ f = 0, for all f, g ∈ C∞(M,R). (3.38)

Proof: First of all, we claim that

[[dX0
∗ g, dX0

∗ f ]] = dX0
∗

(
dφ0f · dX0

∗ g
)
, (3.39)

for f, g ∈ C∞(M,R). In fact, if d̃
(0,1)
0 is the operator defined by (3.6) then,

from (3.1), (3.3), (3.4), (3.9), (3.11) and Proposition 3.11, we get that

[[dX0
∗ g, dX0

∗ f ]] = (LX0
∗ )dφ0f (d

X0
∗ g) = dX0

∗

(
(LX0

∗ )dφ0f (g)
)

= dX0
∗

(
ρX0
∗ (dφ0f)(g)

)
= dX0

∗

(
d̃

(0,1)
0 g · (ρ∗, X0)(d

φ0f)
)

= dX0
∗

(
dφ0f · (ρ∗, X0)

∗(d̃
(0,1)
0 g)

)
= dX0

∗

(
dφ0f · dX0

∗ g
)
.
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Moreover, using (3.6), (3.9) and (3.11), it follows that

dφ0f · dX0
∗ g = d̃

(0,1)
0 f ·

(
(ρ, φ0) ◦ (ρ∗, X0)

∗
)
(d̃

(0,1)
0 g)

= π(0,1)
(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(d̃
(0,1)
0 g), f

)
,

(3.40)

where π(0,1) : (X(M) × C∞(M,R)) × C∞(M,R) → C∞(M,R) is the repre-

sentation given by (3.5).

Now, it is clear that (3.38) is equivalent to the condition

dφ0f · dX0
∗ f = 0, for all f ∈ C∞(M,R). (3.41)

In order to prove (3.41), we first show that

d̃
(0,1)
0 f ·

(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(0, 1)
)

= −d̃(0,1)
0 1 ·

(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(d0f, 0)
)
,

(3.42)

for f ∈ C∞(M,R). We have that (see (3.6), (3.9) and (3.35))

d̃
(0,1)
0 f ·

(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(0, 1)
)

= (d0f, f) · (ρ(X0), 0)

= ρ(X0)(f) = −ρ∗(φ0)(f).

On the other hand, from (3.9) and (3.35), we deduce that

−d̃(0,1)
0 1 ·

(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(d0f, 0)
)

= −φ0 · (ρ∗, X0)
∗(d0f, 0)

= −ρ∗(φ0)(f).

Thus, we deduce (3.42). Therefore, using (3.6), (3.40) and (3.42), we obtain

that

dφ0f · dX0
∗ f =

(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(d0f, 0)
)
· (d0f, 0). (3.43)

Now, we will prove that(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(d0f, 0)
)
· (d0f, 0) = 0.
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From (3.2), (3.39), (3.40) and (3.43) it follows that dX0
∗

(
((ρ, φ0) ◦ (ρ∗, X0)

∗)

(d0f
2, 0) · (d0f

2, 0)
)

= 0. Then,

0 =
(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(d0f, 0) · (d0f, 0)
)
(dX0
∗ f 2 − f 2X0)

=
(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(d0f, 0) · (d0f, 0)
)
d∗f

2

= 2f
(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(d0f, 0) · (d0f, 0)
)
d∗f.

(3.44)

On the other hand, in general, d∗g = (ρ∗, X0)
∗(d0g, 0). Thus, using (3.44),

f
(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(d0f, 0) · (d0f, 0)
)2

= 0, for all f.

This implies that(
((ρ, φ0) ◦ (ρ∗, X0)

∗)(d0f, 0)
)
· (d0f, 0) = 0,

as we wanted to prove. Therefore, we conclude that dφ0f · dX0
∗ f = 0, for all

f ∈ C∞(M,R), that is, (3.38) holds. QED

Next, we will show that if ((A, φ0), (A
∗, X0)) is a Jacobi bialgebroid over M ,

then M carries an induced Jacobi structure.

Theorem 3.13 Let ((A, φ0), (A
∗, X0)) be a Jacobi bialgebroid. Then, the

bracket of functions { , }0 : C∞(M,R)× C∞(M,R)→ C∞(M,R) given by

{f, g}0 := dφ0f · dX0
∗ g, for f, g ∈ C∞(M,R),

defines a Jacobi structure on M .

Proof: First of all, from Corollary 3.12 we obtain that the bracket { , }0 is

skew-symmetric.

From (3.2) and since dφ01 = φ0, we deduce that { , }0 is a first-order differen-

tial operator on each of its arguments with respect to the usual multiplication

of functions.

Now, let us prove the Jacobi identity. Using (3.39), we have that

dφ0h · [[dX0
∗ g, dX0

∗ f ]] = dφ0h · dX0
∗ ({f, g}0).
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Thus, from (3.10) and (3.11), we deduce that

d̃
(0,1)
0 h · [(ρ, φ0)((ρ∗, X0)

∗(d̃
(0,1)
0 g)), (ρ, φ0)((ρ∗, X0)

∗(d̃
(0,1)
0 f))]

= dφ0h · dX0
∗ ({f, g}0),

or, equivalently,

π(0,1)
(
[((ρ, φ0) ◦ (ρ∗, X0)

∗)(d̃
(0,1)
0 (g)), ((ρ, φ0) ◦ (ρ∗, X0)

∗)(d̃
(0,1)
0 (f))], h

)
= dφ0h · dX0

∗ ({f, g}0).

Consequently, since π(0,1) is a representation of the Lie algebra (X(M) ×
C∞(M,R), [ , ]) on the space C∞(M,R), this implies that (see (3.40))

{f, {g, h}0}0 + {g, {h, f}0}0 + {h, {f, g}0}0 = 0. QED

From (3.2) and (3.35), we have that

{f, g}0 = df · d∗g − fρ(X0)(g) + gρ(X0)(f), (3.45)

for f, g ∈ C∞(M,R). Since the differential d is a derivation with respect to

the usual multiplication of functions we have that the map (f, g) 7→ df · d∗g,
for f, g ∈ C∞(M,R), is also a derivation on each of its arguments. Thus, we

can define the 2-vector Λ0 ∈ V2(M) characterized by the relation

Λ0(d0f, d0g) = df · d∗g = −dg · d∗f, (3.46)

for f, g ∈ C∞(M,R), and the vector field E0 ∈ X(M) by

E0 = −ρ(X0) = ρ∗(φ0). (3.47)

From (3.45), we obtain that

{f, g}0 = Λ0(d0f, d0g) + fE0(g)− gE0(f),

for f, g ∈ C∞(M,R). Therefore, the pair (Λ0, E0) is the Jacobi structure

induced by the Jacobi bracket { , }0.
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Finally, we will present an interesting characterization of Jacobi bialgebroids

which was proved by Grabowski and Marmo in [33].

For this purpose, we will use the following notation. If (([[ , ]], ρ), φ0) is a

Jacobi algebroid structure on A and [[ , ]]φ0 is the φ0-Schouten bracket, we

will denote by [[ , ]]′φ0 the bracket defined by

[[P,Q]]′φ0 = (−1)p+1[[P,Q]]φ0 ,

for P ∈ Γ(∧pA) and Q ∈ Γ(∧∗A).

Then, we have that

Theorem 3.14 [33] Let (A, ([[ , ]], ρ), φ0) be a Jacobi algebroid. Assume also

that the dual bundle A∗ admits a Jacobi algebroid structure (([[ , ]]∗, ρ∗), X0).

Then, ((A, φ0), (A
∗, X0)) is a Jacobi bialgebroid if and only if dX0

∗ is a deriva-

tion with respect to (⊕kΓ(∧kA), [[ , ]]′φ0), that is,

dX0
∗ [[P,Q]]′φ0 = [[dX0

∗ P,Q]]′φ0 + (−1)p+1[[P, dX0
∗ Q]]′φ0 (3.48)

for P ∈ Γ(∧pA) and Q ∈ Γ(∧∗A).

Proof: Let us set

D(P,Q) = dX0
∗ [[P,Q]]′φ0 − [[dX0

∗ P,Q]]′φ0 − (−1)p+1[[P, dX0
∗ Q]]′φ0 ,

for P ∈ Γ(∧pA) and Q ∈ Γ(∧∗A).

Using (3.1), Theorem 3.4 and the properties of the X0-differential, we deduce

that

D(Q,P ) = −(−1)(p−1)(q−1)D(P,Q),

D(P,Q ∧R) = D(P,Q)∧R + (−1)pqQ∧D(P,R)−D(P, 1)∧Q∧R,
(3.49)

for P ∈ Γ(∧pA), Q ∈ Γ(∧qA) and R ∈ Γ(∧∗A).

Now, suppose that dX0
∗ is a derivation with respect to (⊕kΓ(∧kA), [[ , ]]′φ0) or,

equivalently, that D identically vanishes. Then, it is clear that (3.33) holds.

Moreover, from (3.25), we have that

[[R, 1]]′φ0 = (−1)r+1iφ0R, for R ∈ Γ(∧rA).
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Thus, using (3.3), (3.28) and (3.48), we deduce (3.34).

Conversely, assume that ((A, φ0), (A
∗, X0) is a Jacobi bialgebroid. Then,

from (3.25) and Corollary 3.12, we obtain that

D(f, g) = 0, for f, g ∈ C∞(M,R). (3.50)

Furthermore, using (3.3), (3.25) and Proposition 3.11, it follows that

D(X, f) = 0, for X ∈ Γ(A) and f ∈ C∞(M,R). (3.51)

On the other hand, from (3.33), we deduce that

D(X, Y ) = 0, for X, Y ∈ Γ(A). (3.52)

Finally, using (3.49)-(3.52), we conclude that D identically vanishes, which

implies that dX0
∗ is a derivation with respect to (⊕kΓ(∧kA), [[ , ]]′φ0). QED

3.4 Examples of Jacobi bialgebroids

3.4.1 Lie bialgebroids

Suppose that the pair ((A, φ0), (A
∗, X0)) is a Jacobi bialgebroid where both

1-cocycles vanish, that is, φ0 = 0 and X0 = 0.

In this particular case, (3.33) and (3.34) are equivalent to the condition

(3.31). Thus, the pair ((A, 0), (A∗, 0)) is a Jacobi bialgebroid if and only if

the pair (A,A∗) is a Lie bialgebroid.

If (A,A∗) is a Lie bialgebroid then, by the previous result and Theorem

3.13, a Jacobi structure (Λ0, E0) can be defined on the base space M . Since

φ0 = 0 and X0 = 0, from (3.47) we deduce that E0 = 0, that is, the Jacobi

structure is Poisson, which implies a well known result (see [83]): given a

Lie bialgebroid (A,A∗) over M , the base space M carries an induced Poisson

structure.
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3.4.2 The Jacobi bialgebroid associated with a Jacobi
structure

Let M be an arbitrary manifold. As we know, the vector bundle TM ×R→
M admits a Lie algebroid structure ([ , ], π) and φ0 = (0, 1) ∈ Ω1(M) ×
C∞(M,R) ∼= Γ(T ∗M × R) is a 1-cocycle of this Lie algebroid (see Example

3 in Section 1.2.2).

Now, suppose that (M,Λ, E) is a Jacobi manifold. We consider the 1-jet Lie

algebroid (T ∗M × R, [[ , ]](Λ,E), #̃(Λ,E)) associated with the Jacobi structure

(Λ, E) and the 1-cocycle (−E, 0) ∈ X(M)× C∞(M,R) ∼= Γ(TM × R).

Using Proposition 3.8, we deduce that the pair ((TM × R, (0, 1)),(T ∗M ×
R, (−E, 0))) is a Jacobi bialgebroid.

Moreover, from (1.26), (1.30), (3.46) and (3.47), we obtain that the Jacobi

structure (Λ0, E0) on the base space M is just (Λ, E).

3.4.3 Jacobi bialgebroids and strong Jacobi-Nijenhuis
structures

Assume that Λ′ and E ′ are a 2-vector and a vector field on a manifold M .

Since Γ(∧2(TM×R)) may be identified with the product V2(M)×X(M), the

pair (Λ′, E ′) may be considered as an element of Γ(∧2(TM × R)) and thus

we have defined the corresponding homomorphism #(Λ′,E′) : Γ(T ∗M × R) ∼=
Ω1(M)× C∞(M,R)→ Γ(TM × R) ∼= X(M)× C∞(M,R) which is given by

#(Λ′,E′)(µ, f) = (#Λ′(µ) + fE ′,−µ(E ′)) = (#̃(Λ′,E′)(µ, f),−µ(E ′)), (3.53)

for (µ, f) ∈ Ω1(M)× C∞(M,R).

On the other hand, we will denote by [[ , ]](Λ′,E′) : (Ω1(M) × C∞(M,R))2 →
Ω1(M)× C∞(M,R) the skew-symmetric bracket defined by

[[(µ, f), (ν, g)]](Λ′,E′)

=((L0)#Λ′ (µ)ν−(L0)#Λ′ (ν)
µ−d0(Λ

′(µ, ν))+f(L0)E′ν−g(L0)E′µ

−iE′(µ ∧ ν),Λ′(ν, µ)+#Λ′(µ)(g)−#Λ′(ν)(f)+fE ′(g)−gE ′(f)),
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for (µ, f), (ν, g) ∈ Ω1(M)× C∞(M,R).

Now, suppose that (Λ, E) is a Jacobi structure on M . Then, we may consider

the Lie algebroid (T ∗M × R, [[ , ]](Λ,E), #̃(Λ,E)) and the pair X0=(−E, 0) is a

1-cocycle of this Lie algebroid. On the other hand, the pair (0, 1) ∈ Ω1(M)×
C∞(M,R) is a 1-cocycle of the Lie algebroid (TM × R, [ , ], π) and the

(0, 1)-differential d̃
(0,1)
0 of TM × R is given by (3.6).

Thus, using (1.24), (1.28), (1.29), (3.6), (3.22) and (3.53), it follows that the

X0-Schouten bracket [[ , ]]X0

(Λ,E) satisfies the following relations:

[[d̃
(0,1)
0 f, g]]X0

(Λ,E) = d̃
(0,1)
0 g · (#(Λ,E)(d̃

(0,1)
0 f)), (3.54)

[[(µ, h), d̃
(0,1)
0 f ]]X0

(Λ,E) = [[d̃
(0,1)
0 (µ, h), f ]]X0

(Λ,E) + d̃
(0,1)
0 ([[(µ, h), f ]]X0

(Λ,E)), (3.55)

[[d̃
(0,1)
0 (µ, h), d̃

(0,1)
0 f ]]X0

(Λ,E) = −d̃(0,1)
0 ([[d̃

(0,1)
0 (µ, h), f ]]X0

(Λ,E)), (3.56)

for (µ, h) ∈ Ω1(M)× C∞(M,R) and f, g ∈ C∞(M,R).

Next, we consider a Nijenhuis operator N on the Lie algebroid (TM ×
R, [ , ], π). Therefore, we obtain the corresponding Lie algebroid (TM ×
R, [ , ]N , πN ) (see (1.34)). Denote by N ∗ : T ∗M × R → T ∗M × R the

adjoint operator of N and by φ0 the section of T ∗M × R→M given by

φ0 = N ∗(0, 1).

Since N is a Nijenhuis operator on (TM × R, [ , ], π), it follows that

φ0[(X, f), (Y, g)]N = (0, 1)[N (X, f),N (Y, g)],

for (X, f), (Y, g) ∈ X(M) × C∞(M,R) ∼= Γ(TM × R), and consequently,

using that (0, 1) is a 1-cocycle of (TM × R, [ , ], π), we obtain that φ0 is a

1-cocycle of (TM × R, [ , ]N , πN ). Moreover, if dφ0

N is the φ0-differential of

the Jacobi algebroid (([ , ]N , πN ), φ0), then, from (1.24), (1.35), (1.36) and

(3.6), we have that

dφ0

N f = N ∗d̃
(0,1)
0 f, (3.57)

dφ0

N (µ, h) = iN (d̃
(0,1)
0 (µ, h))− d̃(0,1)

0 N ∗(µ, h), (3.58)
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dφ0

N d̃
(0,1)
0 f = −d̃(0,1)

0 (N ∗d̃
(0,1)
0 f), (3.59)

for (µ, h) ∈ Ω1(M)× C∞(M,R) and f ∈ C∞(M,R).

On the other hand, suppose that (Λ, E) and N satisfy that

N ◦#(Λ,E) = #(Λ,E) ◦ N ∗. (3.60)

In this case, we can define the pair (Λ0, E0) formed by the 2-vector Λ0 and

the vector field E0 characterized by

#(Λ0,E0) = #(Λ,E) ◦ N ∗. (3.61)

We say that the pair ((Λ, E),N ) is a strong Jacobi-Nijenhuis structure if

and only if (3.60) holds and the concomitant of (Λ, E) and N , C((Λ, E),N ),

identically vanishes, where C((Λ, E),N ) is given by

C((Λ, E),N )((µ, f), (ν, g))

=[[(µ, f), (ν, g)]](Λ0,E0) − [[N ∗(µ, f), (ν, g)]](Λ,E)

−[[(µ, f),N ∗(ν, g)]](Λ,E) +N ∗[[(µ, f), (ν, g)]](Λ,E),

(3.62)

for (µ, f), (ν, g) ∈ Ω1(M)× C∞(M,R).

Remark 3.15 In [88] is introduced the notion of a Jacobi-Nijenhuis struc-

ture imposing weaker conditions than we have adopted here. Moreover, in

[97, 98] are established some local models of Jacobi-Nijenhuis manifolds and

a reduction theorem is obtained. In a different direction, in [114] is given

another relation between Jacobi structures and Nijenhuis operators. In ad-

dition, the author compares both approaches (see [114]).

Example 3.16 Suppose that (M, η) is a contact manifold with associated

Jacobi structure (Λ, E) and that (Λ0, E0) is a Jacobi structure on M compa-

tible with (Λ, E), that is, (Λ+Λ0, E+E0) is a Jacobi structure (see [44, 95]).

Since the homomorphism #(Λ,E) given by (3.53) is, in this case, an isomor-

phism, let us consider the C∞(M,R)-linear map N = #(Λ0,E0) ◦ (#(Λ,E))
−1.
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Then, using the results in [88], we deduce that ((Λ, E),N ) is a strong Jacobi-

Nijenhuis structure. An explicit example of the precedent construction is the

following one.

Let M be the product manifold T ∗Q× R, where Q is a smooth manifold of

dimensionm. Denote by ηQ the canonical contact 1-form on T ∗Q×R given by

(2.10), by Π0 the canonical cosymplectic structure on T ∗Q×R and by (Λ, E)

the Jacobi structure on T ∗Q × R associated with ηQ. Then, from (2.11),

we obtain that the Jacobi structure (Λ, E) and the Poisson structure Π0

are compatible. Therefore, the pair ((Λ, E),N ) is a strong Jacobi-Nijenhuis

structure, where N : X(M) × C∞(M,R) → X(M) × C∞(M,R) is the map

defined by

N = #(Π0,0) ◦ (#(Λ,E))
−1.

Moreover, using (2.11), it follows that

N = Id−
( ∂
∂t
, 0

)
⊗ (d0t, 0)− (−∆T ∗Q, 1)⊗ (0, 1),

∆T ∗Q being the Liouville vector field of T ∗Q.

Next, we relate strong Jacobi-Nijenhuis structures and Jacobi bialgebroids

in the following result.

Theorem 3.17 Let (Λ, E) be a Jacobi structure on a manifold M and N be

a Nijenhuis operator on TM×R. Consider on TM×R (respectively, T ∗M×
R) the Lie algebroid structure ([ , ]N , πN ) (respectively, ([[ , ]](Λ,E), #̃(Λ,E))).

Then, ((Λ, E),N ) is a strong Jacobi-Nijenhuis structure if and only if the pair

((TM×R, φ0), (T
∗M×R, X0)) is a Jacobi bialgebroid, where φ0 (respectively,

X0) is the 1-cocycle on TM×R (respectively, T ∗M×R) given by φ0 =N ∗(0, 1)

(respectively, X0=(−E, 0)).

Proof: Let us set

D((µ, γ), (µ′, γ′)) = dφ0

N [[(µ, γ), (µ′, γ′)]]X0

(Λ,E)

+[[dφ0

N (µ, γ), (µ′, γ′)]]X0

(Λ,E)

+(−1)k[[(µ, γ), dφ0

N (µ′, γ′)]]X0

(Λ,E)

(3.63)
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for (µ, γ) ∈ Ωk(M)⊕ Ωk−1(M) and (µ′, γ′) ∈ Ω∗(M)⊕ Ω∗−1(M).

Using (3.6) and (3.49), we deduce that D = 0 if and only if

D(f, g) = 0, D(d̃
(0,1)
0 f, g) = 0, D(d̃

(0,1)
0 f, d̃

(0,1)
0 g) = 0 (3.64)

for f, g ∈ C∞(M,R). Note that if (µ, γ) ∈ Ωk(M)⊕Ωk−1(M) then for every

point x of M there exists an open subset U of M , x ∈ U , such that on U

(µ, γ) =
r∑
i=1

f i1(d̃
(0,1)
0 f i2) ∧ . . . ∧ (d̃

(0,1)
0 f ik),

with f ij ∈ C∞(U,R), for all i and j.

Now suppose that f and g are real C∞-differentiable functions on M . Then,

using (1.29), (3.1), (3.17), (3.53), (3.57) and (3.63), we get that

D(f, g) = d̃
(0,1)
0 g · ((#(Λ,E) ◦ N ∗ −N ◦#(Λ,E))d̃

(0,1)
0 f). (3.65)

On the other hand, from (3.54), (3.55), (3.57), (3.59), (3.62) and (3.63), we

have that

D(d̃
(0,1)
0 f, g) = C((Λ, E),N )(d̃

(0,1)
0 f, d̃

(0,1)
0 g) + d̃

(0,1)
0 (D(f, g)). (3.66)

Finally, using (3.55), (3.56), (3.58), (3.59) and (3.63), we obtain that

D(d̃
(0,1)
0 f, d̃

(0,1)
0 g) = −d̃(0,1)

0 (C((Λ, E),N )(d̃
(0,1)
0 f, d̃

(0,1)
0 g)). (3.67)

Therefore, from (3.65), (3.66), (3.67) and Theorem 3.14, we conclude the

result. QED

Remark 3.18 Theorem 3.17 was proved, independently, by Nunes da Costa

in [96] by using other techniques.

As a consequence of Theorem 3.17, we recover a result obtained, with weaker

hypotheses, in [88, 98].

Corollary 3.19 Let ((Λ, E),N ) be a strong Jacobi-Nijenhuis structure on a

manifold M . Then the 2-vector Λ0 and the vector field E0 characterized by

(3.61) define a Jacobi structure on M .
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Proof: Since ((TM ×R, φ0), (T
∗M ×R, X0)) is a Jacobi bialgebroid, we can

define a Jacobi bracket { , }0 on M given by

{f, g}0 = dφ0

N f · d
X0
∗ g,

for f, g ∈ C∞(M,R) (see Theorem 3.13). Using (3.57), we deduce that

{f, g}0 = N ∗(d̃
(0,1)
0 f) · dX0

∗ g = d̃
(0,1)
0 g · ((#(Λ,E) ◦ N ∗)(d̃

(0,1)
0 f))

= Λ0(d0f, d0g) + fE0(g)− gE0(f).

Therefore, we conclude our result. QED

3.4.4 Triangular Jacobi bialgebroids

Let (([[ , ]], ρ), φ0) be a Jacobi algebroid structure on τ : A → M . Moreover,

let C be a φ0-canonical section, that is, C ∈ Γ(∧2A) and

[[C, C]]φ0 = 0. (3.68)

We shall discuss what happens on the dual bundle A∗ → M . Remark 3.2

ii) and Remark 3.3 i) suggest us to introduce the bracket [[ , ]]∗C on Γ(A∗)

defined by

[[µ, ν]]∗C = Lφ0

#C(µ)ν − L
φ0

#C(ν)
µ− dφ0(C(µ, ν))

= i#C(µ)(d
φ0ν)− i#C(ν)(dφ0µ) + dφ0(C(µ, ν)),

(3.69)

for µ, ν ∈ Γ(A∗).

Theorem 3.20 Let (A, ([[ , ]], ρ), φ0) a Jacobi algebroid over M and C be a

φ0-canonical section of A. Then:

i) The dual bundle A∗ → M together with the bracket defined in (3.69)

and the bundle map ρ∗C = ρ ◦#C : A∗ → TM is a Lie algebroid.

ii) X0 = −#C(φ0) ∈ Γ(A) is a 1-cocycle of (A∗, [[ , ]]∗C, ρ∗C).

iii) The pair ((A, φ0), (A
∗, X0)) is a Jacobi bialgebroid.
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Proof: First of all, define a linear map of degree 1 on the space Γ(∧∗A) =

⊕kΓ(∧kA) by

d∗Q = −[[Q, C]]φ0 + (iφ0C) ∧Q, (3.70)

for Q ∈ Γ(∧∗A).

From (3.19) and (3.20), we deduce that d∗ is a derivation with respect to

(⊕kΓ(∧kA),∧). Moreover, using (3.20), (3.21), (3.24) and (3.68), we obtain

that d2
∗ = 0. Thus, the results in [64, 121] claim that the equations

ρ∗(µ)(f) = µ(d∗f),

[[µ, ν]]∗(X) = ρ∗(µ)(ν(X))− ρ∗(ν)(µ(X))− d∗X(µ, ν),

for µ, ν ∈ Γ(A∗), X ∈ Γ(A) and f ∈ C∞(M,R), define the anchor map and

the Lie bracket of a Lie algebroid structure on A∗.

A simple computation, using (3.4), (3.25), (3.69), (3.70) and the fact that

(L#C(µ)ν − L#C(ν)µ− d(C(µ, ν)))(X)

= [[C, X]](µ, ν) + ρ(#C(µ))(ν(X))− ρ(#C(ν))(µ(X)),

for µ, ν ∈ Γ(A∗) and X ∈ Γ(A), shows that [[ , ]]∗ = [[ , ]]∗C and ρ∗ = ρ∗C.

Thus, we have i).

Moreover, from (3.21), (3.24), (3.70) and Theorem 3.14, we conclude that

X0 = −iφ0C is a 1-cocycle of (A∗, [[ , ]]∗C, ρ∗C) and the pair ((A, φ0), (A
∗, X0)

is a Jacobi bialgebroid. QED

Let (A, ([[ , ]], ρ), φ0) be a Jacobi algebroid. Suppose that (([[ , ]]∗, ρ∗), X0) is a

Jacobi algebroid structure on A∗. Moreover, assume that ((A, φ0), (A
∗, X0))

is a Jacobi bialgebroid. Then, the pair ((A, φ0), (A
∗, X0)) is said to be a

triangular Jacobi bialgebroid if there exists a φ0-canonical section C of A

such that

[[ , ]]∗ = [[ , ]]∗C, ρ∗ = ρ∗C , X0 = −#C(φ0).

Let ((A, φ0), (A
∗, X0)) be a triangular Jacobi bialgebroid over M and C the

corresponding φ0-canonical section of A. If (Λ0, E0) is the induced Jacobi
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structure on M , using (3.46), (3.47) and Theorem 3.20, it follows that

Λ0(d0f, d0g) = C(df, dg), E0 = ρ(#C(φ0)), (3.71)

for f, g ∈ C∞(M,R).

Examples 3.21 1.- Note that a triangular Jacobi bialgebroid ((A, φ0), (A
∗,

X0)) such that φ0 = 0 is just a triangular Lie bialgebroid (see [83]).

2.- If (M,Λ, E) is a Jacobi manifold then, using Remarks 3.2 and 3.3, we

deduce that the pair ((TM × R, φ0 = (0, 1)), (T ∗M × R, X0 = (−E, 0)))

is a triangular Jacobi bialgebroid. Note that, in this case, the φ0-canonical

section of TM × R→M is just the Jacobi structure (Λ, E).

3.- Let (M,Λ, E) be a Jacobi manifold. Suppose that there exists a closed

1-form θ such that #Λ(θ) = E. Then, θ is a 1-cocycle of the trivial Lie

algebroid (TM, [ , ], Id) and we may consider the θ-Schouten bracket [ , ]θ.

Moreover, from (1.1) and Theorem 3.4, we deduce that

[Λ,Λ]θ = [Λ,Λ]− 2 (iθΛ) ∧ Λ = 0.

Thus, Λ is a θ-canonical section of A. Therefore, using Theorem 3.20, we

obtain that the pair ((TM, θ), (T ∗M,−E)) is a triangular Jacobi bialgebroid,

where the Lie algebroid structure ([[ , ]](Λ,E,θ), #̃(Λ,E,θ)) on T ∗M is given by

[[µ, ν]](Λ,E,θ) = (L0)#Λ(µ)ν − (L0)#Λ(ν)µ− d0(Λ(µ, ν))

−iE(µ ∧ ν)− Λ(µ, ν)θ,

#̃(Λ,E,θ)(µ) = #Λ(µ),

(3.72)

for µ, ν ∈ Ω1(M).

Since ((TM, θ), (T ∗M,−E)) is a Jacobi bialgebroid over M , M carries an

induced Jacobi structure. In fact, using (3.71), we deduce that this Jacobi

structure is just (Λ, E).

Remark 3.22 i) If (M,Ω) is a l.c.s. manifold with Lee 1-form ω and (Λ, E)

is the associated Jacobi structure on M , we have that #Λ(ω) = −E (see

(1.12), (1.13) and Remark 1.1).
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ii) Let (Λ, E) be a Jacobi structure on M and θ be a closed 1-form on M

such that #Λ(θ) = E. It is clear that

θ(E) = 0, (L0)Eθ = 0. (3.73)

Now, denote by ([[ , ]](Λ,E), #̃(Λ,E)) (respectively, ([[ , ]](Λ,E,θ), #̃(Λ,E,θ))) the Lie

algebroid structure on T ∗M × R (respectively, T ∗M) given by (1.29) (res-

pectively, (3.72)) and by Ψ : T ∗M × R → T ∗M the epimorphism of vector

bundles (over the identity Id : M →M) defined by

Ψ(µx, λ) = µx + λ θx, for (µx, λ) ∈ T ∗xM × R.

Then, using (1.29), (3.72), (3.73) and the fact that θ is a closed 1-form, we

deduce that the pair (Ψ, Id) is an epimorphism between the Lie algebroids

(T ∗M × R, [[ , ]](Λ,E), #̃(Λ,E)) and (T ∗M, [[ , ]](Λ,E,θ), #̃(Λ,E,θ)).

3.4.5 The Jacobi bialgebroid associated with an exact
Poisson structure

Let M be an arbitrary manifold. We have seen that the triple (TM ×
R, [ , ], π) is a Lie algebroid over M (see Example 3 in Section 1.2.2). Evi-

dently, we have that φ0 = (0, 0) ∈ Ω1(M) × C∞(M,R) ∼= Γ(T ∗M × R) is a

1-cocycle for this Lie algebroid.

In addition, suppose that there exists an exact Poisson structure on M , that

is, there exists a 2-vector Π and a vector field Z on M such that

[Π,Π] = 0, [Z,Π] = −Π.

Then, the vector bundle T ∗M × R → M admits a Lie algebroid structure

([[ , ]](Π,Z), #̄(Π,Z)) and X0=(0, 1) ∈ X(M) × C∞(M,R) ∼= Γ(TM × R) is a

1-cocycle of this Lie algebroid structure (see Example 7 in Section 1.2.2).

Moreover, from (1.24), (1.38) and (3.2), we deduce that the X0-differential is

dX0
∗ (P,Q) = (−[Π, P ], [Π, Q]− [Z, P ]− (k − 1)P ), (3.74)

for (P,Q) ∈ Vk(M)⊕ Vk−1(M).
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Next, we will prove that the pair ((TM × R, (0, 0)), (T ∗M × R, (0, 1))) is a

Jacobi bialgebroid over M .

First of all, from (1.27), it follows that

(LX0
∗ )φ0(P,Q) + Lφ0

X0
(P,Q) = [(0, 1), (P,Q)]

= ([0, P ],−[0, Q]− [1, P ]) = (0, 0),

for (P,Q) ∈ Vk(M)⊕ Vk−1(M), that is, (3.34) holds.

On the other hand, an easy computation, using (1.27), (3.74) and the pro-

perties of the Schouten bracket, shows that

dX0
∗ [[(X, f), (Y, g)]] = [[(X, f), dX0

∗ (Y, g)]]φ0 − [[(Y, g), dX0
∗ (X, f)]]φ0 ,

for (X, f), (Y, g) ∈ X(M)× C∞(M,R) ∼= Γ(TM × R).

Finally, since ((TM × R, (0, 0)), (T ∗M × R, (0, 1))) is a Jacobi bialgebroid

over M , we know, by Theorem 3.13, that there exists a Jacobi structure

on the base space M . In fact, if { , }0 is the Jacobi bracket on M and

f, g ∈ C∞(M,R) then (see (1.26) and (3.74))

{f, g}0 = d̃0f · dX0
∗ g = 〈(d0f, 0), (−[g,Π], g − Z(g))〉

= Π(d0f, d0g),

that is, the Jacobi structure is just the original exact Poisson structure Π.

3.5 Lie bialgebroids associated with Jacobi

bialgebroids

In this Section, we will show that it is possible to construct a Lie bialge-

broid from a Jacobi bialgebroid and, as a consequence, we deduce a duality

theorem.



3.5.1. Time-dependent sections of a Lie algebroid 89

3.5.1 Time-dependent sections of a Lie algebroid

Let (A, ([[ , ]], ρ), φ0) be a Jacobi algebroid over M and π1 : M × R → M

be the canonical projection over the first factor. We consider the map ∗ :

Γ(A)→ X(M × R) given by

X∗ = ρ(X) + φ0(X)
∂

∂t
.

It is easy to prove that ∗ is an action of A on π1 in the sense of Section 1.2.2

(see Example 6 in Section 1.2.2). Thus, if π∗1A is the pull-back of A over

π1 then the vector bundle π∗1A → M × R admits a Lie algebroid structure

([[ , ]]̄ φ0 , ρ̄φ0). For the sake of simplicity, when the 1-cocycle φ0 is zero, we will

denote by ([[ , ]], ρ) the resultant Lie algebroid structure on π∗1A → M × R.

On the other hand, it is clear that the vector bundles π∗1A → M × R and

Ā = A × R → M × R are isomorphic and that the space of sections Γ(Ā)

of Ā → M × R can be identified with the set of time-dependent sections of

A → M . Under this identification, we have that [[X̄, Ȳ ]](x, t) = [[X̄t, Ȳt]](x)

and that ρ(X̄)(x, t) = ρ(X̄t)(x), for X̄, Ȳ ∈ Γ(Ā) and (x, t) ∈ M × R. In

addition,

[[X̄, Ȳ ]]̄ φ0 = [[X̄, Ȳ ]] + φ0(X̄)
∂Ȳ

∂t
− φ0(Ȳ )

∂X̄

∂t
,

ρ̄φ0(X̄) = ρ(X̄) + φ0(X̄)
∂

∂t
.

(3.75)

Remark 3.23 i) Denote by d the differentials of the Lie algebroids (A, [[ , ]],

ρ) and (Ā, [[ , ]], ρ). Then, if µ̄ ∈ Γ(∧kĀ∗) and (x, t) ∈M×R, dµ̄ ∈ Γ(∧k+1Ā∗)

and

(dµ̄)(x, t) = (dµ̄t)(x).

We also denote by [[ , ]] the Schouten bracket of the Lie algebroid (Ā, [[ , ]], ρ).

ii) For any P̄ ∈ Γ(∧kĀ) or ω̄ ∈ Γ(∧kĀ∗), one can define its derivative with

respect to the time

∂P̄

∂t
∈ Γ(∧kĀ),

∂µ̄

∂t
∈ Γ(∧kÃ∗).
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Thus, we have two R-linear operators of degree zero

∂

∂t
: Γ(∧kĀ)→ Γ(∧kĀ),

∂

∂t
: Γ(∧kĀ∗)→ Γ(∧kĀ∗),

which have the following properties

∂

∂t
(P̄ ∧ Q̄) =

∂P̄

∂t
∧ Q̄+ P̄ ∧ ∂Q̄

∂t
,

∂

∂t
(µ̄ ∧ ν̄) =

∂µ̄

∂t
∧ ν̄ + µ̄ ∧ ∂ν̄

∂t
,

 (3.76)

∂

∂t
[[P̄ , Q̄]] = [[

∂P̄

∂t
, Q̄]] + [[P̄ ,

∂Q̄

∂t
]], (3.77)

d

(
∂µ̄

∂t

)
=

∂

∂t
(dµ̄) , (3.78)

for P̄ ∈ Γ(∧kĀ), Q̄ ∈ Γ(∧rĀ), µ̄ ∈ Γ(∧kĀ∗) and ν̄ ∈ Γ(∧rĀ∗).

On the other hand, in Section 2.3 (see Example 6) we proved that the vector

bundle Ā → M × R admits a Lie algebroid structure ([[ , ]]̂ φ0 , ρ̂φ0) given by

(2.12).

Now, the bundle map Θ : Ā → Ā, (v, t) 7→ (etv, t), is an isomorphism of

vector bundles and

ρ̂φ0 ◦Θ = ρ̄φ0 , Θ[[X̄, Ȳ ]]̄ φ0 = [[ΘX̄,ΘȲ ]]̂ φ0 .

Thus,

Proposition 3.24 Let (A, ([[ , ]], ρ), φ0) be a Jacobi algebroid. Then:

i) The triples (Ā, [[ , ]]̂ φ0 , ρ̂φ0) and (Ā, [[ , ]]̄ φ0 , ρ̄φ0) are Lie algebroids over

M × R.

ii) The map Θ : Ā→ Ā defines an isomorphism between the Lie algebroids

(Ā, [[ , ]]̄ φ0 , ρ̄φ0) and (Ā, [[ , ]]̂ φ0 , ρ̂φ0).
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Now, let A → M be a vector bundle over a manifold M and suppose that

[[ , ]] : Γ(A)× Γ(A)→ Γ(A) is a bracket on the space Γ(A), that ρ : Γ(A)→
X(M) is a homomorphism of C∞(M,R)-modules and that φ0 is a section of

the dual bundle A∗.

We can define the bracket [[ , ]]̄ φ0 : Γ(Ā) × Γ(Ā) → Γ(Ā) on the space Γ(Ā)

and the homomorphism of C∞(M × R,R)-modules ρ̄φ0 : Γ(Ā)→ X(M × R)

given by (3.75).

Proposition 3.25 If the triple (Ā, [[ , ]]̄ φ0 , ρ̄φ0) is a Lie algebroid on M ×R
then the triple (A, ([[ , ]], ρ), φ0) is a Jacobi algebroid on M .

Proof: From (3.75), it follows that [[X,Y ]]̄ φ0 = [[X, Y ]], for X, Y ∈ Γ(A).

Thus, we have that the bracket [[ , ]] defines a Lie algebra structure on Γ(A).

On the other hand, if f ∈ C∞(M,R) then, using (3.75) and the fact that

[[X, fY ]]̄ φ0 = f [[X, Y ]]̄ φ0 + (ρ̄φ0(X)(f))Y , we obtain that

[[X, fY ]] = f [[X, Y ]] + (ρ(X)(f))Y.

Finally, since ρ̄φ0 [[X, Y ]]̄ φ0 = [ρ̄φ0(X), ρ̄φ0(Y )], we deduce that φ0 is a 1-

cocycle.

QED

From Propositions 3.24 and 3.25, we conclude

Proposition 3.26 Let A→M be a vector bundle over a manifold M . Sup-

pose that [[ , ]] : Γ(A) × Γ(A) → Γ(A) is a bracket on the space Γ(A), that

ρ : Γ(A) → X(M) is a homomorphism of C∞(M,R)-modules and that φ0

is a section of the dual bundle A∗. If [[ , ]]̂ φ0 : Γ(Ā) × Γ(Ā) → Γ(Ā) and

ρ̂φ0 : Γ(Ā) → X(M × R) (respectively, [[ , ]]̄ φ0 : Γ(Ā) × Γ(Ā) → Γ(Ā) and

ρ̄φ0 : Γ(Ā) → X(M × R)) are the bracket on Γ(Ā) and the homomorphism

of C∞(M ×R,R)-modules given by (2.12) (respectively, (3.75)) then the fol-

lowing conditions are equivalent:

i) The triple (A, ([[ , ]], ρ), φ0) is a Jacobi algebroid.

ii) The triple (Ā, [[ , ]]̂ φ0 , ρ̂φ0) is a Lie algebroid.
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iii) The triple (Ā, [[ , ]]̄ φ0 , ρ̄φ0) is a Lie algebroid.

Remark 3.27 Let (A, ([[ , ]], ρ), φ0) be a Jacobi algebroid over M . If d̄φ0

(respectively, d̂φ0) is the differential of the Lie algebroid (Ā, [[ , ]]̄ φ0 , ρ̄φ0) (res-

pectively, (Ā, [[, ]]̂ φ0 , ρ̂φ0)), and [[ , ]]̄ φ0 is the Schouten bracket of the Lie al-

gebroid (Ā, [[ , ]]̄ φ0 , ρ̄φ0), then we have that

d̄φ0 f̄ = df̄ +
∂f̄

∂t
φ0, (3.79)

d̄φ0φ̄ = dφ̄+ φ0 ∧
∂φ̄

∂t
, (3.80)

[[X̄, P̄ ]]̄ φ0 = [[X̄, P̄ ]]φ0 + φ0(X̄)

(
P̄ +

∂P̄

∂t

)
− ∂X̄

∂t
∧ (iφ0P̄ ), (3.81)

d̂φ0 f̄ = e−t
(
df̄ +

∂f̄

∂t
φ0

)
, (3.82)

d̂φ0φ̄ = e−t
(
dφ0φ̄+ φ0 ∧

∂φ̄

∂t

)
, (3.83)

for f̄ ∈ C∞(M × R,R), φ̄ ∈ Γ(Ā∗), X̄ ∈ Γ(Ā) and P̄ ∈ Γ(∧2Ā).

3.5.2 Lie bialgebroids and Jacobi bialgebroids

First of all, we will prove a general result which will be useful in the sequel.

Suppose that (Ai, [[ , ]]i, ρi), i = 1, 2, are two Lie algebroids over M such that

the dual bundles A∗
1 and A∗

2 are Lie algebroids with Lie algebroid structures

([[ , ]]1∗, ρ1∗) and ([[ , ]]2∗, ρ2∗), respectively.

Proposition 3.28 Let Φ : A1 → A2 be a Lie algebroid isomorphism over

the identity Id : M →M such that its adjoint homomorphism Φ∗ : A∗
2 → A∗

1

is also a Lie algebroid isomorphism. Then, if (A1, A
∗
1) is a Lie bialgebroid,

so is (A2, A
∗
2).

Proof: Denote also by Φ : ∧kA1 → ∧kA2 the isomorphism between the vec-

tor bundles ∧kA1 → M and ∧kA2 → M induced by Φ : A1 → A2. If
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Φ : Γ(∧kA1) → Γ(∧kA2) is the corresponding isomorphism of C∞(M,R)-

modules, we have that

Φ(P )(µ1, . . . , µk) = P (Φ∗µ1, . . . ,Φ
∗µk),

Φ(X1 ∧ . . . ∧Xk) = Φ(X1) ∧ . . . ∧ Φ(Xk),

for P ∈ Γ(∧kA1), µ1, . . . , µk ∈ Γ(A∗
2) and X1, . . . , Xk ∈ Γ(A1). Thus, using

that Φ and Φ∗ are Lie algebroid isomorphisms, it follows that

d2∗(Φ(X1)) = Φ(d1∗X1), Φ[[X1, P1]]1 = [[Φ(X1),Φ(P1)]]2, (3.84)

for X1 ∈ Γ(A1) and P1 ∈ Γ(∧kA1), where d1∗ (resp. d2∗) is the differential of

(A∗
1, [[ , ]]1∗, ρ1∗) (resp. (A∗

2, [[ , ]]2∗, ρ2∗)).

Now, if X2, Y2 ∈ Γ(A2) then there exist X1, Y1 ∈ Γ(A1) such that Yi = Φ(Xi),

for i = 1, 2. Therefore, from (3.84) and since (A1, A
∗
1) is a Lie bialgebroid,

we obtain that

d2∗[[X2, Y2]]2 = d2∗(Φ[[X1, Y1]]1) = Φ([[X1, d1∗Y1]]1 − [[Y1, d1∗X1]]1)

= [[X2, d2∗Y2]]2 − [[Y2, d2∗X2]]2.

Consequently, (A2, A
∗
2) is a Lie bialgebroid. QED

Next, assume that (M,Λ0, E0) is a Jacobi manifold. Consider on A = TM×R
and on A∗ = T ∗M ×R the Lie algebroid structures ([ , ], π) and ([[ , ]](Λ0,E0),

#̃(Λ0,E0)), respectively. Then, the pair ((A, φ0 = (0, 1)), (A∗, X0 = (−E0, 0)))

is a Jacobi bialgebroid.

On the other hand, the map Φ : Ā = A× R→ T (M × R) given by

Φ((vx0 , λ0), t0) = vx0 + λ0
∂

∂t |t0
,

for x0 ∈M , vx0 ∈ Tx0M and λ0, t0 ∈ R, induces an isomorphism between the

vector bundles A×R →M × R and T (M ×R)→M ×R. Moreover, using

(3.75), we deduce that Φ defines an isomorphism between the Lie algebroids
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(Ā, [ , ]̄ φ0 , π̄φ0) and (T (M × R), [ , ], Id). Note that if (X̄, f̄) is a time-

dependent section of the vector bundle TM × R → M then
∂(X̄, f̄)

∂t
is the

time-dependent section given by ([
∂

∂t
, X̄],

∂f̄

∂t
).

Now, if µ̄ is a time-dependent 1-form on M , X̄ is a time-dependent vector

field and (x0, t0) ∈ M × R then, using the isomorphism T ∗(x0,t0)(M × R) ∼=
T ∗x0

M ⊕ T ∗t0R, it follows that

((L̄0)X̄ µ̄)(x0,t0) = ((L0)X̄t0
µ̄t0)(x0) + µ̄(x0,t0)

(∂X̄
∂t |(x0,t0)

)
d0t|t0 , (3.85)

where L̄0 is the Lie derivative on M × R.

Moreover, (L̄0) ∂
∂t
µ̄ is a time-dependent 1-form on M and if f̄ ∈ C∞(M ×

R,R), then (µ̄, f̄) is a time-dependent section of the vector bundle T ∗M ×
R→M and

∂(µ̄, f̄)

∂t
= ((L̄0) ∂

∂t
µ̄,
∂f̄

∂t
). (3.86)

A long computation, using (1.29), (1.31), (3.85) and (3.86), shows that

[[(µ̄, f̄), (ν̄, ḡ)]]ˆX0

(Λ0,E0) = [[Φ∗(µ̄+ f̄ d0t),Φ
∗(ν̄ + ḡ d0t)]]

ˆX0

(Λ0,E0)

= Φ∗[[µ̄+ f̄ d0t, ν̄ + ḡ d0t]]Π0 ,

̂
#̃(Λ0,E0)

X0(µ̄, f̄) =
̂

#̃(Λ0,E0)
X0(Φ∗(µ̄+ f̄ d0t)) = #Π0(µ̄+ f̄ d0t),

(3.87)

for µ̄, ν̄ time-dependent 1-forms on M and f̄ , ḡ ∈ C∞(M × R,R), where

Π0 = e−t(Λ0 + ∂
∂t
∧E0) is the Poissonization of the Jacobi structure (Λ0, E0)

and Φ∗ : T ∗(M × R)→ Ā∗ = A∗ × R is the adjoint isomorphism of Φ.

Therefore, Φ∗ : T ∗(M ×R)→ Ā∗ = A∗ ×R defines an isomorphism between

the Lie algebroids (T ∗(M×R), [[ , ]]Π0 ,#Π0) and (A∗×R, [[, ]]ˆX0

(Λ0,E0),
̂

#̃(Λ0,E0)
X0)

Consequently, using Proposition 3.28, we deduce that, for this particular case,

the pair (Ā, Ā∗) is a Lie bialgebroid, when we consider on Ā and Ā∗ the Lie

algebroid structures ([ , ]̄ φ0 , π̄φ0) and ([[ , ]]ˆX0

(Λ0,E0),
̂

#̃(Λ0,E0)
X0), respectively.

In this Section, we generalize the above result for an arbitrary Jacobi bial-

gebroid. In fact, we prove



3.5.2. Lie bialgebroids and Jacobi bialgebroids 95

Theorem 3.29 Let ((A, φ0), (A
∗, X0)) be a Jacobi bialgebroid and (Λ0, E0)

be the induced Jacobi structure over M . Consider on Ā (resp. Ā∗) the Lie

algebroid structure ([[ , ]]̄ φ0 , ρ̄φ0) (resp. ([[ , ]]∗̂
X0 , ρ̂∗

X0)). Then:

i) The pair (Ā, Ā∗) is a Lie bialgebroid over M × R.

ii) If Π0 is the induced Poisson structure on M × R then Π0 is the Pois-

sonization of the Jacobi structure (Λ0, E0).

Proof: i) Using (3.75) and (3.83), we obtain that

d̂∗
X0

[[X̄, Ȳ ]]̄ φ0 = e−t
(
dX0
∗ [[X̄, Ȳ ]] + dX0

∗ (φ0(X̄)∂Ȳ
∂t

)

−dX0
∗ (φ0(Ȳ )∂X̄

∂t
) +X0 ∧ ∂

∂t
[[X̄, Ȳ ]]

+X0 ∧ ∂
∂t

(φ0(X̄)∂Ȳ
∂t

)−X0 ∧ ∂
∂t

(φ0(Ȳ )∂X̄
∂t

)
)
.

Moreover, applying (3.2), (3.76), (3.77) and (3.78), it follows that

d̂∗
X0

[[X̄, Ȳ ]]̄ φ0 = e−t
(
dX0
∗ [[X̄, Ȳ ]] +X0 ∧ [[∂X̄

∂t
, Ȳ ]] +X0 ∧ [[X̄, ∂Ȳ

∂t
]]

+φ0(X̄) ∂
∂t

(dX0
∗ Ȳ )− φ0(Ȳ ) ∂

∂t
(dX0
∗ X̄)

−φ0(X̄)X0 ∧ ∂Ȳ
∂t

+ φ0(Ȳ )X0∧ ∂X̄
∂t

+φ0(X̄)X0 ∧ ∂2Ȳ
∂t2
− φ0(Ȳ )X0 ∧ ∂2X̄

∂t2

+ ∂
∂t

(φ0(X̄))X0 ∧ ∂Ȳ
∂t
− ∂

∂t
(φ0(Ȳ ))X0 ∧ ∂X̄

∂t

+dX0
∗ (φ0(X̄)) ∧ ∂Ȳ

∂t
− dX0

∗ (φ0(Ȳ )) ∧ ∂X̄
∂t

)
.

On the other hand, from (3.35), (3.76), (3.81) and (3.83), we have that

[[X̄, d̂∗
X0

Ȳ ]]̄ φ0 = e−t
(
[[X̄, dX0

∗ Ȳ ]]φ0 + [[X̄,X0 ∧ ∂Ȳ
∂t

]]φ0

+φ0(X̄) ∂
∂t

(dX0
∗ Ȳ ) + φ0(X̄)X0 ∧ ∂2Ȳ

∂t2

−∂X̄
∂t
∧ iφ0(d

X0
∗ Ȳ ) + φ0(

∂Ȳ
∂t

)∂X̄
∂t
∧X0

)
.

Therefore, using (3.18) and (3.20) and the fact that ∂
∂t

(φ0(Z̄)) = φ0(
∂Z̄
∂t

), for
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Z̄ ∈ Γ(Ā),

[[X̄, d̂∗
X0

Ȳ ]]̄ φ0 = e−t
(
[[X̄, dX0

∗ Ȳ ]]φ0 + [[X̄,X0]] ∧ ∂Ȳ
∂t

+X0 ∧ [[X̄, ∂Ȳ
∂t

]]

−φ0(X̄)X0 ∧ ∂Ȳ
∂t

+ φ0(X̄) ∂
∂t

(dX0
∗ Ȳ ) + φ0(X̄)X0 ∧ ∂2Ȳ

∂t2

−∂X̄
∂t
∧ iφ0(d

X0
∗ Ȳ ) + ∂

∂t
(φ0(Ȳ ))∂X̄

∂t
∧X0

)
.

Finally, from (3.33) and (3.36), we deduce that

d̂∗
X0

[[X̄, Ȳ ]]̄ φ0 = [[X̄, d̂∗
X0

Ȳ ]]̄ φ0 − [[Ȳ , d̂∗
X0

X̄]]̄ φ0 .

ii) Using (3.35), (3.79), (3.82) and Theorem 3.13, we obtain that the induced

Poisson structure Π0 on M × R is given by

Π0(d0f̄ , d0ḡ) = d̂∗
X0

f̄ · d̄φ0 ḡ = e−t
(
dḡ · d∗f̄ +

∂f̄

∂t
ρ(X0)(ḡ)−

∂ḡ

∂t
ρ(X0)(f̄)

)
,

for f̄ , ḡ ∈ C∞(M × R,R).

On the other hand, using (3.46) and (3.47), we prove that

e−t
(
Λ0 +

∂

∂t
∧ E0

)
(f̄ , ḡ) = e−t

(
dḡ · d∗f̄ +

∂f̄

∂t
ρ(X0)(ḡ)−

∂ḡ

∂t
ρ(X0)(f̄)

)
,

for f̄ , ḡ ∈ C∞(M × R,R). Therefore, Π0 is the Poissonization of (Λ0, E0).

QED

Now, we discuss a converse of Theorem 3.29.

Theorem 3.30 Let (A, ([[ , ]], ρ), φ0) be a Jacobi algebroid. Suppose that

(([[ , ]]∗, ρ∗), X0) is a Jacobi algebroid structure on A∗. Consider on Ā =

A × R (resp. Ā∗ = A∗ × R) the Lie algebroid structure ([[ , ]]̄ φ0 , ρ̄φ0) (resp.

([[ , ]]∗̂
X0 , ρ̂∗

X0)). If (Ā, Ā∗) is a Lie bialgebroid then the pair ((A, φ0), (A
∗, X0))

is a Jacobi bialgebroid.

Proof: Let { , }0̄ be the induced Poisson bracket on M × R. Then, from

(3.79), (3.82) and Theorem 3.13, it follows that

{f̄ , ḡ}0̄ = e−t
(
dḡ · d∗f̄ +

∂f̄

∂t
ρ(X0)(ḡ) +

∂ḡ

∂t
ρ∗(φ0)(f̄) +

∂ḡ

∂t

∂f̄

∂t
φ0(X0)

)
,
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for f̄ , ḡ ∈ C∞(M × R,R). Since { , }0̄ is skew-symmetric, we have that

{t, t}0̄ = 0 which implies that φ0(X0) = 0. As a consequence,

{f̄ , ḡ}0̄ = e−t
(
dḡ · d∗f̄ +

∂f̄

∂t
ρ(X0)(ḡ) +

∂ḡ

∂t
ρ∗(φ0)(f̄)

)
.

In particular, if f ∈ C∞(M,R) then, using that {f, t}0̄ = −{t, f}0̄, we

conclude that ρ(X0) = −ρ∗(φ0).

Now, if X,Y ∈ Γ(A), from (3.75), (3.81) and (3.83), we obtain that

d̂∗
X0

[[X,Y ]]̄ φ0 = e−tdX0
∗ [[X, Y ]],

[[X, d̂∗
X0

Y ]]̄ φ0 − [[Y, d̂∗
X0

X]]̄ φ0 = ρ̄φ0(X)(e−t)dX0
∗ Y + e−t[[X, dX0

∗ Y ]]̄ φ0

−ρ̄φ0(Y )(e−t)dX0
∗ X − e−t[[Y, dX0

∗ X]]̄ φ0

= e−t
(
[[X, dX0

∗ Y ]]φ0 − [[Y, dX0
∗ X]]φ0

)
.

Thus, since d̂∗
X0

[[X, Y ]]̄ φ0 = [[X, d̂∗
X0

Y ]]̄ φ0−[[Y, d̂∗
X0

X]]̄ φ0 , we deduce (3.33).

Finally, if X ∈ Γ(A) then, using the computations in the proof of Theorem

3.29 and the fact that

d̂∗
X0

[[X, etY ]]̄ φ0 = [[X, d̂∗
X0

(etY )]]̄ φ0 − [[etY, d̂∗
X0

X]]̄ φ0 ,

for all Y ∈ Γ(A), we prove that
(
[[X0, X]] + (LX0

∗ )φ0X
)
∧ Y = 0. But this

implies that

[[X0, X]] + (LX0
∗ )φ0X = 0.

QED

In [83] it was proved that if the pair (A,A∗) is a Lie bialgebroid then the

pair (A∗, A) is also a Lie bialgebroid. Using this fact, Propositions 3.24 and

3.28 and Theorems 3.29 and 3.30, we conclude that a similar result holds for

Jacobi bialgebroids.

Theorem 3.31 If ((A, φ0), (A
∗, X0)) is a Jacobi bialgebroid, so is ((A∗, X0),

(A, φ0)).
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3.6 A characterization of Jacobi bialgebroids

Let τ : A → M be a vector bundle over M and τ ∗ : A∗ → M be the dual

bundle. Then, the cotangent bundle to A, T ∗A, is a real vector bundle on

A∗ with vector bundle projection r : T ∗A→ A∗ defined by

r(µa)(b) = µa(b
v
a), (3.88)

for µa ∈ T ∗aA and a, b ∈ Ap = τ−1(p), where bva is the vertical lift of b

to TaAp ⊆ TaA. Moreover, there exists a canonical isomorphism of vector

bundles R : T ∗A∗ → T ∗A over the identity Id : A∗ → A∗. In fact, suppose

that (xi, vj) are fibred coordinates in A and that (xi, pj) are the corresponding

coordinates in A∗. Then, we may consider the induced local coordinates

(xi, vj; pxi , pvj
) (respectively, (xi, pj; pxi , ppj

)) on T ∗A (respectively, T ∗A∗).

In these coordinates, the local expression of R is

R(xi, pj; pxi , ppj
) = (xi, ppj

;−pxi , pj) (3.89)

(for more details, see [83]).

Now, assume that ([[ , ]], ρ) (respectively, ([[ , ]]∗, ρ∗)) is a Lie algebroid struc-

ture on A (respectively, A∗) and denote by ΠA∗ (respectively, ΠA) the as-

sociated linear Poisson structure on A∗ (respectively, A). Then, one may

consider the vector bundle morphism Ψ = #ΠA
◦ R : T ∗A∗ → TA over the

map Ψ0 = ρ∗ : A∗ → TM .

Note that the vector bundles T ∗A∗ → A∗ and TA→ TM are Lie algebroids

(see Examples 4 and 9 in Section 1.2.2).

Furthermore, Mackenzie and Xu [83] proved that

Theorem 3.32 [83] Let (A, [[ , ]], ρ) be a Lie algebroid such that the dual

bundle A∗ to A also admits a Lie algebroid structure ([[ , ]]∗, ρ∗). Then, (A,A∗)

is a Lie bialgebroid if and only if the pair (Ψ,Ψ0) is a Lie algebroid morphism.

In this Section, we will obtain the corresponding result in the Jacobi set-

ting. For this purpose, we will introduce the definition of a Jacobi algebroid

morphism.
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Definition 3.33 Let (Ψ,Ψ0) be a vector bundle morphism between two vec-

tor bundles τ : A → M and τ ′ : A′ → M ′. Moreover, suppose that A (re-

spectively, A′) admits a Jacobi algebroid structure (([[ , ]], ρ), φ0) (respectively,

(([[ , ]]′, ρ′), φ′0)). Then, the pair (Ψ,Ψ0) is said to be a Jacobi algebroid mor-

phism if:

i) (Ψ,Ψ0) is a Lie algebroid morphism and

ii) φ̃′0 ◦Ψ = φ̃0,

where φ̃′0 : A′ → R and φ̃0 : A → R are the linear functions induced by the

1-cocycles φ′0 and φ0, respectively.

Next, we will prove that one may characterize Jacobi bialgebroids in terms

of Jacobi algebroid morphisms.

In fact, assume that (A, ([[ , ]], ρ), φ0) is a Jacobi algebroid and that the dual

bundle A∗ to A also admits a Jacobi algebroid structure (([[ , ]]∗, ρ∗), X0).

Then, the pair (([[ , ]], ρ), φ0) induces a homogeneous Jacobi structure (Λ(A∗,φ0),

E(A∗,φ0)) on A∗ (see Theorem 2.7) and, thus, the vector bundle T ∗A∗ ×
R → A∗ is a Lie algebroid with Lie algebroid structure ([[ , ]](Λ(A∗,φ0),E(A∗,φ0)),

#̃(Λ(A∗,φ0),E(A∗,φ0))). Denote by d(Λ(A∗,φ0),E(A∗,φ0)) the differential of this Lie al-

gebroid and by X̃0 : A∗ → R the linear function induced by the 1-cocycle

X0 ∈ Γ(A). We have that (see (1.30))

X̄0 = d(Λ(A∗,φ0),E(A∗,φ0))(X̃0) = (−#Λ(A∗,φ0)
(d0X̃0), E(A∗,φ0)(X̃0))

is, clearly, a 1-coboundary of the Lie algebroid (T ∗A∗×R, [[ , ]](Λ(A∗,φ0),E(A∗,φ0)),

#̃(Λ(A∗,φ0),E(A∗,φ0))). In particular, this implies that:

The pair (([[ , ]](Λ(A∗,φ0),E(A∗,φ0)), #̃(Λ(A∗,φ0),E(A∗,φ0))), X̄0) is a Jacobi alge-

broid structure on the vector bundle T ∗A∗ × R→ A∗.

Now, we consider the tangent Lie algebroid (TA, [[ , ]]T , ρT ) and the corres-

ponding linear Poisson structure Π(TA)∗ on the vector bundle (TA)∗ → TM .

The complete lift φ̃c0 : TA → R of φ̃0 : A → R is a linear function in
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TA→ TM and, thus, it induces a section of the vector bundle (TA)∗ → TM ,

which we will denote by φ̄0. Moreover, we may identify the dual bundle to

TA→ TM with the vector bundle TA∗ → TM and, under this identification,

the Poisson structure Π(TA)∗ (respectively, the vertical lift φ̄v
0 ∈ X((TA)∗) of

φ̄0 ∈ Γ((TA)∗)) is just the complete lift Πc
A∗ of the linear Poisson structure

ΠA∗ on A∗ induced by the Lie algebroid (A, [[ , ]], ρ) (respectively, the complete

lift (φv
0 )c ∈ X(TA∗) of φv

0 ∈ X(A∗)).

On the other hand, using (1.46), we have that

(L0)(φv0 )cΠc
A∗ = ((L0)φv0 ΠA∗)

c = 0,

which implies that

(L0)φ̄v0 Π(TA)∗ = 0,

i.e., φ̄0 : TA→ TM is a 1-cocycle of the tangent Lie algebroid (TA, [[ , ]]T , ρT ).

Consequently, we have proved that:

The pair (([[ , ]]T , ρT ), φ̄0) is a Jacobi algebroid structure on the vector

bundle TA→ TM .

Next, we consider the homogeneous Jacobi structure (Λ(A,X0), E(A,X0)) on

A induced by the Jacobi algebroid structure (([[ , ]]∗, ρ∗), X0) on A∗ and the

anchor map #̃(Λ(A,X0),E(A,X0)) : T ∗A × R → TA of the 1-jet Lie algebroid

T ∗A× R→ A, that is,

#̃(Λ(A,X0),E(A,X0))(µa, λ) = #Λ(A,X0)
(µa) + λE(A,X0)(a), (3.90)

for (µa, λ) ∈ T ∗aA × R. Furthermore, we will denote by ∆A∗ the Liouville

vector field of A∗ and by I∆A∗ : T ∗A∗ × R → T ∗A∗ × R the isomorphism of

vector bundles over the identity Id : A∗ → A∗ defined by

I∆A∗ (µa∗ , λ) = (µa∗ , λ− µa∗(∆A∗(a
∗))), (3.91)

for (µa∗ , λ) ∈ T ∗a∗A∗ × R. In addition, T ∗A × R is a vector bundle over A∗

with bundle projection r̄ : T ∗A× R→ A∗ given by

r̄(µa, λ) = r(µa), for (µa, λ) ∈ T ∗aA∗ × R,
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and the map (R,−Id) : T ∗A∗ × R→ T ∗A× R defined by

(R,−Id)(µa∗ , λ) = (R(µa∗),−λ), for (µa∗ , λ) ∈ T ∗a∗A∗ × R (3.92)

is an isomorphism of vector bundles over the identity Id : A∗ → A∗.

Now, we will denote by Ψ : T ∗A∗ × R→ TA the map given by

Ψ = #̃(Λ(A,X0),E(A,X0)) ◦ (R,−Id) ◦ I∆A∗ (3.93)

and by Ψ0 : A∗ → TM the anchor map of the Lie algebroid (A∗, [[ , ]]∗, ρ∗),

that is, Ψ0 = ρ∗.

Then, from (3.88)-(3.93), it follows that the pair (Ψ,Ψ0) is a vector bundle

morphism between the vector bundles T ∗A∗ × R → A∗ and TA → TM .

Thus, we have the following commutative diagram.

A∗ Ψ0
TM-

T ∗A∗ × R
Ψ

? ?

- TA

The aim of this Section is to prove the following result.

Theorem 3.34 Let (A, ([[ , ]], ρ), φ0) be a Jacobi algebroid over M such that

the dual bundle A∗ →M also admits a Jacobi algebroid structure (([[ , ]]∗, ρ∗),

X0). Then, ((A, φ0), (A
∗, X0)) is a Jacobi bialgebroid if and only if the pair

(Ψ,Ψ0) is a Jacobi algebroid morphism between the Jacobi algebroids (T ∗A∗×
R, ([[ , ]](Λ(A∗,φ0),E(A∗,φ0)), #̃(Λ(A∗,φ0),E(A∗,φ0))), X̄0) and (TA, ([[ , ]]T , ρT ), φ̄0).

In the proof of this Theorem, we will use the following notation:

• We will denote by ΠĀ∗ the Poissonization on Ā∗ = A∗ × R of the Jacobi

structure (Λ(A∗,φ0), E(A∗,φ0)), that is,

ΠĀ∗ = e−t
(
Λ(A∗,φ0) +

∂

∂t
∧ E(A∗,φ0)

)
. (3.94)
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As we know, ΠĀ∗ is a linear Poisson structure on the vector bundle Ā∗ →
M × R and it induces a Lie algebroid structure ([[ , ]]̂ φ0 , ρ̂φ0) on the vec-

tor bundle A × R → M × R given by (2.12) (see Example 6 in Section

2.3). Moreover, we may consider the corresponding cotangent Lie algebroid

(T ∗(Ā∗), [[ , ]]ΠĀ∗ ,#ΠĀ∗ ) associated with the Poisson structure ΠĀ∗ .

• We will denote by ΠĀ the Poissonization on Ā = A × R of the Jacobi

structure (Λ(A,X0), E(A,X0)) on A, i.e.,

ΠĀ = e−t
(
Λ(A,X0) +

∂

∂t
∧ E(A,X0)

)
, (3.95)

and by ([[ , ]]∗̂
X0 , ρ̂∗

X0) the corresponding Lie algebroid structure on the vector

bundle Ā∗ = A∗ × R→M × R.

• Since (Ā = A × R, [[ , ]]̄ φ0 , ρ̄φ0) is a Lie algebroid over M × R we may

consider the tangent Lie algebroid T (Ā) = T (A×R)→ T (M ×R). We will

denote by ([[ , ]]T̄
φ0 , ρ̄φ0

T ) the Lie algebroid structure on T (Ā) → T (M × R).

We recall that

ρ̄φ0

T = J̄ ◦ (ρ̄φ0)T , (3.96)

where J̄ : T (T (M × R)) → T (T (M × R)) is the natural involution and

(ρ̄φ0)T : T (Ā) → T (T (M × R)) is the tangent map to ρ̄φ0 : Ā → T (M × R)

(see, for instance, [83]). Furthermore, if X and Y are sections of the vector

bundle TA → TM and we denote by X̄ and Ȳ the sections of the vector

bundle T (Ā)→ T (M × R) defined by

X̄(v, (t, ṫ)) = (X(v), (t, ṫ)), Ȳ (v, (t, ṫ)) = (Y (v), (t, ṫ)),

for v ∈ TM and (t, ṫ) ∈ TR, then (see [83])

[[X̄, Ȳ ]]T̄
φ0(v, (t, ṫ)) = ([[X, Y ]]T (v), (t, ṫ)),

that is,

[[X̄, Ȳ ]]T̄
φ0 = [[X,Y ]]T . (3.97)

• The canonical isomorphism between the vector bundles T ∗(Ā∗)→ Ā∗ and

T ∗(Ā)→ Ā∗ will be denoted by R̄ : T ∗(Ā∗)→ T ∗(Ā).
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• As we know (see Proposition 3.24), the isomorphism of vector bundles

Θ−1 : Ā→ Ā defined by

Θ−1(a, t) = (e−ta, t) (3.98)

induces an isomorphism between the Lie algebroids (Ā, [[ , ]]̂ φ0 , ρ̂φ0) and (Ā,

[[ , ]]̄ φ0 , ρ̄φ0). Thus, if Π̃Ā∗ is the linear Poisson structure on Ā∗ induced by the

Lie algebroid (Ā, [[ , ]]̄ φ0 , ρ̄φ0), the adjoint map (Θ−1)∗ : Ā∗ → Ā∗ is a Poisson

isomorphism between the Poisson manifolds (Ā∗, Π̃Ā∗) and (Ā∗,ΠĀ∗). There-

fore, the cotangent map to (Θ−1)∗, ((Θ−1)∗)T
∗

: T ∗Ā∗ → T ∗Ā∗ defines a Lie

algebroid isomorphism between the cotangent Lie algebroids (T ∗Ā∗, [[ , ]]ΠĀ∗ ,

#ΠĀ∗ ) and (T ∗Ā∗, [[ , ]]Π̃Ā∗
,#Π̃Ā∗

), associated with the Poisson manifolds (Ā∗,

ΠĀ∗) and (Ā∗, Π̃Ā∗), respectively. We will denote by Ī∆A∗ the isomorphism

((Θ−1)∗)T
∗
. Note that the Poisson structure Π̃Ā∗ is given by

Π̃Ā∗ = Λ(A∗,φ0) +
( ∂
∂t

+ ∆A∗

)
∧ E(A∗,φ0). (3.99)

On the other hand, if · denotes the scalar multiplication on TA∗ when this

space is considered as a vector bundle over TM then a direct computation,

using (3.98), proves that

Ī∆A∗ (µa∗ + λ d0t|t) = e−t · µa∗ + (λ− µa∗(∆A∗(a
∗)))d0t|t, (3.100)

for µa∗ + λ d0t|t ∈ T ∗(a∗,t)(Ā∗) = T ∗(a∗,t)(A
∗×R), where e−t · µa∗ is the covector

in A∗ at the point eta∗ defined by

(e−t · µa∗)(Xeta∗) = µa∗(e
−t ·Xeta∗), (3.101)

for Xeta∗ ∈ Teta∗A
∗.

Proof of Theorem 3.34: Using Theorems 3.29, 3.30 and 3.32, we deduce that

((A, φ0), (A
∗, X0)) is a Jacobi bialgebroid if and only if the pair (Ψ̄, Ψ̄0) is

a morphism between the Lie algebroids (T ∗(Ā∗), [[ , ]]ΠĀ∗ ,#ΠĀ∗ ) and (T (Ā),

[[ , ]]T̄
φ0 , ρ̄φ0

T ), Ψ̄ : T ∗(Ā∗)→ T (Ā) (respectively, Ψ̄0 : Ā∗ → T (M × R)) being

the map given by

Ψ̄ = #ΠĀ
◦ R̄ ◦ Ī∆A∗ ,
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(respectively, Ψ̄0 = ρ̄X0
∗ ).

Thus, we must prove that the pair (Ψ,Ψ0) is a Jacobi algebroid morphism be-

tween the Jacobi algebroids (T ∗A∗×R,([[ , ]](Λ(A∗,φ0),E(A∗,φ0)),#̃(Λ(A∗,φ0),E(A∗,φ0))),

X̄0) and (TA, ([[ , ]]T , ρT ), φ̄0) if and only if the pair (Ψ̄, Ψ̄0) is a Lie al-

gebroid morphism between the Lie algebroids (T ∗(Ā∗), [[ , ]]ΠĀ∗ ,#ΠĀ∗ ) and

(T (Ā), [[ , ]]T̄
φ0 , ρ̄φ0

T )

For this purpose, we will proceed in several steps.

First step: We will show that the following diagram

T (Ā∗)
(ρ̄X0
∗ )T

T (T (M × R))-

T ∗(Ā∗)
Ψ̄

? ?

- T (Ā)

#ΠĀ∗ ρ̄φ0

T

is commutative if and only if

(J ◦ ρT )
{
iR(µa∗ )(Λ(A,X0)(r

∗(µa∗)))− λE(A,X0)(r
∗(µa∗))

}
= ρT∗

{
iµa∗ (Λ(A∗,φ0)(a

∗)) + (λ+ µa∗(∆A∗(a
∗)))E(A∗,φ0)(a

∗)
}
,

(3.102)

φ̄0

{
iR(µa∗ )(Λ(A,X0)(r

∗(µa∗)))− λE(A,X0)(r
∗(µa∗))

}
=

{
iµa∗ (Λ(A∗,φ0)(a

∗)) + (λ+ µa∗(∆A∗(a
∗)))E(A∗,φ0)(a

∗)
}

(X̃0),
(3.103)

for (µa∗ , λ) ∈ T ∗a∗A∗ ×R, where J : T (TM)→ T (TM) is the natural involu-

tion and r∗ : T ∗A∗ → A is the bundle projection when T ∗A∗ is considered as

a vector bundle over A.

In fact, using (3.89), (3.95), (3.96), (3.100) and (3.101), we deduce that

(ρ̄φ0

T ◦#ΠĀ
◦ R̄)(µa∗ + λ d0t|t)

= e−t ·
{

(J ◦ ρT )
[
iR(µa∗ )(Λ(A,X0)(r

∗(µa∗)))− λE(A,X0)(r
∗(µa∗))

]}
+φ̃0(r

∗(µa∗))
∂
∂t |t + e−t

{[
iR(µa∗ )(Λ(A,X0)(r

∗(µa∗)))

−λE(A,X0)(r
∗(µa∗))

]
(φ̃0)

}
∂
∂ṫ |e−tR(µa∗ )(E(A,X0)(r

∗(µa∗ )))
,

(3.104)
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for µa∗ +λ d0t|t ∈ T ∗(a∗,t)(Ā∗), t being the usual coordinate on R and (t, ṫ) the

induced coordinates on TR.

On the other hand, from (2.12) and (3.94), it follows that

(ρ̂X0
∗ ◦#Π̃Ā∗

)(µa∗ + λ d0t|t)

= e−t ·
{
ρT∗

(
iµa∗ (Λ(A∗,φ0)(a

∗)) + (λ+ µa∗(∆A∗(a
∗)))E(A∗,φ0)(a

∗)

−µa∗(E(A∗,φ0)(a
∗))∆A∗(a

∗)
)}

+e−t
{[
iµa∗ (Λ(A∗,φ0)(a

∗)) + (λ+ µa∗(∆A∗(a
∗)))E(A∗,φ0)(a

∗)

−µa∗(E(A∗,φ0)(a
∗))∆A∗(a

∗)
]
(X̃0)

+µa∗(E(A∗,φ0)(a
∗))X̃0(a

∗)
}
∂
∂ṫ |e−tX̃0(a∗)

−µa∗(E(A∗,φ0)(a
∗)) ∂

∂t |t + e−tµa∗(E(A∗,φ0)(a
∗))ρ∗(a

∗)v|e−tρ∗(a∗)
,

(3.105)

where ρ∗(a
∗)v|e−tρ∗(a∗)

is the vertical lift of ρ∗(a
∗) to T (TM) at e−tρ∗(a

∗).

Moreover, using (3.88), (3.89) and since E(A∗,φ0) = −φv
0 and E(A,X0) = −Xv

0 ,

we have that
µa∗(E(A∗,φ0)(a

∗)) = −φ0(r
∗(µa∗)),

R(µa∗)(E(A,X0)(r
∗(µa∗))) = −X0(a

∗).
(3.106)

In addition, it is easy to prove that

ρT∗ (∆A∗(a
∗)) = ρ∗(a

∗)v|ρ∗(a∗),

∆A∗(a
∗)(X̃0) = X̃0(a

∗).
(3.107)

Thus, using (3.104)-(3.107), we deduce the result.

Second step: If µ ∈ Ω1(A∗) and f ∈ C∞(A∗,R), we will denote by (µ, f) the

1-form on Ā∗ defined by

(µ, f) = et(µ+ f d0t).

Note that

(Ψ̄ ◦ (µ, f))(a∗, t) = iR(µ(a∗))(Λ(A,X0)(r
∗(µ(a∗))))

+(µ(a∗)(∆A∗(a
∗))− f(a∗))E(A,X0)(r

∗(µ(a∗)))

−R(µ(a∗))(E(A,X0)(r
∗(µ(a∗)))) ∂

∂t |t,
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for (a∗, t) ∈ Ā∗. Thus, we may consider a Ψ̄-decomposition of (µ, f) as follows

Ψ̄ ◦ (µ, f) =
∑
i

ūi(X̄i ◦ ρ̄X0
∗ ),

with ui ∈ C∞(A∗,R) and Xi a section of the vector bundle TA → TM ,

where

ūi(a
∗, t) = ui(a

∗), X̄i(v, (t, ṫ)) = (Xi(v), t, ṫ),

for (a∗, t) ∈ Ā∗ and (v, (t, ṫ)) ∈ TM × TR = T (M × R).

Now, we have that (Ψ̄, Ψ̄0) is a Lie algebroid morphism over ρ̄X0
∗ if and only

if (3.102) and (3.103) hold and, in addition, for all (µ, f), (ν, g) ∈ Ω1(A∗) ×
C∞(A∗,R)

Ψ̄ ◦ [[(µ, f), (ν, g)]]ΠĀ∗ =
∑
i,j

ūiv̄j([[X̄i, Ȳj]]T̄
φ̄0 ◦ ρ̄X0

∗ )

+
∑
j

(#ΠĀ∗ (µ, f))(v̄j)(Ȳj ◦ ρ̄X0
∗ )

−
∑
i

(#ΠĀ∗ (ν, g))(ūi)(X̄i ◦ ρ̄X0
∗ )

(3.108)

where

Ψ̄ ◦ (µ, f) =
∑
i

ūi(X̄i ◦ ρ̄X0
∗ ), Ψ̄ ◦ (ν, g) =

∑
j

v̄j(Ȳj ◦ ρ̄X0
∗ ),

and ui, vj ∈ C∞(A∗,R) and Xi, Yj are sections of the vector bundle TA →
TM .

Third step: We will prove that (3.102) and (3.103) hold if and only if the

following diagram

TA∗ ΨT
0 T (TM)-

T ∗A∗ × R
Ψ

? ?

- TA

#̃(Λ(A∗,φ0),E(A∗,φ0)) ρT

is commutative and ˜̄φ0 ◦Ψ = ˜̄X0.



3.6. A characterization of Jacobi bialgebroids 107

In fact, the diagram is commutative if and only if

ρT∗

{
iµa∗ (Λ(A∗,φ0)(a

∗)) + λE(A∗,φ0)(a
∗)

}
= (J ◦ ρT )

{
iR(µa∗ )(Λ(A,X0)(r

∗(µa∗)))

+(µa∗(∆A∗(a
∗))− λ)E(A,X0)(r

∗(µa∗))
} (3.109)

for (µa∗ , λ) ∈ T ∗a∗A∗ × R.

Now, it is easy to check that conditions (3.102) and (3.109) are equivalent.

On the other hand, using (3.103), it follows that

φ̄0(iR(µa∗ )(Λ(A,X0)(r
∗(µa∗))))

= µa∗(#Λ(A∗,φ0)
(d0X̃0)(a

∗)) + µa∗(∆A∗(a
∗))E(A∗,φ0)(a

∗)(X̃0),
(3.110)

−φ̄0(E(A,X0)(r
∗(µa∗))) = E(A∗,φ0)(a

∗)(X̃0), (3.111)

for all a∗ ∈ A∗ and µa∗ ∈ T ∗a∗A∗. From (3.111) and since E(A,X0) = −Xv
0 and

E(A∗,φ0) = −φv
0 , we obtain that

E(A∗,φ0)(X̃0) = 0, E(A,X0)(φ̃0) = 0, φ0(X0) = 0. (3.112)

Therefore, using (1.29), (3.91), (3.93), (3.110) and (3.112), we conclude that

˜̄φ0 ◦Ψ = ˜̄X0.

Conversely, assume that
˜̄φ0 ◦Ψ = ˜̄X0.

Then, from (1.29), (3.91) and (3.93), we deduce that

φ̄0(iR(µa∗ )(Λ(A,X0)(r
∗(µa∗)))) + (µa∗(∆A∗(a

∗))− λ)E(A,X0)(r
∗(µa∗))

= −µa∗(#Λ(A∗,φ0)
(d0X̃0)(a

∗)) + λE(A∗,φ0)(a
∗)(X̃0),

(3.113)

for (µa∗ , λ) ∈ T ∗a∗A∗ × R.

This implies that

−φ̄0(E(A,X0)(r
∗(µa∗))) = E(A∗,φ0)(a

∗)(X̃0),
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and thus,

E(A∗,φ0)(X̃0) = 0, E(A,X0)(φ̃0) = 0, φ0(X0) = 0.

Consequently, using (3.113), we obtain that (3.103) holds.

Fourth step: We will show that (Ψ,Ψ0) is a Jacobi algebroid morphism if and

only if (Ψ̄, Ψ̄0) is a Lie algebroid morphism.

If (µ, f), (ν, g) ∈ Ω1(A∗)× C∞(A∗,R) are such that

Ψ ◦ (µ, f) =
∑
i

ui(Xi ◦Ψ0), Ψ ◦ (ν, g) =
∑
j

vj(Yj ◦Ψ0),

with ui, vj ∈ C∞(A∗,R) and Xi, Yj sections of the vector bundle TA→ TM ,

then we obtain that

Ψ̄ ◦ (µ, f) =
∑
i

ūi(X̄i ◦ ρ̄X0
∗ ), Ψ̄ ◦ (ν, g) =

∑
j

v̄j(Ȳj ◦ ρ̄X0
∗ ),

where ūi, v̄j ∈ C∞(Ā∗,R) and X̄i, Ȳj are sections of the vector bundle TĀ→
T (M × R) defined by

ūi(a
∗, t) = ui(a

∗), v̄j(a
∗, t) = vj(a

∗),

X̄i(v, (t, ṫ)) = (Xi(v), t, ṫ), Ȳj(v, (t, ṫ)) = (Yj(v), t, ṫ),

for (a∗, t) ∈ Ā∗ and (v, (t, ṫ)) ∈ TM × TR = T (M × R).

In addition, we have that

(#ΠĀ∗ (µ, f))(v̄j) = #̃(Λ(A∗,φ0),E(A∗,φ0))(µ, f)(vj)

(#ΠĀ∗ (ν, g))(ūi) = #̃(Λ(A∗,φ0),E(A∗,φ0))(ν, g)(ui).

Using these facts, (1.33) and (3.97), we conclude that (3.108) holds if and

only if

Ψ ◦ [[(µ, f), (ν, g)]](Λ(A∗,φ0),E(A∗,φ0))

=
∑
i,j

uivj([[Xi, Yj]]T ◦ ρ∗)

+
∑
j

(#̃(Λ(A∗,φ0),E(A∗,φ0))(µ, f))(vj)(Yj ◦ ρ∗)

−
∑
i

(#̃(Λ(A∗,φ0),E(A∗,φ0))(ν, g))(ui)(Xi ◦ ρ∗).
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This ends the proof of the result. QED

Suppose that (A, [[ , ]], ρ) is a Lie algebroid such that the dual bundle to

A, A∗, admits a Lie algebroid structure ([[ , ]]∗, ρ∗). Then, the morphism

Ψ : T ∗A∗ × R→ TA is given by (see (3.93))

Ψ(µa∗ , λ) = #ΠA
(R(µa∗)),

for (µa∗ , λ) ∈ T ∗a∗A∗×R, ΠA being the linear Poisson structure on A induced

by the Lie algebroid (A∗, [[ , ]]∗, ρ∗). On the other hand, since φ0 = 0 and

X0 = 0,

Λ(A∗,φ0) = Λ(A∗,0) = ΠA∗ , E(A∗,φ0) = E(A∗,0) = 0,

φ̄0 = 0, X̄0 = 0,

where ΠA∗ is the linear Poisson structure on A∗ induced by the Lie algebroid

A. In addition,

[[(µ, f), (ν, g)]](Λ(A∗,0),E(A∗,0)) = ([[µ, ν]]ΠA∗ ,−ΠA∗(µ, ν)),

#̃(Λ(A∗,0),E(A∗,0))(µ, f) = #ΠA∗ (µ),

for (µ, f), (ν, g) ∈ Ω1(A∗)× C∞(A∗,R).

Thus, using Theorem 3.34, we directly deduce Theorem 3.32.
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CHAPTER 4

Jacobi bialgebras

In this Chapter, we study Jacobi bialgebroids over a single point, that is,

Jacobi bialgebras. We propose a method generalizing the Yang-Baxter equa-

tion method to obtain Jacobi bialgebras and give some examples of Jacobi

bialgebras. Finally, we discuss compact Jacobi bialgebras.

4.1 Algebraic Jacobi structures

In this Section, we will deal with an algebraic version of the concept of Jacobi

structure.

Definition 4.1 Let (g, [ , ]g) be a real Lie algebra of finite dimension. An

algebraic Jacobi structure on g is a pair (r,X ′
0), with r ∈ ∧2g and X ′

0 ∈ g

satisfying

[r, r]g = 2X ′
0 ∧ r, [X ′

0, r]g = 0,

where [ , ]g is the algebraic Schouten bracket.

Note that the algebraic Poisson structures on g or, in other words, the solu-

tions of the classical Yang-Baxter equation on g are just the algebraic Jacobi

structures (r,X0) such that X ′
0 is zero.

111
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Let G be a connected Lie group with Lie algebra g. If s ∈ ∧kg then we

will denote by ←−s the left-invariant k-vector field on G defined by ←−s (g) =

(Lg)∗(s), for all g ∈ G. Since [←−s ,←−t ] =
←−−−
[s, t]g, for s, t ∈ ∧∗g, the pair (r,X ′

0)

is an algebraic Jacobi structure on g if and only if (←−r ,
←−
X ′

0) is a left invariant

Jacobi structure on G.

Examples 4.2 1.- Contact Lie algebras

Let (g, [ , ]g) be a real Lie algebra of odd dimension 2k + 1. We say that

η ∈ g∗ is an algebraic contact 1-form on g if η∧ (dη)k = η∧ dη∧ (k. . . ∧dη 6= 0,

where d is the Chevalley-Eilenberg differential of g (see [25]). In such a case,

(g, η) is termed a contact Lie algebra. If (g, η) is a contact Lie algebra, we

define r ∈ ∧2g and X ′
0 ∈ g as follows

r(µ, ν) = dη([−1
η (µ), [−1

η (ν)), X ′
0 = [−1

η (η), (4.1)

for µ, ν ∈ g∗, where [η: g→ g∗ is the isomorphism of vector spaces given by

[η(X) = iX(dη) + η(X)η, (4.2)

for X ∈ g. The vector X ′
0 is the Reeb vector of g and it is characterized by

the relations

iX′0(dη) = 0, η(X ′
0) = 1. (4.3)

If G is a connected Lie group with Lie algebra g then it is clear that the left

invariant 1-form ←−η on G satisfying ←−η (e) = η is a contact 1-form. Moreover,

the pair (←−r ,
←−
X ′

0) is just the Jacobi structure on G associated with ←−η (see,

for instance, [24, 39, 74]; see also Section 1.2.2). Therefore, we deduce that

(r,X ′
0) is an algebraic Jacobi structure on g.

Using (4.1), (4.2) and (4.3) (see also Remark 1.1), we find that #r(µ) =

−[−1
η (µ) + µ(X ′

0)X
′
0, for µ ∈ g∗, where #r : g∗ → g is the corresponding

linear map induced by r.

2.- Locally conformal symplectic Lie algebras

Let (g, [ , ]g) be a real Lie algebra of even dimension 2k. An algebraic locally

conformal symplectic (l.c.s.) structure on g is a pair (Ω, ω), where Ω ∈ ∧2g∗,



4.1. Algebraic Jacobi structures 113

ω ∈ g∗ and

Ωk = Ω∧ (k. . . ∧Ω 6= 0, dΩ = ω ∧ Ω, dω = 0. (4.4)

The 1-form ω is the Lee 1-form of the l.c.s. structure.

If (Ω, ω) is an algebraic l.c.s. structure on g, one can define r ∈ ∧2g and

X ′
0 ∈ g by

r(µ, ν) = Ω([−1
Ω (µ), [−1

Ω (ν)), X ′
0 = [−1

Ω (ω), (4.5)

for µ, ν ∈ g∗, [Ω: g→ g∗ being the isomorphism of vector spaces given by

[Ω(X) = iXΩ, (4.6)

for X ∈ g. If G is a connected Lie group with Lie algebra g then it is

clear that the left invariant 2-form
←−
Ω defines a locally conformal symplectic

structure on G. Furthermore, the pair (←−r ,
←−
X ′

0) is just the Jacobi structure

on G associated with
←−
Ω (see, for instance, [39, 57]; see also Section 1.2.2).

Consequently, we obtain that (r,X ′
0) is an algebraic Jacobi structure on g.

In this case, using (4.5) and (4.6) (see also Remark 1.1), it follows that

#r(µ) = −[−1
Ω (µ), for µ ∈ g∗. In particular, #r: g

∗ → g is a linear isomor-

phism.

It is clear that a real Lie algebra g is symplectic in the sense of [76] if and

only if g is l.c.s. and the Lee 1-form is zero. Moreover, if g is a symplectic Lie

algebra then the 2-vector r ∈ ∧2g given by (4.5) is a solution of the classical

Yang-Baxter equation on g.

Now, we introduce the following definition.

Definition 4.3 Let (g, [ , ]g) be a real Lie algebra of dimension n and (r,X ′
0)

be an algebraic Jacobi structure on g. The rank of (r,X ′
0) is the dimension

of the subspace #r(g
∗)+ < X ′

0 >⊆ g.

Equivalently, the rank of (r,X ′
0) is 2k ≤ n (respectively, 2k + 1 ≤ n) if the

rank of r is 2k and X ′
0 ∧ rk = X ′

0 ∧ r∧ (k. . . ∧r = 0 (respectively, X ′
0 ∧ rk 6= 0).
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If G is a connected Lie group with Lie algebra g then it is clear that the

rank of an algebraic Jacobi structure (r,X ′
0) on g is just the rank of the

Jacobi structure (←−r ,
←−
X ′

0) on G. Thus, the rank of a contact Lie algebra

(respectively, l.c.s. Lie algebra) of dimension 2k+1 (respectively, 2k) is 2k+1

(respectively, 2k). Conversely, using some well-known results about transitive

Jacobi manifolds (see [24, 39, 57]; see also Remark 1.2), one may prove that

if (r,X ′
0) is an algebraic Jacobi structure of rank 2k+1 (respectively, of rank

2k) on a Lie algebra g of dimension 2k + 1 (respectively, of dimension 2k)

then the structure (r,X ′
0) is associated with an algebraic contact structure

(respectively, an algebraic l.c.s. structure) on g. Moreover,

Proposition 4.4 Let (g, [ , ]g) be a real Lie algebra of dimension n and

(r,X ′
0) be an algebraic Jacobi structure on g of rank m ≤ n. Then, there

exists an m-dimensional Lie subalgebra h of g such that r ∈ ∧2h, X ′
0 ∈ h, the

pair (r,X ′
0) defines an algebraic Jacobi structure on h and:

i) If m is odd, the structure (r,X ′
0) is associated with an algebraic contact

structure on h.

ii) If m is even, the structure (r,X ′
0) is associated with an algebraic l.c.s.

structure on h.

Proof: Let G be a connected Lie group with Lie algebra g and (←−r ,
←−
X ′

0) be

the corresponding left invariant Jacobi structure on G. Denote by F the

characteristic foliation on G associated with the Jacobi structure (←−r ,
←−
X ′

0),

that is (see Section 1.1.3), for every g ∈ G, Fg is the subspace of TgG defined

by Fg = (#←−r )(T ∗gG)+ <
←−
X ′

0(g) >. It is clear that

←−r (g) ∈ ∧2Fg, Fg = (Lg)∗(Fe), dimFg = dimFe = m,

for all g ∈ G. Thus, h = Fe is anm-dimensional Lie subalgebra of g satisfying

the conclusions of the proposition. QED

In [25], Diatta proved that if G is a Lie group which admits a left invari-

ant contact structure and a bi-invariant semi-Riemannian metric, then G is
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semisimple and thus, from Theorem 5 in [5], he deduced that G is locally

isomorphic to SL(2,R) or to SU(2). Therefore, if h is a compact Lie algebra

endowed with an algebraic contact structure, then h is isomorphic to su(2).

Here, we will give a direct proof of this last assertion, and we will describe

all the algebraic contact structures on su(2).

Proposition 4.5 Let h be a compact Lie algebra of dimension 2k + 1, with

k ≥ 1. Suppose that (r,X ′
0) is an algebraic Jacobi structure on h which is

associated with an algebraic contact structure. Then, k = 1, h is isomorphic

to su(2) and

r = λ1e2 ∧ e3 + λ2e3 ∧ e1 + λ3e1 ∧ e2, X ′
0 = −(λ1e1 + λ2e2 + λ3e3),

where (λ1, λ2, λ3) ∈ R3 − {(0, 0, 0)} and {e1, e2, e3} is a basis of h such that

[e1, e2]h = e3, [e3, e1]h = e2, [e2, e3]h = e1.

Proof: Let η be the algebraic contact 1-form on h associated with the alge-

braic Jacobi structure (r,X ′
0) (see (4.1)). We can consider an ad-invariant

scalar product 〈 , 〉: h× h→ R on h and the vector Xη ∈ h characterized by

the relation

η(X) = 〈X,Xη〉, for X ∈ h. (4.7)

If d is the Chevalley-Eilenberg differential on h then, using (4.7) and the fact

that 〈 , 〉 is an ad-invariant scalar product, we see that iXη(dη) = 0. This

implies that

Ker(dη) =< X ′
0 >=< Xη > . (4.8)

Next, we will prove that the rank of h, as a compact Lie algebra, is 1. Assume

that there exists Y ∈ h such that [Xη, Y ]h = 0. From (4.7), we obtain that

(iY dη)(X) = − 〈Xη, [Y,X]h〉 = 0, for all X ∈ g. Thus, using (4.8), we deduce

that Xη and Y are linearly dependent.

Therefore, < Xη > is a maximal abelian subspace of h. This implies that the

rank of h is 1 and h is isomorphic to su(2).
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Let η be an arbitrary 1-form on h, η 6= 0, then η is an algebraic contact

1-form. If η = µ1e
1 +µ2e

2 +µ3e
3, where {e1, e2, e3} denotes the dual basis of

{e1, e2, e3}, the algebraic Jacobi structure (r,X ′
0) associated with η is given

by (see (4.1))

r = λ1e2 ∧ e3 + λ2e3 ∧ e1 + λ3e1 ∧ e2, X ′
0 = −(λ1e1 + λ2e2 + λ3e3)

with λi = − µi

(µ2
1+µ2

2+µ2
3)

, for i ∈ {1, 2, 3}. QED

4.2 Coboundary Jacobi bialgebras

In this Section, we will deal with a particular class of Jacobi bialgebroids

over a point.

Definition 4.6 A Jacobi bialgebra is a Jacobi bialgebroid over a point, that

is, a pair ((g, φ0), (g
∗, X0)), where (g, [ , ]g) is a real Lie algebra of finite

dimension such that the dual space g∗ is also a Lie algebra with Lie bracket

[ , ]g∗, X0 ∈ g and φ0 ∈ g∗ are 1-cocycles on g∗ and g, respectively, and

dX0
∗ [X, Y ]g = [X, dX0

∗ Y ]φ0
g − [Y, dX0

∗ X]φ0
g , (4.9)

φ0(X0) = 0, (4.10)

iφ0(d∗X) + [X0, X]g = 0, (4.11)

for all X, Y ∈ g. Here, d∗ being the Chevalley-Eilenberg differential of

(g∗, [ , ]g∗) (acting on g =∧1g ⊂∧∗g), dX0
∗ is the X0-differential of (g∗, [ , ]g∗ ,

X0) and [ , ]φ0
g is the algebraic φ0-Schouten bracket of g.

Remark 4.7 In the particular case when φ0 = 0 and X0 = 0, we recover the

concept of a Lie bialgebra [27], that is, a pair of Lie algebras in duality (g, g∗)

such that d∗[X, Y ]g = [X, d∗Y ]g − [Y, d∗X]g, for X,Y ∈ g (see [61, 83]).

Let g be a Lie algebra, φ0 ∈ g∗ be a 1-cocycle and c ∈ R. We can introduce

the representation ad(φ0,c): g× ∧kg→ ∧kg of g on ∧kg given by

ad(φ0,c)(X)(s) = [X, s]g− (k− c)φ0(X)s = ad(X)(s)− (k− c)φ0(X)s, (4.12)
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for X ∈ g and s ∈ ∧kg, where [ , ]g is the algebraic Schouten bracket. It is

clear that if c = 1 then (see (3.22))

ad(φ0,1)(X)(s) = [X, s]φ0
g . (4.13)

Now, assume that ((g, φ0), (g
∗, X0)) is a Jacobi bialgebra. Then, from (4.9)

and (4.13), we deduce that dX0
∗ is a 1-cocycle on g with respect to the repre-

sentation ad(φ0,1): g×∧2g→ ∧2g. Next, we will propose a method to obtain

Jacobi bialgebras such that dX0
∗ is a 1-coboundary (i.e., there exists r ∈ ∧2g

satisfying that dX0
∗ X = ad(φ0,1)(X)(r), for X ∈ g). It is a generalization of

the well-known Yang-Baxter equation method to obtain Lie bialgebras (see,

for instance, [110]).

Theorem 4.8 Let (g, [ , ]g) be a real Lie algebra of finite dimension. Suppose

that φ0 ∈ g∗ is a 1-cocycle and that r ∈ ∧2g and X0 ∈ g are such that

[r, r]g + 2X0 ∧ r is ad(φ0,1)-invariant, (4.14)

[X0, r]g = 0, (4.15)

iφ0(r) +X0 is ad(φ0,0)-invariant. (4.16)

If [ , ]g∗ is the bracket on g∗ given by

[µ, ν]g∗ = coad#r(µ)ν − coad#r(ν)µ− r(µ, ν)φ0 + iX0(µ ∧ ν), (4.17)

for µ, ν ∈ g∗, where coad: g × g∗ → g∗ is the coadjoint representation of g

over g∗, that is, (coadXµ)(Y ) = −µ[X,Y ]g, for X, Y ∈ g, then (g∗, [ , ]g∗) is

a Lie algebra and the pair ((g, φ0), (g
∗, X0)) is a Jacobi bialgebra.

Proof: From (1.20), (4.12), (4.14) and (4.16), it follows that

[[r, r]g + 2X0 ∧ r, s]g + 2([r, r]g + 2X0 ∧ r) ∧ iφ0(s) = 0,

[iφ0(r) +X0, s]g + (iφ0(r) +X0) ∧ iφ0(s) = 0,
(4.18)

for all s ∈ ∧kg. Moreover, using (4.16), we obtain that

φ0(X0) = 0. (4.19)
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Now, we define the R-linear map d∗ : ∧∗g→ ∧∗+1g by

d∗s = −[r, s]g + r ∧ (iφ0s)− kX0 ∧ s, (4.20)

for s ∈ ∧kg.

From (1.20), we deduce that d∗ is a derivation with respect to (⊕k ∧k g,∧).

Furthermore, using (1.20), (3.23), (4.15), (4.18) and (4.19), we conclude that

d2
∗ = 0. Thus, the equation

[µ, ν]g∗(X) = −d∗X(µ, ν),

for µ, ν ∈ g∗ and X ∈ g, defines the Lie bracket [ , ]g∗ of a Lie algebra

structure on g∗.

A simple computation, using (4.20) and the fact that

(coad#r(µ)ν − coad#r(ν)µ)(X) = [r,X]g(µ, ν),

for µ, ν ∈ g∗ and X ∈ g, shows that [ , ]g∗ is given by (4.17).

Moreover, from (4.15), (4.19) and (4.20), we get that X0 is a 1-cocycle of

(g∗, [ , ]g∗).

On the other hand, using (3.23), (4.12), (4.16), (4.19) and (4.20), we have

that

iφ0(d∗X) + [X0, X]g = 0, for X ∈ g.

Furthermore, from (4.20), we deduce that

dX0
∗ X = −[X, r]φ0

g , for X ∈ g.

Thus, using (3.21), we conclude that (4.9) holds. Therefore, the pair ((g, φ0),

(g∗, X0) is a Jacobi bialgebra. QED

Remark 4.9 i) From (4.20) we deduce that

d∗r = −[r, r]g − 2X0 ∧ r + (iφ0r) ∧ r. (4.21)
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ii) If X ∈ g, it follows that (see (4.17) and (4.20))

[µ, ν]g∗(X) = [X, r]g(µ, ν)− r(µ, ν)φ0(X)

+µ(X0)ν(X)− ν(X0)µ(X).
(4.22)

Remark 4.10 Let (g, [ , ]g) be a real Lie algebra of finite dimension. Suppose

that φ0 ∈ g∗ is a 1-cocycle and that r ∈ ∧2g satisfies the following relations

[r, r]g − 2iφ0(r) ∧ r = 0, [iφ0(r), r]g = 0,

that is, the pair (r, iφ0(r)) is an algebraic Jacobi structure (see Definition 4.1).

Then, r is a φ0-canonical section on g and, using Theorem 3.20, we deduce

that ((g, φ0), (g
∗,−iφ0(r))) is a triangular Jacobi bialgebroid. In particular,

this implies that ((g, φ0), (g
∗,−iφ0(r))) is a Jacobi bialgebra.

Now, using Theorem 4.8, we have

Corollary 4.11 Let (g, [ , ]g) be a real Lie algebra of finite dimension. Sup-

pose that φ0 ∈ g∗ is a 1-cocycle and that r ∈ ∧2g is such that (r, iφ0(r)) is

an algebraic Jacobi structure on g. If [ , ]g∗ is the Lie bracket on g∗ given by

(4.17), then (g∗, [ , ]g∗) is a Lie algebra and the pair ((g, φ0), (g∗,−iφ0(r)))

is a Jacobi bialgebra. Moreover, the linear map #r: g
∗ → g is a Lie algebra

homomorphism.

Proof: From Definition 4.1 and Theorem 4.8, we deduce that the pair ((g, φ0),

(g∗,−iφ0(r))) is a Jacobi bialgebra. On the other hand, if µ, ν, γ ∈ g∗ then the

equality [r, r]g(µ, ν, γ) = 2(iφ0(r)∧r)(µ, ν, γ) implies that −[µ, ν]g∗ (#r(γ)) =

γ[#r(µ),#r(ν)]g and therefore

#r([µ, ν]g∗) = [#r(µ),#r(ν)]g.
QED

Remark 4.12 Let (g, [ , ]g) be a real Lie algebra of finite dimension. Assume

that (Ω, ω) is an algebraic locally conformal symplectic (l.c.s.) structure on

g and denote by (r,X0) the corresponding algebraic Jacobi structure on g

(see Examples 4.2). Then, using Corollary 4.11 and the fact that X0 =

−#r(ω), we deduce that the pair ((g,−ω), (g∗,−X0)) is a Jacobi bialgebra.

Furthermore, since #r: g
∗ → g is a linear isomorphism, it follows that g∗ is

isomorphic, as a Lie algebra, to g.
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4.3 Examples of Jacobi bialgebras

First, we will give some examples of Jacobi bialgebras which are obtained

using Theorem 4.8 and Corollary 4.11.

4.3.1 Jacobi bialgebras from contact Lie algebras

Let (g, [ , ]g) be a Lie algebra endowed with an algebraic contact 1-form η

and let X ′
0 be the Reeb vector of g (see Examples 4.2). If Z(g) is the center

of g and X ∈ Z(g) then it is clear that iX(dη) = 0. This implies that

X ∈< X ′
0 >. Thus, Z(g) ⊆< X ′

0 > (see [25]). Therefore, we have two

possibilities: Z(g) = {0} or Z(g) =< X ′
0 >.

If Z(g) =< X ′
0 > then Diatta [25] proved that g is the central extension

of a symplectic Lie algebra (h, [ , ]h) by R via the 2-cocycle Ω, Ω being the

algebraic symplectic structure on h. Conversely, if (h, [ , ]h) is a symplectic

Lie algebra, with algebraic symplectic 2-form Ω, and on the direct product

g = h⊕ R we consider the Lie bracket [ , ]g given by

[(X,λ), (Y, µ)]g = ([X, Y ]h,−Ω(X, Y )), for (X,λ), (Y, µ) ∈ g, (4.23)

then η = (0, 1) ∈ h∗⊕R ∼= g∗ is an algebraic contact 1-form on g. Moreover,

since X ′
0 = (0, 1) ∈ h⊕ R = g, we deduce that Z(g) =< X ′

0 > (see [25]).

Now, suppose that r is the algebraic Poisson 2-vector on h associated with

the algebraic symplectic structure Ω and denote by X0 the vector defined by

X0 = −X ′
0. Then, the pair (r,−X0) is the algebraic Jacobi structure on g

associated with the contact 1-form η (see (4.1), (4.2), (4.5) and (4.6)). Thus,

using Theorem 4.8 and the fact that X0 ∈ Z(g), we can define a Lie bracket

[ , ]g∗ on g∗ in such a way that the pair ((g, 0), (g∗, X0)) is a Jacobi bialgebra.

On the other hand, from Corollary 4.11 and since r is a solution of the

classical Yang-Baxter equation on h, it follows that there exists a Lie bracket

[ , ]h∗ on h∗ in such a way that the pair (h, h∗) is a Lie bialgebra. In fact,

the Lie algebras (h, [ , ]h) and (h∗, [ , ]h∗) are isomorphic and, using (4.17),
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we get that [(µ, λ), (ν, γ)]g∗ = ([µ, ν]h∗ , 0), for (µ, λ), (ν, γ) ∈ h∗ ⊕ R ∼= g∗.

Consequently, g∗ is isomorphic, as a Lie algebra, to the direct product h⊕R.

We illustrate the preceding construction with a simple example.

Let (h, [ , ]h) be the abelian Lie algebra of dimension 2n and Ω the usual

symplectic 2-form. Then, h ⊕ R endowed with the Lie bracket given by

(4.23) is just the Lie algebra h(1, n) of the generalized Heisenberg group

H(1, n) (see [41]) and the 1-form η is just the usual algebraic contact 1-form

on h(1, n). In this case, the Lie algebra h(1, n)∗ is abelian.

Remark 4.13 A complete description of symplectic Lie algebras of dimen-

sion 4 was obtained in [92] (for a detailed study of symplectic Lie algebras,

see also [21, 76]). Thus, one can determine all contact Lie algebras of dimen-

sion 5 with center of dimension 1 and from there, using Theorem 4.8, obtain

different examples of Jacobi bialgebras.

Now, we will give two examples of Jacobi bialgebras ((g, φ0), (g∗, X0)) asso-

ciated with an algebraic contact structure on g but in both cases φ0 6= 0. In

the first example, X0 ∈ Z(g). However, X0 /∈ Z(g) in the second one.

1.- Let (h, [ , ]h) be the nonabelian solvable Lie algebra of dimension 2. We

can find a basis {e1, e2} of h such that [e1, e2]h = e1. If we consider on

g = h⊕ R the Lie bracket given by (4.23), it is easy to prove that φ0 = −e2

is a 1-cocycle of g, {e1, e2} being the dual basis of {e1, e2}. We also have

that η = (0, 1) ∈ h∗ ⊕ R ∼= g∗ is an algebraic contact 1-form on g and

that (r,X ′
0) is the corresponding Jacobi structure, where r = e2 ∧ e1 and

X ′
0 = (0, 1) ∈ h ⊕ R = g. On the other hand, using (4.23), we deduce that

iφ0r − X ′
0 is adg

(φ0,0)-invariant. Thus, from Theorem 4.8, ((g, φ0), (g
∗,−X ′

0))

is a Jacobi bialgebra. Note that the Lie algebra (g, [ , ]g) is isomorphic to the

direct product h ⊕ R and that g∗ is the abelian Lie algebra of dimension 3

(see (4.17)).

2.- Let (g, [ , ]g) be the solvable Lie algebra of dimension 3 with basis {e1, e2,
e3} such that

[e1, e2]g = 0, [e1, e3]g = e1, [e3, e2]g = e2.
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Take r = e3∧ (e1− e2) and X ′
0 = e1 + e2. It is easy to prove that (r,X ′

0) is an

algebraic Jacobi structure on g which is associated with an algebraic contact

structure. Moreover, if {e1, e2, e3} is the dual basis of g∗ then φ0 = e3 is a

1-cocycle of g and iφ0r − X ′
0 is adg

(φ0,0)-invariant. Therefore, from Theorem

4.8, we deduce that ((g, φ0), (g
∗,−X ′

0)) is a Jacobi bialgebra. The Lie bracket

on g∗ is characterized by

[e1, e2]g∗ = 0, [e1, e3]g∗ = e3, [e2, e3]g∗ = −e3.

4.3.2 Jacobi bialgebras from locally conformal sym-
plectic Lie algebras

Suppose that (rh, X
′
0) is an algebraic contact structure on a Lie algebra

(h, [ , ]h). If we consider on the direct product of Lie algebras g = h ⊕ R
the 2-vector

r = rh + e0 ∧X ′
0, (4.24)

where e0 = (0, 1) ∈ h ⊕ R = g, then (r,X ′
0) is an algebraic l.c.s. structure

and, using Remark 4.12, ((g, φ0), (g
∗,−X ′

0)) is a Jacobi bialgebra, with φ0 =

(0, 1) ∈ h∗ ⊕ R ∼= g∗. In addition, the Lie algebras g and g∗ are isomorphic

(see Remark 4.12).

Remark 4.14 If H is a connected Lie group with Lie algebra h then the

pair (←−r ,
←−
X ′

0) defines, on the direct product G = H×R, a left invariant l.c.s.

structure of the first kind in the sense of Vaisman [109].

In the case when Z(h) =< X ′
0 > we have that the pair ((h, 0), (h∗,−X ′

0)) is

a Jacobi bialgebra (see Section 4.3.1). Moreover, from (4.17) and (4.24), we

deduce that the Lie bracket [ , ]g∗ on g∗ can be described, in terms of the Lie

bracket [ , ]h∗ of h∗, as follows

[(µ, λ), (ν, µ)]g∗ = ([µ, ν]h∗ ,−rh(µ, ν)),

for (µ, λ), (ν, µ) ∈ h∗⊕R ∼= g∗. Thus, since rh is a 2-cocycle of the Lie algebra

(h∗, [ , ]h∗) (see (4.21)), it follows that g∗ is the central extension of h∗ by R
via the 2-cocycle rh.
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On the other hand, in [25], Diatta proved that if (h′, [ , ]h′) is an exact sym-

plectic Lie algebra then one can define on the direct product h = h′ ⊕ R a

Lie bracket in such a way that h is a contact Lie algebra, with trivial center,

and h′ is a Lie subalgebra of h. Using this construction we can also ob-

tain different examples of Jacobi bialgebras. Next, we will show an explicit

example.

Let sl(2,R) be the Lie algebra of the special linear group SL(2,R). Then,

there exists a basis {e1, e2, e3} of sl(2,R) such that

[e1, e2]sl(2,R) = 2e2, [e3, e1]sl(2,R) = 2e3, [e2, e3]sl(2,R) = e1.

It is clear that sl(2,R) admits exact symplectic Lie subalgebras and, there-

fore, we can apply Diatta’s method in order to obtain algebraic contact struc-

tures on sl(2,R). In fact, if λ1, λ2 and λ3 are real numbers satisfying the

relation (λ1)2 + 4λ2λ3 6= 0 then the pair (rsl(2,R), X
′
0) given by

rsl(2,R) = λ1e2 ∧ e3 + λ2e1 ∧ e2 + λ3e3 ∧ e1, X ′
0 = −(λ1e1 + 2λ2e2 + 2λ3e3),

defines an algebraic Jacobi structure on sl(2,R) which is associated with an

algebraic contact structure. Consequently, since gl(2,R) (the Lie algebra

of the general linear group GL(2,R)) is isomorphic to the direct product

sl(2,R) ⊕ R, we conclude that the pair ((gl(2,R), φ0), (gl(2,R)∗, −X ′
0)) is a

Jacobi bialgebra, where φ0 = (0, 1) ∈ sl(2,R)∗ ⊕ R ∼= gl(2,R)∗.

Finally, we remark that there exist examples of contact Lie algebras with

trivial center which do not admit symplectic Lie subalgebras. An interesting

case is su(2), the Lie algebra of the special unitary group SU(2). We can

consider a basis {e1, e2, e3} of su(2) such that

[e1, e2]su(2) = e3, [e3, e1]su(2) = e2, [e2, e3]su(2) = e1.

Then, if λ1, λ2 and λ3 are real numbers, (λ1, λ2, λ3) 6= (0, 0, 0), we have that

the pair (rsu(2), X
′
0) given by

rsu(2) = λ1e2 ∧ e3 + λ2e3 ∧ e1 + λ3e1 ∧ e2, X ′
0 = −(λ1e1 + λ2e2 + λ3e3),
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defines an algebraic Jacobi structure on su(2) which is associated with an

algebraic contact structure. Thus, since u(2) (the Lie algebra of the unitary

group U(2)) is isomorphic to the direct product su(2) ⊕ R, we deduce that

the pair ((u(2), φ0), (u(2)∗,−X ′
0)) is a Jacobi bialgebra, where φ0 = (0, 1) ∈

su(2)∗ ⊕ R ∼= u(2)∗.

We will treat again this example in Section 4.4.

4.3.3 Other examples of Jacobi bialgebras

All the examples of Jacobi bialgebras ((g, φ0), (g
∗, X0)) considered in Sec-

tions 4.3.1 and 4.3.2 have been obtained from an algebraic Jacobi structure

(r,−X0) on g. However, the hypotheses of Theorem 4.8 do not necessarily

imply that the pair (r,−X0) is an algebraic Jacobi structure on g, as it is

shown in the following simple example.

Let h be the abelian Lie algebra of dimension 3. Take {e1, e2, e3} a basis of h

and let {e1, e2, e3} be the dual basis of h∗. Denote by Ψ the endomorphism

of h given by Ψ = 1
2
e1⊗ e1 + 1

2
e2⊗ e2 + e3⊗ e3. Ψ is a 1-cocycle with respect

to the adjoint representation of h. Thus, we can consider the representation

of R on h given by R × h → h, (λ,X) 7→ λΨ(X), and the corresponding

semi-direct product g = h ×Ψ R. We can choose a basis {e1, e2, e3, e4} of g

such that

[e4, e1]g =
1

2
e1, [e4, e2]g =

1

2
e2, [e4, e3]g = e3,

and the other brackets are zero. Suppose that {e1, e2, e3, e4} is the dual basis

of g∗. If r ∈ ∧2g, X0 ∈ g and φ0 ∈ g∗ are defined by

r = e1 ∧ e2 − 2e3 ∧ e4, X0 = −e3, φ0 = e4,

then r, X0 and φ0 satisfy the hypotheses of Theorem 4.8. However, [r, r]g +

2X0 ∧ r = 2e1 ∧ e2 ∧ e3 6= 0 and iφ0r + X0 = e3 6= 0. Moreover, a direct

computation shows that,

[e3, e4]g∗ = −e4, [ei, ej]g∗ = 0,
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for 1 ≤ i < j ≤ 4, (i, j) 6= (3, 4).

Finally, we will exhibit an example of a Jacobi bialgebra ((g,φ0), (g∗, X0))

such that φ0 6= 0 and dX0
∗ is not a 1-coboundary with respect to the repre-

sentation ad(φ0,1): g × ∧2g → ∧2g. On the other hand, all the examples of

Jacobi bialgebras that we have given in Section 4.3 are such that dX0
∗ is a

1-coboundary.

Let g be the Lie algebra of dimension 4 with basis {e1, e2, e3, e4} satisfying

[e4, e1]g = e1, [e4, e2]g = e2, [e4, e3]g = e3

and the other brackets being zero. If {e1, e2, e3, e4} is the dual basis of g∗,

we consider on g∗ the Lie bracket [ , ]g∗ characterized by

[e1, e2]g∗ = e3, [e1, e4]g∗ = e4, [ei, ej]g∗ = 0,

for 1 ≤ i < j ≤ 4, (i, j) 6= (1, 2), (1, 4). Then, the pair ((g, e4), (g∗, e1)) is

a Jacobi bialgebra. Moreover, it is easy to prove that there does not exist

r ∈ ∧2g such that dX0
∗ X = ad(φ0,1)(X)(r), for all X ∈ g.

4.4 Compact Jacobi bialgebras

Several authors have devoted special attention to the study of compact Lie

bialgebras and an important result in this direction is the following one [81]

(see also [86]): every connected compact semisimple Lie group has a nontri-

vial Poisson Lie group structure.

In this Section, we will describe the structure of a Jacobi bialgebra ((g, φ0),

(g∗, X0)), g being a compact Lie algebra (that is, g is the Lie algebra of a

compact connected Lie group).

If φ0 = 0 andX0 = 0, the pair (g, g∗) is a Lie bialgebra. Thus, we will suppose

that φ0 6= 0 or X0 6= 0. Note that if φ0 = 0 then X0 ∈ Z(g) (see (4.11)).

On the other hand, if φ0 6= 0 then we can consider an ad-invariant scalar

product 〈 , 〉: g× g→ R and the vector Ȳ0 ∈ g characterized by the relation
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φ0(X) = 〈X, Ȳ0〉, for X ∈ g. It is clear that Ȳ0 6= 0 and, moreover, using that

φ0 is a 1-cocycle and the fact that 〈 , 〉 is an ad-invariant scalar product, we

obtain that Ȳ0 ∈ Z(g) (we remark that φ0(Y0) = 1 with Y0 = Ȳ0

φ0(Ȳ0)
∈ Z(g)).

Therefore, if φ0 6= 0 or X0 6= 0, we have that dimZ(g) ≥ 1. This implies that

a compact connected Lie group G with Lie algebra g cannot be semisimple.

Next, we will distinguish two cases:

a) The case φ0 6= 0

Let g be a compact Lie algebra and φ0 ∈ g∗ a 1-cocycle, φ0 6= 0. If h is a Lie

subalgebra of g and (r, iφ0(r)) is an algebraic l.c.s. structure on h then, from

Corollary 4.11, we deduce that the pair ((g, φ0), (g
∗,−iφ0(r))) is a Jacobi

bialgebra, where the Lie bracket on g∗ is given by (4.17).

Using the above construction, we can obtain some examples of Jacobi bial-

gebras ((g, φ0), (g
∗, X0)), with φ0 6= 0 and g a compact Lie algebra.

Examples 4.15 1.- Compact Jacobi bialgebras of the first kind

Let g be a compact Lie algebra and h an abelian Lie subalgebra of even

dimension. Furthermore, assume that r ∈ ∧2h is a nondegenerate 2-vector

on h (that is, r comes from an algebraic symplectic structure on h) and

that φ0 ∈ g∗ is a 1-cocycle on g such that φ0 6= 0 and φ0 ∈ h◦, h◦ being

the annihilator of h. Then, ((g, φ0), (g
∗, 0)) is a Jacobi bialgebra. The pair

((g, φ0), (g
∗, 0)) is said to be a compact Jacobi bialgebra of the first kind.

2.- Compact Jacobi bialgebras of the second kind

Let (g, [ , ]g) be a compact real Lie algebra. Suppose that e1, e2 ∈ g are

linearly independent and that [e1, e2]g = 0. We consider the 2-vector r and

the vector X0 on g defined by r = λe1 ∧ e2 and X ′
0 = λ1e1 + λ2e2, with

λ ∈ R − {0} and (λ1, λ2) ∈ R2 − {(0, 0)}. It is clear that (r,X ′
0) is an

algebraic Jacobi structure on g which comes from an algebraic l.c.s. structure

on the Lie subalgebra h =< e1, e2 >. Therefore, if φ0 ∈ g∗ is a 1-cocycle of

g such that iφ0(r) = X ′
0 (that is, φ0(e1) = λ2

λ
and φ0(e2) = −λ1

λ
) then

((g, φ0), (g
∗,−X ′

0)) is a Jacobi bialgebra. The pair ((g, φ0), (g
∗,−X ′

0)) is said

to be a compact Jacobi bialgebra of the second kind.
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3.- Compact Jacobi bialgebras of the third kind

Let (g, [ , ]g) be a nonabelian compact real Lie algebra. By the root space

decomposition theorem, we know that there exist e1, e2, e3 ∈ g satisfying

[e1, e2]g = e3, [e3, e1]g = e2, [e2, e3]g = e1. (4.25)

Now, suppose that φ0 ∈ g∗ is a 1-cocycle on g and that e4 is a vector of g such

that φ0(e4) = 1, and [e4, ei]g = 0, for i = 1, 2, 3 (note that if Z(g) 6= {0}, then

the existence of φ0 and e4 is guaranteed). Then, we consider the 2-vector r

and the vector X ′
0 on g defined by

r = λ1(e2 ∧ e3 + e1 ∧ e4) + λ2(e3 ∧ e1 + e2 ∧ e4) + λ3(e1 ∧ e2 + e3 ∧ e4),

X ′
0 = −(λ1e1 + λ2e2 + λ3e3),

with (λ1, λ2, λ3) ∈ R3−{(0, 0, 0)}. A direct computation proves that (r,X ′
0)

is an algebraic l.c.s. structure on the Lie subalgebra h =< e1, e2, e3, e4 >

(see Section 4.3.2). Moreover, iφ0(r) = X ′
0. Thus, ((g, φ0), (g

∗,−X ′
0)) is a

Jacobi bialgebra. The pair ((g, φ0), (g
∗,−X ′

0)) is said to be a compact Jacobi

bialgebra of the third kind.

Next, we will show that Examples 4.15 1, 2 and 3 are the only examples of

Jacobi bialgebras ((g, φ0), (g
∗, X0)), with φ0 6= 0 and g a compact Lie algebra.

Theorem 4.16 Let ((g, φ0),(g
∗,X0)) be a Jacobi bialgebra. Suppose that

φ0(Y0) = 1, with Y0 ∈ Z(g). Then, there exists a Lie subalgebra h of g and a

2-vector r ∈ ∧2h ⊆ ∧2g such that X0 ∈ h and:

i) The pair (r, iφ0(r)) defines an algebraic Jacobi structure on g which is

associated with an algebraic l.c.s. structure on h. Moreover, iφ0(r) =

−X0.

ii) The Lie bracket [ , ]g∗ on g∗ is given by (4.17).

Proof: Denote by r the 2-vector on g given by

r = dX0
∗ Y0. (4.26)
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Using (4.10), (4.11), (4.26) and the fact that Y0 ∈ Z(g), we have that

iφ0(r) = −X0. (4.27)

From (4.9), (4.26) and since Y0 ∈ Z(g), it follows that

0 = dX0
∗ [X, Y0]g = [X, r]g − φ0(X)r + dX0

∗ X, (4.28)

for all X ∈ g. Therefore, using (4.10), (4.28) and the fact that X0 is a

1-cocycle on (g∗, [ , ]g∗), we deduce that

[X0, r]g = 0. (4.29)

On the other hand, using again (4.28) and the properties of the algebraic

Schouten bracket [ , ]g, we conclude that [r′, r]g = −d∗r′−2X0∧r′+r∧iφ0(r
′),

for r′ ∈ ∧2g. Consequently (see (4.26) and (4.27)),

[r, r]g − 2iφ0(r) ∧ r = −(d∗r + r ∧X0) = −dX0
∗ r = 0. (4.30)

Thus, the pair (r, iφ0(r)) is an algebraic Jacobi structure on g and the rank of

(r, iφ0(r)) is even (see (4.27), (4.29) and (4.30)). Therefore, using Proposition

4.4, it follows that there exists a Lie subalgebra h of g such that r ∈ ∧2h,

X0 = −iφ0(r) ∈ h and the pair (r, iφ0(r)) is associated with an algebraic l.c.s.

structure on h.

Finally, from (4.22) and (4.28), we deduce that the Lie bracket on g∗ is given

by (4.17). QED

Now, we will describe the algebraic l.c.s. structures on a compact Lie algebra.

Theorem 4.17 Let h be a compact Lie algebra of dimension 2k ≥ 2. Sup-

pose that (r,X ′
0) is an algebraic Jacobi structure on h which is associated

with an algebraic l.c.s. structure.

i) If X ′
0 = 0 then h is the abelian Lie algebra and r is a nondegenerate

2-vector on h.

ii) If X ′
0 6= 0 and k = 1 then h is the abelian Lie algebra and r is an

arbitrary 2-vector on h, r 6= 0.
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iii) If X ′
0 6= 0 and k ≥ 2 then k = 2, h is isomorphic to u(2) and

r = λ1(e2 ∧ e3 + e1 ∧ e4) + λ2(e3 ∧ e1 + e2 ∧ e4)
+λ3(e1 ∧ e2 + e3 ∧ e4),

X ′
0 = −(λ1e1 + λ2e2 + λ3e3),

where (λ1, λ2, λ3) ∈ R3 − {(0, 0, 0)} and {e1, e2, e3, e4} is a basis of h

such that e4 ∈ Z(h) and

[e1, e2]h = e3, [e3, e1]h = e2, [e2, e3]h = e1. (4.31)

Proof: Denote by (Ω, ω) the algebraic l.c.s. structure on h associated with

the pair (r,X ′
0).

i) If X ′
0 = 0, we obtain that ω = 0 and Ω is an algebraic symplectic structure

on h (see (4.4)). Thus, since h is a compact Lie algebra, i) follows using the

results in [12] (see also [76]).

ii) It is trivial.

iii) Suppose that X ′
0 6= 0 and that k ≥ 2. Then, ω 6= 0. Moreover, we can

consider an ad-invariant scalar product 〈 , 〉: h× h→ R and the vector Ȳ0 of

h characterized by the relation

ω(X) = 〈X, Ȳ0〉, for X ∈ h. (4.32)

Using (4.32) and the fact that ω is a 1-cocycle, we deduce that Ȳ0 ∈ Z(h).

Consequently,

ω(Y0) = 1, (4.33)

with Y0 = Ȳ0

ω(Ȳ0)
∈ Z(h).

On the other hand, if h′ ⊆ h is the annihilator of the subspace generated

by ω, it is clear that h′ is a Lie subalgebra of h. In fact, using (4.33) and

since Y0 ∈ Z(h) and ω is a 1-cocycle, it follows that h is isomorphic, as a

Lie algebra, to the direct product h′ ⊕ R. In addition, we will show that h′
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admits an algebraic contact structure. For this purpose, we define the 1-form

η̄ on h given by

η̄ = −iY0Ω. (4.34)

Using the equality ω = iX′0Ω, we have that

η̄(X ′
0) = 1. (4.35)

Moreover, from (4.4), (4.33), (4.34) and since Y0 ∈ Z(h), we deduce that

0 = LY0Ω = iY0(dΩ) + d(iY0Ω) = Ω + ω ∧ η̄ − dη̄. (4.36)

In particular (see (4.33), (4.34) and (4.35))

iX′0(dη̄) = iY0(dη̄) = 0. (4.37)

Thus, the condition Ωk = Ω∧ (k. . . ∧Ω 6= 0 implies that ω ∧ η̄ ∧ (dη̄)k−1 6= 0.

Therefore, the restriction η of η̄ to h′ is an algebraic contact 1-form on h′.

Furthermore, if (r̂, X̂0) is the algebraic Jacobi structure on h′ associated

with the contact 1-form η then, from relations (4.33)-(4.37) and the results

in Section 4.1, we obtain that r̂ = r + Y0 ∧X ′
0 and X̂0 = X ′

0. Consequently,

taking e4 = −Y0 and using Proposition 4.5, we prove iii). QED

Now, suppose that ((g, φ0), (g
∗, X0)) is a Jacobi bialgebra, with φ0 6= 0 and g

a compact Lie algebra. Under these conditions we showed, at the beginning

of this Section, that there exists Y0 ∈ Z(g) satisfying that φ0(Y0) = 1. Then,

using Theorems 4.16 and 4.17, we deduce the following result.

Theorem 4.18 Let ((g, φ0), (g
∗, X0)) be a Jacobi bialgebra, with φ0 6= 0 and

g a compact Lie algebra. If X0 = 0 (respectively, X0 6= 0) then it is of the

first kind (respectively, the second or third kind).

b) The case φ0 = 0

We will describe the structure of a Jacobi bialgebra ((g, 0), (g∗, X0)), g being

a compact Lie algebra andX0 6= 0. First, we will examine a suitable example.

Let (h, h∗) be a Lie bialgebra and Ψ be an endomorphism of h, Ψ: h → h.

Assume that Ψ is a 1-cocycle of h with respect to the adjoint representation
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adh: h × h → h and that Ψ∗ − Id is a 1-cocycle of h∗ with respect to the

adjoint representation adh∗ : h∗ × h∗ → h∗. Here, Ψ∗: h∗ → h∗ is the adjoint

linear map of Ψ: h → h. Denote by g = h ⊕ R the direct product of the Lie

algebras h and R and consider on g∗ ∼= h∗ ⊕ R the Lie bracket [ , ]g∗ defined

by

[(µ, λ), (ν, γ)]g∗ = ([µ, ν]h∗ − λ(Ψ∗ − Id)(ν) + γ(Ψ∗ − Id)(µ), 0), (4.38)

for (µ, λ), (ν, γ) ∈ h∗ ⊕ R ∼= g∗. Then, we have that X0 = (0, 1) ∈ h⊕ R = g

is a 1-cocycle of (g∗, [ , ]g∗) and that X0 ∈ Z(g). Thus, using (4.38), that

(h, h∗) is a Lie bialgebra and the fact that Ψ is a 1-cocycle, we deduce that

the pair ((g, 0), (g∗, X0)) is a Jacobi bialgebra. Moreover, it is clear that if h

is a compact Lie algebra then g is also compact.

Next, suppose that h is compact and semisimple. Then, as we know (see

[80]), if Φ : h × V → V is a representation of h on a vector space V , every

1-cocycle ε : h → V is a 1-coboundary, that is, ε(X) = Φ(X, v0), for some

v0 ∈ V . Therefore, if dh∗ is the Chevalley-Eilenberg differential of h∗, it

follows that there exist r ∈ ∧2h and Z ∈ h such that

dh∗X = −[X, r]h, Ψ(X) = [X,Z]h, Ψ∗(α) = coadh
Zα = LZα, (4.39)

for X ∈ h and α ∈ h∗, where coadh: h× h∗ → h∗ is the coadjoint representa-

tion. Using (4.39) and the fact that Ψ∗− Id is an adjoint 1-cocycle of h∗, we

deduce that

([[X,Z]h, r]h + [Z, [X, r]h]h)(µ, ν) = (dh∗X)(µ, ν) = −[X, r]h(µ, ν),

for µ, ν ∈ h∗. Thus, the equality [X, [Z, r]h]h = [[X,Z]h, r]
h+ [Z, [X, r]h]h

implies that

[X, [Z, r]h]h = −[X, r]h, for all X ∈ h. (4.40)

The compact character of h allows us to choose an adh-invariant scalar prod-

uct 〈 , 〉 on h. We will also denote by 〈 , 〉 the natural extension of 〈 , 〉 to

∧2h. This extension is a scalar product on ∧2h and, in addition, it is easy



132 Chapter 4. Jacobi bialgebras

to prove that 〈[X, s]h, t〉 = −〈s, [X, t]h〉, for X ∈ h and s, t ∈ ∧2h. Thus (see

(4.40)),

〈[Z, r]h, [Z, r]h〉 = −〈r, [Z, [Z, r]h]h〉 = 〈r, [Z, r]h〉 = 0,

i.e.,

[Z, r]h = 0. (4.41)

Then, from (4.39), (4.40) and (4.41), we conclude that the Lie bracket [ , ]h∗

is trivial.

Remark 4.19 If h is not semisimple then the Lie bracket [ , ]h∗ is not, in

general, trivial. In fact, suppose that Z(h) 6= {0}. We know that h is

isomorphic, as a Lie algebra, to the direct product h′ ⊕ Z(h), where h′ is a

compact semisimple Lie subalgebra of h. Therefore, if Ψ: h ∼= h′ ⊕ Z(h) →
h ∼= h′ ⊕ Z(h) is the projection on the subspace Z(h), it follows that Ψ is

an adjoint 1-cocycle of h. Furthermore, if on (h′)∗ we consider the trivial Lie

bracket and on Z(h)∗ an arbitrary (nontrivial) Lie bracket then the direct

product (h′)∗⊕Z(h)∗ ∼= h∗ is a Lie algebra, the pair (h, h∗) is a Lie bialgebra

and the endomorphism Ψ∗ − Id is an adjoint 1-cocycle of h∗.

Now, we prove

Theorem 4.20 Let ((g, 0), (g∗, X0)) be a Jacobi bialgebra with X0 6= 0 and

g a compact Lie algebra. Then:

i) There exists a Lie subalgebra h of g such that g is isomorphic, as a

Lie algebra, to the direct product h ⊕ R. Moreover, under the above

isomorphism, h∗ is a Lie subalgebra of g∗, the pair (h, h∗) is a Lie

bialgebra, X0 = (0, 1) ∈ h ⊕ R ∼= g and the Lie bracket [ , ]g∗ on g∗ is

given by

[(µ, λ), (ν, γ)]g∗ = ([µ, ν]h∗ − λ(Ψ∗ − Id)(ν) + γ(Ψ∗ − Id)(µ), 0),

where Ψ ∈ End(h) is an adjoint 1-cocycle of h and Ψ∗−Id is an adjoint

1-cocycle of h∗.
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ii) If dimZ(g) = 1 then the Lie bracket [ , ]h∗ is trivial and there exists

Z ∈ h such that Ψ(X) = [X,Z]h, for all X ∈ h.

Proof: i) From (4.11) it follows thatX0 ∈ Z(g). We consider an adg-invariant

scalar product 〈 , 〉 on g and the 1-form θ0 ∈ g∗ defined by θ0(X) = 〈X,X0〉,
for all X ∈ g. We have that θ0 is a 1-cocycle of g and we can assume, without

the loss of generality, that θ0(X0) = 1. Then, using (4.9) and the fact that X0

is a 1-cocycle of g∗, we deduce that the Lie subalgebra h is the annihilator of

the subspace generated by θ0 and that the endomorphism Ψ: h→ h is given

by Ψ(X) = X − iθ0(d∗X), where d∗ is the Chevalley-Eilenberg differential of

g∗.

ii) If dimZ(g) = 1 then h is compact and semisimple and the result follows.

QED
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CHAPTER 5

Jacobi groupoids and Jacobi bialgebroids

In this last Chapter, we introduce Jacobi groupoids as a generalization of

Poisson and contact groupoids. Then, it is proved that Jacobi bialgebroids

are the infinitesimal invariants of Jacobi groupoids.

5.1 Contact groupoids and 1-jet bundles

In this first Section of Chapter 5, we will discuss contact groupoids, deve-

loping some of its properties. Moreover, we will introduce two Lie groupoid

structures which will be important in the sequel.

First, we will recall the notion of a contact groupoid

Definition 5.1 [56] Let G ⇒ M be a Lie groupoid, η ∈ Ω1(G) be a contact

1-form on G and σ : G → R be an arbitrary function. If ⊕TG is the partial

multiplication in the tangent Lie groupoid TG ⇒ TM, we will say that (G ⇒

M, η, σ) is a contact groupoid if and only if

η(gh)(Xg ⊕TG Yh) = η(g)(Xg) + eσ(g)η(h)(Yh), (5.1)

for (Xg, Yh) ∈ TG(2).

135
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Remark 5.2 Actually, the definition of a contact groupoid given in [56] is

slightly different to the one given here. The relation between both approaches

is the following one. If (G ⇒ M, θ, κ) is a contact groupoid in the sense of

[56] then (G ⇒ M, η, σ) is a contact groupoid in the sense of Definition 5.1,

where σ(g) = κ(g−1) for g ∈ G, and η(g) is the inverse of θ(g−1) in the

cotangent Lie groupoid T ∗G ⇒ A∗G.

If (G ⇒ M, η, σ) is a contact groupoid then, using the associativity of ⊕TG,

we deduce that σ : G→ R is a multiplicative function, that is,

σ(gh) = σ(g) + σ(h), (5.2)

for (g, h) ∈ G(2). In particular, if ε : M → G is the inclusion then σ|ε(M) ≡ 0

and therefore, using (5.1), it follows that

η(ε(x))(εx∗(Xx)) = 0,

for x ∈ M and Xx ∈ TxM . Thus, if ι : G → G is the inversion of G, we

obtain that ι∗η = −e−ση. This implies that G is a contact groupoid in the

sense of [23]. Using this fact, we deduce the following result.

Proposition 5.3 Let (G ⇒ M, η, σ) be a contact groupoid and suppose that

dimG = 2n+ 1. Then:

i) If g and h are composable elements of G, we have that

(d0η)(gh)(Xg ⊕TG Yh, X ′
g ⊕TG Y ′

h)

= (d0η)(g)(Xg, X
′
g) + eσ(g)(d0η)(h)(Yh, Y

′
h)

+eσ(g)(Xg(σ)η(h)(Y ′
h)−X ′

g(σ)η(h)(Yh)),
(5.3)

for (Xg, Yh), (X
′
g, Y

′
h) ∈ TG(2).

ii) M ∼= ε(M) is a Legendre submanifold of G, that is, ε∗η = 0 and

dim ε(M) = dimM = n.
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iii) If (Λ, E) is the Jacobi structure associated with the contact 1-form η,

then E is a right-invariant vector field on G and E(σ) = 0. Moreover,

if X0 ∈ Γ(AG) is the section of the Lie algebroid AG of G satisfying

E = −−→X0, we have that

#Λ(d0σ) =
−→
X0 − e−σ

←−
X0. (5.4)

iv) If αT , βT and εT (respectively, α̃, β̃ and ε̃) are the projections and the

inclusion in the Lie groupoid TG ⇒ TM (respectively, T ∗G ⇒ A∗G)

then,

e−σ#Λ ◦ ε̃ ◦ α̃ = εT ◦ αT ◦#Λ, #Λ ◦ ε̃ ◦ β̃ = εT ◦ βT ◦#Λ.

Proof: Using the results in [23], we directly deduce i), ii) and iii).

Now, we will prove iv). Suppose that µg ∈ T ∗gG. Then, from ii) and Remark

1.1, we conclude that

η(ε(α(g)))(e−σ(g)#Λ(ε̃(α̃(µg)))) = η(ε(α(g)))(εα(g)
∗ (αg∗(#Λ(µg)))) = 0.

Furthermore, if Xα(g) ∈ Aα(g)G, it follows that (see (1.55))

ε
α(g)
∗ (αg∗(#Λ(µg))) = ιg∗(#Λ(µg))⊕TG #Λ(µg),

Xα(g) = 0Tg−1G ⊕TG (Lg)
ε(α(g))
∗ (Xα(g))

and consequently, using (1.58), (5.1), (5.3), (5.4), Remark 1.1 and the fact

that σ is a multiplicative function, we obtain that

(d0η)(ε(α(g)))(ε
α(g)
∗ (αg∗(#Λ(µg))), Xα(g))

= (d0η)(ε(α(g)))(e−σ(g)#Λ(ε̃(α̃(µg))), Xα(g)).

On the other hand, from (1.58), ii) and Remark 1.1, we deduce that

(d0η)(ε(α(g)))(ε
α(g)
∗ (αg∗(#Λ(µg))), ε

α(g)
∗ (Yα(g)))

= (d0η)(ε(α(g)))(e−σ(g)#Λ(ε̃(α̃(µg))), ε
α(g)
∗ (Yα(g))) = 0,
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for Yα(g) ∈ Tα(g)M .

The above facts imply that εT (αT (#Λ(µg))) = e−σ(g)#Λ(ε̃(α̃(µg))). In a

similar way, one may prove that #Λ(ε̃(β̃(µg))) = εT (βT (#Λ(µg))). QED

Using again the results in [23], we have that

Proposition 5.4 Let (G ⇒ M, η, σ) be a contact groupoid and XL(G) be the

set of left-invariant vector fields on G. Denote by (Λ, E) the Jacobi structure

on G associated with the contact 1-form η, by X0 ∈ Γ(AG) the section of the

Lie algebroid AG of G satisfying E = −−→X0 and by I : Ω1(M)×C∞(M,R)→
X(G) the map defined by

I(µ0, f0) = #Λ(eσα∗µ0)− (α∗f0)
←−
X0

= eσ
(
#Λ(α∗µ0)− (α∗f0)(

−→
X0 −#Λ(d0σ))

)
.

(5.5)

Then:

i) I defines an isomorphism of C∞(M,R)-modules between the spaces

Ω1(M)× C∞(M, R) and XL(G).

ii) The base manifold M admits a Jacobi structure (Λ0, E0) in such a way

that the projection β is a Jacobi antimorphism and the pair (α, eσ) is

a conformal Jacobi morphism, that is,

Λ0(α(g)) = eσ(g)αg∗(Λ(g)), E0(α(g)) = αg∗(H
(Λ,E)
eσ (g)),

Λ0(β(g)) = −βg∗(Λ(g)), E0(β(g)) = −βg∗(E(g)),
(5.6)

for all g ∈ G, where H(Λ,E)
eσ is the hamiltonian vector field of the func-

tion eσ with respect to the Jacobi structure (Λ, E).

iii) The map I induces an isomorphism between the Lie algebroids (T ∗M×
R, [[ , ]](Λ0,E0), #̃(Λ0,E0)) and AG.

Remark 5.5 Denote also by I : T ∗M × R → AG the Lie algebroid iso-

morphism induced by the isomorphism of C∞(M,R)-modules I : Ω1(M) ×
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C∞(M,R)→ XL(G). Then, from (5.5) and since σ is a multiplicative func-

tion, it follows that

I(µx, γ) = #Λ((αε(x)∗ )∗(µx))− γX0(x), (5.7)

for (µx, γ) ∈ T ∗xM ×R, where (α
ε(x)
∗ )∗ : T ∗xM → T ∗ε(x)G is the adjoint map of

the linear map α
ε(x)
∗ : Tε(x)G→ TxM .

Now, let G ⇒ M be a Lie groupoid and σ : G → R be a multiplicative

function. Then, there exists a natural right action of the tangent groupoid

TG ⇒ TM on the projection π1 : TM × R→ TM given by

(vx, λ) ·Xg = (vx, Xg(σ) + λ),

for (vx, λ) ∈ TxM × R and Xg ∈ TgG satisfying βT (Xg) = π1(vx, λ) (see

Section 1.3.2 for the definition of a right action of a groupoid on a smooth

map). The resulting action groupoid is isomorphic to TG × R ⇒ TM × R
with projections (αT )σ, (βT )σ, partial multiplication ⊕TG×R, inclusion (εT )σ

and inversion (ιT )σ given by

(αT )σ(Xg, λ) = (αT (Xg), Xg(σ) + λ), for (Xg, λ) ∈ TgG× R,
(βT )σ(Yh, γ) = (βT (Yh), γ), for (Yh, γ) ∈ ThG× R,
(Xg, λ)⊕TG×R (Yh, γ)

= (Xg ⊕TG Yh, λ), if (αT )σ(Xg, λ) = (βT )σ(Yh, γ),

(εT )σ(Xx, λ) = (εT (Xx), λ), for (Xx, λ) ∈ TxM × R,
(ιT )σ(Xg, λ) = (ιT (Xg), Xg(σ) + λ), for (Xg, λ) ∈ TgG× R.

(5.8)

Now, suppose that (G ⇒ M, η, σ) is a contact groupoid. Using Remark 1.1,

we deduce that the map #(d0η,η) : TG× R→ T ∗G× R given by

#(d0η,η)(Xg, λ) = (−iXg(d0η)(g)− λ η(g), η(g)(Xg)) (5.9)

is an isomorphism of vector bundles. The inverse map of #(d0η,η) is just the

homomorphism #(Λ,E) : T ∗G× R→ TG× R defined by

#(Λ,E)(µg, γ) = (#Λ(µg) + γ E(g),−µg(E(g))), (5.10)
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where (Λ, E) is the Jacobi structure associated with the contact 1-form η

(see Remark 1.1).

On the other hand, if A∗G is the dual bundle to the Lie algebroid AG then,

since ε(M) is a Legendre submanifold of G, the map ψ0 : TM × R → A∗G

given by

ψ0(Xx, λ) = (−iεx∗(Xx)(d0η)(ε(x))− λ η(ε(x)))|AxG, (5.11)

for (Xx, λ) ∈ TxM × R, is an isomorphism of vector bundles. Note that

#(d0η,η)(ε
x
∗(Xx), λ) = (ε̃(ψ0(Xx, λ)), 0) and thus the inverse map ϕ0 : A∗G→

TM × R of ψ0 is defined by

ϕ0(µx) = (αε(x)∗ (#Λ(ε̃(µx))),−µx(E(ε(x))− εx∗(βε(x)∗ (E(ε(x)))))), (5.12)

ε̃ : A∗G→ T ∗G being the inclusion of identities in the Lie groupoid T ∗G ⇒

A∗G.

Next, we consider the maps α̃σ, β̃σ : T ∗G× R→ A∗G, ε̃σ : A∗G→ T ∗G× R
and ι̃σ : T ∗G× R→ T ∗G× R given by

α̃σ = ψ0 ◦ (αT )σ ◦#(Λ,E), β̃σ = ψ0 ◦ (βT )σ ◦#(Λ,E),

ε̃σ = #(d0η,η) ◦ (εT )σ ◦ ϕ0, ι̃σ = #(d0η,η) ◦ (ιT )σ ◦#(Λ,E)

(5.13)

and the partial multiplication ⊕T ∗G×R defined as follows. If (µg, γ), (νh, ζ) ∈
T ∗G×R satisfy α̃σ(µg, γ) = β̃σ(νh, ζ) then we have that (αT )σ(#(Λ,E)(µg, γ)) =

(βT )σ(#(Λ,E)(νh, ζ)), and we may introduce the partial multiplication

(µg, γ)⊕T ∗G×R (νh, ζ) = #(d0η,η)

(
#(Λ,E)(µg, γ)⊕TG×R #(Λ,E)(νh, ζ)

)
. (5.14)

It is clear α̃σ, β̃σ, ε̃σ, ι̃σ and the partial multiplication ⊕T ∗G×R are the struc-

tural functions of a Lie groupoid structure in T ∗G×R over A∗G. In addition,

the map #(Λ,E) : T ∗G × R → TG × R is a Lie groupoid isomorphism over

ϕ0 : A∗G→ TM × R.
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Lemma 5.6 If α̃, β̃, ⊕T ∗G, ε̃ and ι̃ are the structural functions of the Lie

groupoid T ∗G ⇒ A∗G, we have that

α̃σ(µg, γ) = e−σ(g)α̃(µg), for (µg, γ) ∈ T ∗gG× R,
β̃σ(νh, ζ) = β̃(νh)− ζ (d0σ)ε(β(h))|Aβ(h)G, for (νh, ζ) ∈ T ∗hG× R,(
(µg, γ)⊕T ∗G×R (νh, ζ)

)
=

(
(µg + eσ(g)ζ (d0σ)g)⊕T ∗G (eσ(g)νh),

γ + eσ(g)ζ
)
, if α̃σ(µg, γ) = β̃σ(νh, ζ),

ε̃σ(µx) = (ε̃(µx), 0), for µx ∈ A∗
xG,

ι̃σ(µg, γ) = (e−σ(g)(ι̃(µg)−γ(d0σ)g−1),−e−σ(g)γ), for (µg,γ)∈ T ∗gG×R.

(5.15)

Proof: A long computation, using (1.58), (5.1), (5.2), (5.8)-(5.14) and Propo-

sition 5.3, proves the result. QED

Note that the maps α̃σ, β̃σ, ε̃σ, ι̃σ and the partial multiplication ⊕T ∗G×R do

not depend on the contact 1-form η. In fact, one may prove the following

result.

Theorem 5.7 Let G ⇒ M be an arbitrary Lie groupoid with Lie algebroid

AG and σ : G→ R be a multiplicative function. Then:

i) The product manifold T ∗G × R admits a Lie groupoid structure over

A∗G with structural functions given by (5.15).

ii) If ηG is the canonical contact 1-form on T ∗G×R and π̄G : T ∗G×R→ G

is the canonical projection then (T ∗G×R ⇒ A∗G, ηG, σ◦π̄G) is a contact

groupoid.

Proof: Since σ is a multiplicative function, we obtain that

ε∗σ = 0. (5.16)

Moreover, if (g, h) ∈ G(2) and α(g) = β(h) = x ∈ M then, from (1.58), it

follows that

α̃((d0σ)(g)) = β̃((d0σ)(h)) = (d0σ)(ε(x))|AxG,

(d0σ)(gh) = (d0σ)(g)⊕T ∗G (d0σ)(h).
(5.17)
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In addition, using again (1.58) and the fact that σ is a multiplicative function,

we have that

ε̃((d0σ)(ε(x))|AxG) = (d0σ)(ε(x)), ι̃((d0σ)(g)) = (d0σ)(g−1), (5.18)

for x ∈M and g ∈ G.

Thus, from (5.15)-(5.18), we deduce i).

Now, let G × R ⇒ M be the semi-direct Lie groupoid with projections α′,

β′, partial multiplication m′, inclusion ε′ and inversion ι′ defined by

α′(g, γ) = α(g), for (g, γ) ∈ G× R,
β′(h, ζ) = β(h), for (h, ζ) ∈ G× R,
m′((g, γ), (h, ζ)) = (gh, γ + eσ(g)ζ), if α′(g, γ) = β′(h, ζ),

ε′(x) = (ε(x), 0), for x ∈M,

ι′(g, γ) = (ι(g),−e−σ(g)γ), for (g, γ) ∈ G× R.

(5.19)

Using (5.19), one may prove that the partial multiplication ⊕T (G×R) in the

tangent Lie groupoid T (G× R) ⇒ TM is given by(
Xg + ψ

∂

∂t |γ

)
⊕T (G×R)

(
Yh + ϕ

∂

∂t |ζ

)
= (Xg ⊕TG Yh) + (ψ + eσ(g)(ζXg(σ) + ϕ))

∂

∂t |γ+eσ(g)ζ
.

(5.20)

Next, we consider the map π̃G : T ∗G× R→ G× R given by

π̃G(µg, γ) = (πG(µg), γ),

for (µg, γ) ∈ T ∗gG × R, where πG : T ∗G → G is the canonical projection.

From (5.15) and (5.19), we deduce that π̃G is a Lie groupoid morphism over

the map π̃0 : A∗G→M defined by

π̃0(µx) = x,

for µx ∈ A∗
xG. Therefore, the tangent map to π̃G, T π̃G : T (T ∗G × R) →

T (G× R), given by

T π̃G(Xµg + ψ
∂

∂t |γ
) = (πG)µg

∗ (Xµg) + ψ
∂

∂t |γ
, (5.21)
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for Xµg + ψ ∂
∂t |γ ∈ T(µg ,γ)(G× R), is also a Lie groupoid morphism (over the

map T π̃0 : T (A∗G) → TM) between the tangent Lie groupoids T (T ∗G ×
R) ⇒ T (A∗G) and T (G× R) ⇒ TM .

On the other hand, if ηG is the canonical contact 1-form on T ∗G × R then,

using (2.10) and (5.21), we have that

ηG(µg, λ)(Xµg + ψ ∂
∂t |γ) = −λT ∗G(µg)(Xµg) + d0t|γ(ψ

∂
∂t |γ)

= −µg((πG)
µg
∗ (Xµg)) + ψ

= (−µg + d0t|γ)(T π̃G(Xµg + ψ ∂
∂t |γ)).

(5.22)

Thus, using (5.15), (5.20), (5.21), (5.22) and the fact that T π̃G is a Lie

groupoid morphism, we conclude that

ηG((µg, γ)⊕T ∗G×R (νh, ζ)) = ηG(µg, γ)⊕T ∗(T ∗G×R) (eσ(g)ηG(νh, ζ)),

that is, (T ∗G×R ⇒ A∗G, ηG, σ̄) is a contact groupoid, where σ̄ ∈ C∞(T ∗G×
R) is the function given by σ̄ = σ ◦ π̄G. QED

Remark 5.8 i) Let G ⇒ M be a Lie groupoid and σ : G → R be a mul-

tiplicative function. Using the multiplicative function σ, one may introduce

the Lie groupoid structure in T ∗G over A∗G with structural functions α̃∗σ,

β̃∗σ, ⊕σT ∗G, ε̃∗σ and ι̃∗σ given by

α̃∗σ(µg) = e−σ(g)α̃(µg), for µg ∈ T ∗gG,
β̃∗σ(νh) = β̃(νh), for νh ∈ T ∗hG,
(µg ⊕σT ∗G νh) = µg ⊕T ∗G (eσ(g)νh), if α̃∗σ(µg) = β̃∗σ(νh),

ε̃∗σ(µx) = ε̃(µx), for µx ∈ A∗
xG,

ι̃∗σ(µg) = e−σ(g)ι̃(µg), for µg ∈ T ∗gG.

(5.23)

We call this Lie groupoid the σ-cotangent groupoid.

In fact, if we consider on T ∗G×R the Lie groupoid structure over A∗G with

structural functions defined by (5.15) then the canonical inclusion

T ∗G→ T ∗G× R, µg ∈ T ∗gG 7→ (µg, 0) ∈ T ∗gG× R,
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is a Lie groupoid monomorphism over the identity of A∗G.

ii) Let G ⇒ M be a Lie groupoid, σ : G → R be a multiplicative function

and TG×R ⇒ TM×R, T ∗G×R ⇒ A∗G be the corresponding Lie groupoids

with structural functions given by (5.8) and (5.15). If σ identically vanishes

then we recover, by projection, the tangent and cotangent Lie groupoids

TG ⇒ TM and T ∗G ⇒ A∗G (see (1.55) and (1.58)).

Remark 5.9 i) A Lie groupoid G ⇒ M is said to be symplectic if G ad-

mits a symplectic 2-form Ω in such a way that the graph of the partial

multiplication in G is a Lagrangian submanifold of the symplectic manifold

(G×G×G,Ω⊕Ω⊕ (−Ω)) (see [14]). If G ⇒ M is an arbitrary Lie groupoid

with Lie algebroid AG and on the cotangent Lie groupoid T ∗G we consider

the canonical symplectic 2-form ΩT ∗G = −d0λT ∗G then T ∗G is a symplectic

groupoid over A∗G (see [14]).

ii) Let G ⇒ M be a symplectic groupoid with exact symplectic 2-form Ω =

−d0λ. Then, since R is a Lie group, the product manifold G × R is a Lie

groupoid over M (see Example 3 in Section 1.3.2). In addition, (G × R ⇒

M, η, 0) is a contact groupoid, where η is the 1-form on G × R given by

η = π∗2(d0t)− π∗1(λ), and π1 : G×R→ G, π2 : G×R→ R are the canonical

projections (see [70]). In particular, if G ⇒ M is an arbitrary Lie groupoid

with Lie algebroid AG then we have that (T ∗G × R ⇒ A∗G, ηG, 0) is a

contact groupoid, ηG being the canonical contact 1-form on T ∗G× R. Note

that, using Theorem 5.7, we directly deduce this result.

Let G ⇒ M be an arbitrary Lie groupoid with Lie algebroid AG and σ :

G → R be a multiplicative function. From Proposition 5.4, it follows that

the contact groupoid structure on T ∗G×R induces a Jacobi structure on the

vector bundleA∗G. Next, we will describe such a Jacobi structure. In fact, we

will show the Jacobi structure on A∗G is the homogeneous Jacobi structure

associated with a Jacobi algebroid structure on AG. We recall that a Jacobi

algebroid structure (([[ , ]], ρ), φ0) on a real vector bundle A → M induces

a homogeneous Jacobi structure (Λ(A∗,φ0), E(A∗,φ0)) on the dual bundle to A

(see Theorem 2.7).



5.1. Contact groupoids and 1-jet bundles 145

Theorem 5.10 Let G ⇒ M be a Lie groupoid with Lie algebroid AG and

σ : G→ R be a multiplicative function. If π̄G : T ∗G×R→ G is the canonical

projection, ηG is the canonical contact 1-form on T ∗G × R and (Λ0, E0) is

the Jacobi structure on A∗G induced by the contact groupoid (T ∗G × R ⇒

A∗G, ηG, σ̄ = σ ◦ π̄G) then

Λ0 = Λ(A∗G,φ0), E0 = E(A∗G,φ0), (5.24)

where φ0 ∈ Γ(A∗G) is the 1-cocycle of the Lie algebroid AG defined by

φ0(x)(Xx) = Xx(σ), (5.25)

for x ∈M and Xx ∈ AxG.

Proof: Denote by π1 : T ∗G × R → T ∗G the canonical projection onto the

first factor. It is easy to prove that π1 is a Jacobi morphism between the

contact manifold (T ∗G × R, ηG) and the symplectic manifold (T ∗G,ΩT ∗G).

Thus,

{f ◦ π1, g ◦ π1}ηG
= {f, g}ΩT∗G

◦ π1, (5.26)

for f, g ∈ C∞(T ∗G,R), { , }ηG
(respectively, { , }ΩT∗G

) being the Jacobi

bracket (respectively, Poisson bracket) associated with the contact 1-form

ηG (respectively, the symplectic 2-form ΩT ∗G).

Now, suppose that { , }(Λ0,E0) is the Jacobi bracket associated with the Jacobi

structure (Λ0, E0). From (5.6), it follows that

α̃∗σ{fA∗G, gA∗G}(Λ0,E0) = e−σ̄{eσ̄α̃∗σfA∗G, e
σ̄α̃∗σgA∗G}ηG

(5.27)

for fA∗G, gA∗G ∈ C∞(A∗G,R). Thus, if X, Y ∈ Γ(AG) and X̃, Ỹ are the

corresponding linear functions on A∗G, then (see (5.15), (5.26) and (5.27))

{X̃, Ỹ }(Λ0,E0)(α̃σ(µg, γ)) = (e−σ̄{α̃∗(X̃) ◦ π1, α̃
∗(Ỹ ) ◦ π1}ηG

)(µg, γ)

= e−σ(g){α̃∗(X̃), α̃∗(Ỹ )}ΩT∗G
(µg),

(5.28)

for (µg, γ) ∈ T ∗gG×R. On the other hand, using the results in [14], we have

that

(πG)νh
∗ (HΩT∗G

α̃∗(X̃)
(νh)) =

←−
X (h), (πG)νh

∗ (HΩT∗G

α̃∗(Ỹ )
(νh)) =

←−
Y (h), (5.29)
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for h ∈ G and νh ∈ T ∗hG, where HΩT∗G

α̃∗(X̃)
(respectively, HΩT∗G

α̃∗(Ỹ )
) is the hamilto-

nian vector field of the function α̃∗(X̃) (respectively, α̃∗(Ỹ )) with respect to

the symplectic structure ΩT ∗G. Therefore, (L0)HΩT∗G
α̃∗(X̃)

λT ∗G = (L0)HΩT∗G
α̃∗(Ỹ )

λT ∗G

= 0 and from (5.28) and (5.29), we conclude that

{X̃, Ỹ }(Λ0,E0)(α̃σ(µg, γ)) = e−σ(g)λT ∗G(µg)
(
[HΩT∗G

α̃∗(X̃)
,HΩT∗G

α̃∗(Ỹ )
](µg)

)
= e−σ(g)µg(

←−−−−
[[X, Y ]](g))

= α̃σ(µg, γ)([[X,Y ]](α(g))),

[[ , ]] being the Lie bracket on AG. Consequently,

{X̃, Ỹ }(Λ0,E0) = ˜[[X, Y ]]. (5.30)

Next, we will show that

{X̃, 1}(Λ0,E0) = φ0(X) ◦ τ ∗, (5.31)

where τ ∗ : A∗G → M is the bundle projection. Using (5.15), (5.26) and

(5.27), it follows that

{X̃, 1}(Λ0,E0)(α̃σ(µg, γ)) = (e−σ̄{α̃∗(X̃) ◦ π1, e
σ◦πG ◦ π1}ηG

)(µg, γ)

= e−σ(g){α̃∗(X̃), eσ◦πG}ΩT∗G
(µg)

= (πG)
µg
∗ (HΩT∗G

α̃∗(X̃)
(µg))(σ).

Thus, from (5.25) and (5.29), we obtain that

{X̃, 1}(Λ0,E0)(α̃σ(µg, γ)) = (φ0(X) ◦ τ ∗)(α̃σ(µg, γ)).

This implies that (5.31) holds.

Finally, using (5.30), (5.31) and Remark 2.8, we deduce (5.24). QED

5.2 Jacobi groupoids: definition and charac-

terization

Motivated by the results obtained in Section 5.1 about contact groupoids,

we introduce the following definition.
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Definition 5.11 Let G ⇒ M be a Lie groupoid, (Λ, E) be a Jacobi structure

on G and σ : G→ R be a multiplicative function. Then, (G ⇒ M,Λ, E, σ) is

a Jacobi groupoid if the homomorphism #(Λ,E) : T ∗G× R→ TG× R given

by

#(Λ,E)(µg, γ) = (#Λ(µg) + γ E(g),−µg(E(g))) (5.32)

is a morphism of Lie groupoids over some map ϕ0 : A∗G→ TM ×R, where

the structural functions of the Lie groupoid structure on T ∗G × R ⇒ A∗G

(respectively, TG× R ⇒ TM × R) are given by (5.15) (respectively, (5.8)).

Remark 5.12 Since #(Λ,E) : T ∗G × R → TG × R is a morphism of Lie

groupoids, we deduce that

ϕ0 = (αT )σ ◦#(Λ,E) ◦ ε̃σ = (βT )σ ◦#(Λ,E) ◦ ε̃σ.

Thus, if µx ∈ A∗
xG, it follows that

ϕ0(µx) =
(
αε(x)∗ (#Λ(ε̃(µx))),−µx (E(ε(x))− εx∗(βε(x)∗ (E(ε(x)))))

)
. (5.33)

A characterization of a Jacobi groupoid is the following one.

Theorem 5.13 Let G ⇒ M be a Lie groupoid, (Λ, E) be a Jacobi structure

on G and σ : G → R be a multiplicative function. Then, (G ⇒ M,Λ, E, σ)

is a Jacobi groupoid if and only if the following conditions hold:

i) The map #Λ : T ∗G→ TG is a Lie groupoid morphism over some map

ϕ̃0 : A∗G → TM from the σ-cotangent groupoid T ∗G ⇒ A∗G to the

tangent Lie groupoid TG ⇒ TM .

ii) E is a right-invariant vector field on G and E(σ) = 0.

iii) If X0 ∈ Γ(AG) is the section of the Lie algebroid AG satisfying E =

−−→X0, we have that

#Λ(d0σ) =
−→
X0 − e−σ

←−
X0. (5.34)
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Proof: Suppose that (G ⇒ M,Λ, E, σ) is a Jacobi groupoid.

If µg ∈ T ∗gG and νh ∈ T ∗hG satisfy α̃∗σ(µg) = β̃∗σ(νh) then, from (5.8), (5.15),

(5.23), (5.32) and since the map #(Λ,E) : T ∗G×R→ TG×R is a Lie groupoid

homomorphism, we have that αT (#Λ(µg)) = βT (#Λ(νh)) and

#Λ(µg ⊕σT ∗G νh) = #Λ(µg)⊕TG #Λ(νh).

This proves i).

On the other hand, we have that

(αT )σ ◦#(Λ,E) = ϕ0 ◦ α̃σ, (βT )σ ◦#(Λ,E) = ϕ0 ◦ β̃σ. (5.35)

Thus, if g ∈ G, it follows that

((αT )σ ◦#(Λ,E))(0T ∗gG, 1) = (ϕ0 ◦ α̃σ)(0T ∗gG, 1),

which, using (5.8), (5.15) and (5.32), implies that

αg∗(E(g)) = 0, E(g)(σ) = 0. (5.36)

Now, if (g, h) ∈ G(2) then, from (5.15), we deduce that

α̃σ(0T ∗gG, 1) = β̃σ(0T ∗hG, 0) = 0

and therefore

#(Λ,E)((0T ∗gG, 1)⊕T ∗G×R (0T ∗hG, 0))

= #(Λ,E)(0T ∗gG, 1)⊕TG×R #(Λ,E)(0T ∗hG, 0).

Consequently, using (5.8), (5.15) and (5.32), we obtain that

(Rh)
g
∗(E(g)) = E(gh). (5.37)

This proves ii) (see (5.36) and (5.37)).

Next, we will show that (5.34) holds.

From (5.35), it follows that

((βT )σ ◦#(Λ,E))(e
σ(g)(d0σ)(g), eσ(g)) = (ϕ0 ◦ β̃σ)(eσ(g)(d0σ)(g), eσ(g))
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and thus, using (5.8), (5.15), (5.17) and (5.32), we have that

βg∗(H
(Λ,E)
eσ (g)) = 0, (5.38)

where H(Λ,E)
eσ is the hamiltonian vector field of the function eσ with respect

to the Jacobi structure (Λ, E).

On the other hand, suppose that (g, h) ∈ G(2). Then, from (5.15) and (5.17),

we deduce that

α̃σ(0T ∗gG, 0) = β̃σ(e
σ(h)(d0σ)(h), eσ(h)) = 0

and therefore

#(Λ,E)((0T ∗gG, 0)⊕T ∗G×R (eσ(h)(d0σ)(h), eσ(h)))

= #(Λ,E)(0T ∗gG, 0)⊕TG×R #(Λ,E)(e
σ(h)(d0σ)(h), eσ(h)).

Consequently, using (5.8), (5.15), (5.17), (5.32), the fact that σ is multiplica-

tive and since E(σ) = 0, we obtain that

(Lg)
h
∗(H

(Λ,E)
eσ (h)) = H(Λ,E)

eσ (gh). (5.39)

Now, if x is a point of M then, using (1.58), it follows that the map

ε̃|A∗xG : A∗
xG→ T ∗ε(x)G

is a linear isomorphism between the vector spaces A∗
xG and the annihilator

of the subspace Tε(x)ε(M), that is, (Tε(x)ε(M))◦. Thus, from (1.55), (1.58),

(5.8), (5.15), (5.33) and since (εT )σ ◦ ϕ0 = #(Λ,E) ◦ ε̃σ, we conclude that

#Λ(Tε(x)ε(M))◦ ⊆ Tε(x)ε(M), (5.40)

for all x ∈ M . This implies that #Λ(d0σ)(ε(x)) ∈ Tε(x)ε(M) (note that

(d0σ)(ε(x)) ∈ (Tε(x)ε(M))◦) or, equivalently,

#Λ((d0σ)(ε(x))) = εx∗(β
ε(x)
∗ (#Λ(d0σ)(ε(x)))).

But, H(Λ,E)
eσ is β-vertical and therefore

βε(x)∗ (#Λ((d0σ)(ε(x)))) = −βε(x)∗ (E(ε(x))),
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that is,

H(Λ,E)
eσ (ε(x)) = #Λ((d0σ)(ε(x))) + E(ε(x)) = −←−X 0(ε(x)). (5.41)

Consequently, using (5.38), (5.39) and (5.41), we deduce that #Λ(d0σ) =
−→
X 0 − e−σ

←−
X 0.

Conversely, assume that i), ii) and iii) hold.

We must prove that the map #(Λ,E) : T ∗G×R→ TG×R is a Lie groupoid

morphism or, equivalently, that if (µg, γ) ∈ T ∗gG× R and (νh, ζ) ∈ T ∗hG× R
satisfy α̃(µg, γ) = β̃(νh, ζ) then

(αT )σ(#(Λ,E)(µg, γ)) = (βT )σ(#(Λ,E)(νh, ζ)), (5.42)

#(Λ,E)((µg, γ)⊕T ∗G×R (νh, ζ)) = #(Λ,E)(µg, γ)⊕TG×R #(Λ,E)(νh, ζ). (5.43)

Now, from (5.15), (5.17) and (5.23), we obtain that

α̃∗σ(µg + ζ eσ(g)(d0σ)(g)) = β̃∗σ(νh)

which, using i), implies that

αT (#Λ(µg + ζ eσ(g)(d0σ)(g))) = βT (#Λ(νh)), (5.44)

#Λ((µg + ζ eσ(g)(d0σ)(g))⊕T ∗G eσ(g)νh)

= #Λ(µg + ζ eσ(g)(d0σ)(g))⊕TG #Λ(eσ(g)νh).
(5.45)

Thus, form (5.43), ii) and iii), it follows that

αT (#Λ(µg)) = βT (#Λ(νh)) + ζαT (
←−
X 0(g))

= βT (#Λ(νh) + ζE(h)).
(5.46)

Moreover, using ii), the fact that σ is multiplicative and since (α̃σ(µg, γ))

(X0(α(g))) = (β̃σ(νh, ζ))(X0(β(h))), we deduce that

e−σ(g)µg(
←−
X 0(g)) = −νh(E(h)). (5.47)

From (5.8), (5.36), (5.46) and (5.47), we conclude that (5.42) holds.
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On the other hand, using (1.58), (5.15), (5.32) and ii), we obtain that

#(Λ,E)((µg, γ)⊕T ∗G×R (νh, ζ))

= (#Λ(µg + ζ eσ(g)(d0σ)(g))⊕TG #Λ(eσ(g)νh)

+(γ + eσ(g)ζ)(E(g)⊕TG 0ThG),−((µg + eσ(g)ζ(d0σ)(g))

⊕T ∗G(eσ(g)νh))(E(g)⊕TG 0ThG))

= (#Λ(µg + ζeσ(g)(d0σ)(g))⊕TG #Λ(eσ(g)νh)

+(γ + eσ(g)ζ)(E(g)⊕TG 0ThG),−µg(E(g))).

Furthermore, if µ′g ∈ T ∗gG and ν ′h ∈ T ∗hG satisfy α̃(µ′g) = β̃(ν ′h) then, from

(1.58) and iii), we have that

(µ′g ⊕T ∗G ν ′h)(#Λ(µg + ζ eσ(g)(d0σ)(g))⊕TG #Λ(eσ(g)νh)

+(γ + eσ(g)ζ)(E(g)⊕TG 0ThG)) = −α̃(µ′g)(X0(α(g))).

Finally, using (1.58) and ii), it follows that

(µ′g⊕T ∗G ν ′h)((#Λ(µg)+γE(g))⊕TG (#Λ(νh)+ ζE(h))) = −β̃(ν ′h)(X0(β(h))).

Therefore, we conclude that

#Λ(µg+ζ e
σ(g)(d0σ)(g))⊕TG#Λ(eσ(g)νh)+(γ+eσ(g)ζ)(E(g)⊕TG0ThG)

= (#Λ(µg) + γE(g))⊕TG(#Λ(νh) + ζE(h))
(5.48)

and thus, from (5.8), (5.32) and (5.48), we deduce (5.43). QED

Remark 5.14 Let (G ⇒ M,Λ, E, σ) be a Jacobi groupoid. Then, by Theo-

rem 5.13, we have that #Λ : T ∗G→ TG is a Lie groupoid morphism from the

σ-cotangent groupoid T ∗G ⇒ A∗G to the tangent Lie groupoid TG ⇒ TM .

As a consequence, we get that

e−σ#Λ ◦ ε̃ ◦ α̃ = εT ◦ αT ◦#Λ, #Λ ◦ ε̃ ◦ β̃ = εT ◦ βT ◦#Λ,

α̃, β̃ and ε̃ being the projections and the inclusion of the cotangent Lie

groupoid T ∗G ⇒ A∗G.
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Some other basic properties of Jacobi groupoids, different from the ones we

obtained in Theorem 5.13, are shown in the following result.

Proposition 5.15 Let (G ⇒ M,Λ, E, σ) be a Jacobi groupoid. Then:

i) M ∼= ε(M) is a coisotropic submanifold in G.

ii) If g and h are elements of G such that α(g) = β(h) = x and X and Y are

(local) bisections through the points g and h, X (x) = g and Y(x) = h, then

Λ(gh) = (RY)g∗(Λ(g)) + e−σ(g)(LX )h∗(Λ(h))

−e−σ(g)(LX ◦RY)
ε(x)
∗ (Λ(ε(x))).

(5.49)

Proof: Using (5.40), we obtain that M is a coisotropic submanifold in G.

Next, we will prove ii). Let Ξ be the 2-vector on G × G × G defined by

Ξ(g, h, k) = eσ(g)Λ(g) + Λ(h)− eσ(g)Λ(k). Then, since the map #Λ : T ∗G→
TG is a Lie groupoid morphism from the σ-cotangent groupoid T ∗G ⇒ A∗G

to the tangent Lie groupoid TG ⇒ TM (see Theorem 5.13), it follows that

the graph of the multiplication in G, {(g, h, gh) ∈ G×G×G/α(g) = β(h)},
is a coisotropic submanifold of G×G×G with respect to Ξ.

Now, denote by AD(G) the affinoid diagram corresponding to the Lie group-

oid G, that is (see [118]),

AD(G) = {(k, g, h, r) ∈ G×G×G×G/α(h)=α(k), β(k)=β(g), r=hk−1g}.

Then, following the proof of Theorem 4.5 in [118], we obtain that AD(G) is

a coisotropic submanifold of G×G×G×G with respect to the 2-vector Ξ̃

given by

Ξ̃(k, g, h, r) = eσ(k)Λ(k)− eσ(k)Λ(g)− eσ(h)Λ(h) + eσ(h)Λ(r).

On the other hand, if g and h are elements of G satisfying α(g) = β(h) = x,

we have that (gh, g, h, ε(x)) is an element of AD(G). In addition, for any ξ ∈
T ∗ghG and X ,Y (local) bisections of G through the points g and h (X (x) = g

and Y(x) = h), it follows from Lemma 2.6 in [120] that

(−ξ, ((RY)g∗)
∗(ξ), ((LX )h∗)

∗(ξ),−((RY ◦ LX )ε(x)∗ )∗(ξ))
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is a conormal vector to AD(G) at (gh, g, h, ε(x)), i.e., it is an element of

(T(gh,g,h,ε(x))AD(G))◦. Here, RY and LX denote the right-translation and the

left-translation induced by Y and X (see (1.51)). Therefore, if ξ, η ∈ T ∗ghG,

we deduce that(
eσ(gh)Λ(gh)− eσ(h)(LX )h∗(Λ(h))

−eσ(gh)(RY)g∗(Λ(g)) + eσ(h)(RY ◦ LX )
ε(x)
∗ (Λ(ε(x)))

)
(ξ, η) = 0.

This implies that (5.49) holds. QED

Motivated by the above result, we introduce the following definition.

Definition 5.16 Let G ⇒ M be a Lie groupoid and σ : G → R be a multi-

plicative function. A multivector field P on G is σ-affine if for any g, h ∈ G
such that α(g) = β(h) = x and any (local) bisections X ,Y through the points

g, h, X (x) = g and Y(x) = h, we have

P (gh) = (RY)g∗(P (g)) + e−σ(g)(LX )h∗(P (h))

−e−σ(g)(LX ◦RY)
ε(x)
∗ (P (ε(x))).

(5.50)

It is clear that if P is a σ-affine multivector and σ identically vanishes, then

P is affine (see [85, 120]).

The following proposition gives a very useful characterization of σ-affine mul-

tivector fields.

Proposition 5.17 Let G ⇒ M be an α-connected Lie groupoid and σ :

G → R be a multiplicative function on G. For a multivector field P on G,

the following statements are equivalent:

i) P is σ-affine;

ii) For any left-invariant vector field
←−
X , the Lie derivative eσ(L0)←

X
P is

left-invariant.

Proof: The result follows using the fact that σ is multiplicative and proceed-

ing as in the proof of Theorem 2.2 in [85]. QED
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5.3 Examples of Jacobi groupoids

5.3.1 Poisson groupoids

If (G ⇒ M,Λ, E, σ) is a Jacobi groupoid with E = 0 and σ = 0 then,

using Remark 5.8 and Theorem 5.13, we deduce that #Λ : T ∗G → TG is

a Lie groupoid morphism from the cotangent groupoid T ∗G ⇒ A∗G to the

tangent groupoid TG ⇒ TM . Thus, we recover the definition of a Poisson

groupoid (see [83, 85]).

5.3.2 Contact groupoids

Let (G ⇒ M, η, σ) be a contact groupoid. If (Λ, E) is the Jacobi structure

associated with the contact 1-form η then, using the results in Section 5.1,

we have that (G ⇒ M,Λ, E, σ) is a Jacobi groupoid.

5.3.3 Locally conformal symplectic groupoids

In this Section, we will study a Jacobi groupoid (G ⇒ M,Λ, E, σ) such

that its Jacobi structure (Λ, E) is l.c.s.. For this purpose, we introduce the

following definition.

Definition 5.18 Let G ⇒ M be a Lie groupoid with structural functions α,

β, m and ε, (Ω, ω) be a l.c.s. structure on G, σ : G→ R be a multiplicative

function and θ be the 1-form on G defined by

θ = eσ(d0σ − ω). (5.51)

Then, (G ⇒ M,Ω, ω, σ) is a locally conformal symplectic groupoid (l.c.s.

groupoid) if the following properties hold:

m∗Ω = τ ∗1 Ω + e(σ◦τ1)τ ∗2 Ω; (5.52)

α̃ ◦ ω = 0, β̃ ◦ θ = 0; (5.53)

m∗ω = τ ∗1ω, m∗θ = e(σ◦τ1)τ ∗2 θ; (5.54)
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Λ(ω, θ) = 0, (θ + ω − ε̃ ◦ β̃ ◦ ω) ◦ ε = 0; (5.55)

where τi : G(2) → G, i = 1, 2, are the canonical projections, (Λ, E) is the

Jacobi structure associated with the l.c.s. structure (Ω, ω) and α̃, β̃, ⊕T ∗G
and ε̃ are the structural functions of the cotangent Lie groupoid T ∗G ⇒ A∗G.

Two examples of this situation are the following ones.

Examples 5.19 1.- Let (G ⇒ M,Ω) be a symplectic groupoid. This con-

dition is equivalent to say that Ω satisfies the condition m∗Ω = τ ∗1 Ω + τ ∗2 Ω

(see [19]). Therefore, we conclude that (G ⇒ M,Ω) is a symplectic groupoid

if and only if (G ⇒ M,Ω, 0, 0) is a l.c.s. groupoid.

2.- Let G ⇒ M be a Lie groupoid and σ : G → R be a multiplicative

function. Then, using the multiplicative character of σ, we can define a right

action of G ⇒ M on the canonical projection π1 : M × R→M as follows

(x, t) · g = (α(g), σ(g) + t) (5.56)

for (x, t) ∈ M × R and g ∈ G such that β(g) = x. Thus, we have the

corresponding action groupoid (M × R) ∗ G ⇒ M × R (see Example 4 in

Section 1.3.2). Moreover, if (AG, [[ , ]], ρ) is the Lie algebroid of G, the

multiplicative function σ induces a 1-cocycle φ0 on AG given by

φ0(x)(Xx) = Xx(σ), (5.57)

for x ∈M and Xx ∈ AxG. In addition, using the results in Section 1.3.2 (see

Example 6 in Section 1.2.2), we deduce that the R-linear map ∗ : Γ(AG)→
X(M × R) defined by

X∗ = (ρ(X) ◦ π1) + (φ0(X) ◦ π1)
∂

∂t
(5.58)

induces an action of AG on the projection π1 : M × R → M and the Lie

algebroid of (M × R) ∗G is just the action Lie algebroid AGn π1.

Now, it is easy to prove that (M ×R)∗G may be identified with the product

manifold G×R and, under this identification, the structural functions of the
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Lie groupoid are given by

ασ(g, t) = (α(g), σ(g) + t), for (g, t) ∈ G× R,
βσ(h, s) = (β(h), s), for (h, s) ∈ G× R,

mσ((g, t), (h, s)), = (gh, t), if ασ(g, t) = βσ(h, s),

εσ(x, t) = (ε(x), t), for (x, t) ∈M × R.

(5.59)

Thus, if A(G×R) is the Lie algebroid of G×R and X ∈ A(x,t)(G×R), it is

clear that X ∈ AxG and therefore the map J : A(G×R)→ AG×R defined

by

X ∈ A(x,t)(G× R)→ J (X) = (X, t) ∈ AxG× R (5.60)

defines an isomorphism of vector bundles. Furthermore, if on AG × R we

consider the Lie algebroid structure ([[ , ]]¯φ0 , ρ̄φ0) given by (3.75) then J
is a Lie algebroid isomorphism. In conclusion, the Lie algebroid of the Lie

groupoid G× R ⇒ M × R may be identified with (AG× R, [[ , ]]¯φ0 , ρ̄φ0).

From (1.55) and (5.59), it follows that the projections (ασ)
T , (βσ)

T , the

inclusion (εσ)
T and the partial multiplication of the tangent Lie groupoid

T (G×M) ⇒ T (M × R) are given by

(ασ)
T (Xg +λ ∂

∂t |t)

= αT (Xg)+(λ+Xg(σ)) ∂
∂t |t+σ(g)

, for Xg +λ ∂
∂t |t ∈ T(g,t)(G× R),

(βσ)
T (Yh+µ ∂

∂t |s)

= βT (Yh)+µ ∂
∂t |s, for Yh+µ ∂

∂t |s ∈ T(h,s)(G× R),

(Xg + λ ∂
∂t |t)⊕T (G×R) (Yh + µ ∂

∂t |s) = (Xg ⊕TG Yh) + λ ∂
∂t |t,

(εσ)
T (Xx + λ ∂

∂t |t) = εT (Xx) + λ ∂
∂t |t, for Xx + λ

∂

∂t |t
∈ T(x,t)(M × R).

(5.61)

On the other hand, using (1.58) and (5.59), we deduce that the projections

α̃σ, β̃σ, the inclusion ε̃σ and the partial multiplication ⊕T ∗(G×R) in the cotan-
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gent groupoid T ∗(G× R) ⇒ A∗G× R are defined by

α̃σ(µg + γd0t|t)

= (α̃(µg), σ(g) + t), for µg + γd0t|t ∈ T ∗(g,t)(G× R),

β̃σ(νh + ζd0t|s)

= (β̃(νh)− ζ(d0σ)(ε(β(g))), s), for νh + ζd0t|s ∈ T ∗(h,s)(G× R),

(µg + γd0t|t)⊕T ∗(G×R) (νh + ζd0t|s)

= (µg + ζ(d0σ)(g))⊕T ∗G νh + (γ + ζ)d0t|t

ε̃σ(µx, t) = ε̃(µx) + 0 d0t|t, for (µx, t) ∈ A∗
xG× R

(5.62)

Now, suppose that η is a contact 1-form on G in such a way that (G ⇒

M, η, σ) is a contact groupoid. If π̄1 : G × R → G and π̄2 : G × R → R are

the canonical projections, then the function σ̄ on G×R defined by σ̄ = σ ◦ π̄1

is multiplicative and the 2-form Ω on G× R given by

Ω = −(π̄∗1(d0η) + π̄∗2(d0t) ∧ π̄∗1(η)), (5.63)

is a l.c.s. structure on G× R with Lee 1-form ω = −π̄∗2(d0t).

Next, we will prove that (G× R ⇒ M × R,Ω, ω, σ̄) is a l.c.s. groupoid.

In fact, from (5.1), (5.3), (5.61) and (5.63), we deduce that

m∗
σΩ = τ ∗1 Ω + e(σ̄◦τ1)τ ∗2 Ω,

τi : (G × R)(2) → G × R being the canonical projections. Moreover, using

(5.17) and (5.62), we obtain that

α̃σ ◦ ω = 0, β̃σ ◦ θ = 0,

where θ is the 1-form on G× R defined by θ = eσ̄(d0σ̄ − ω).

In addition, from (5.17), (5.59) and (5.61), it follows that

m∗
σω = τ ∗1ω, m∗

σθ = e(σ̄◦τ1)τ ∗2 θ.

Furthermore, if (Λ, E) is the Jacobi structure on G× R associated with the

l.c.s. structure Ω and ξ is the Reeb vector field on G of the contact structure
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η then, using (1.9), (1.12) and (5.63), we have that E = −ξ. Thus, from

Remark 1.1 and Proposition 5.3, we conclude that

Λ(ω, θ) = θ(#Λ(ω)) = θ(ξ) = eσ̄(ξ(σ)− ω(ξ)) = 0.

Finally, a direct computation, using (5.17) and (5.62), proves that

(θ + ω − ε̃σ ◦ β̃σ ◦ ω) ◦ εσ = 0.

Now, we will show that a l.c.s. symplectic groupoid is a Jacobi groupoid

(G ⇒ M,Λ, E, σ) such that (Λ, E) is the Jacobi structure associated with a

l.c.s. structure.

Theorem 5.20 Let G ⇒ M be a Lie groupoid, (Ω, ω) be a l.c.s. structure

on G and σ : G → R be a multiplicative function. If (Λ, E) is the Jacobi

structure associated with the l.c.s. structure (Ω, ω) then (G ⇒ M,Ω, ω, σ) is

a l.c.s. groupoid if and only if (G ⇒ M,Λ, E, σ) is a Jacobi groupoid.

Proof: Assume that (G ⇒ M,Ω, ω, σ) is a l.c.s. groupoid and denote by

α̃∗σ, β̃
∗
σ, ⊕σT ∗G and ε̃∗σ the structural functions of the σ-cotangent groupoid

T ∗G ⇒ A∗G. Using (5.52), we obtain that

Ω(ε(x))(εx∗(Xx), ε
x
∗(Yx)) = 0, for Xx, Yx ∈ TxM. (5.64)

Now, suppose that g ∈ G and that Xg ∈ TgG and Zα(g) ∈ Aα(g)G. Then,

from (1.55), it follows that

Xg = Xg ⊕TG εα(g)
∗ (αg∗(Xg)),

(Lg)
ε(α(g))
∗ (Zα(g)) = 0g ⊕TG Zα(g).

Using these facts, (1.55), (1.58), (5.23), (5.52) and (5.64), we deduce that

i
(ε

α(g)
∗ (αg

∗(Xg)))
Ω(ε(α(g))) = ε̃(α̃∗σ(iXgΩ(g))). (5.65)

In a similar way, we prove that

i
(ε

β(h)
∗ (βh

∗ (Yh)))
Ω(ε(β(h))) = ε̃(β̃∗σ(iYh

Ω(h))), (5.66)
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for Yh ∈ ThG.

Thus, if µg ∈ T ∗gG and νh ∈ T ∗hG satisfy α̃∗σ(µg) = β̃∗σ(νh) then, from (5.65)

and (5.66) (taking Xg = #Λ(µg) and Yh = #Λ(νh)), we have that

i
(ε

α(g)
∗ (αg

∗(#Λ(µg))))
Ω(ε(α(g))) = i

(ε
β(h)
∗ (βh

∗ (#Λ(νh))))
Ω(ε(β(h))),

which implies that εT (αT (#Λ(µg)) = εT (βT (#Λ(νh)) and therefore

αT (#Λ(µg)) = βT (#Λ(νh)).

Moreover, using (1.58), (5.23), (5.52) and Remark 1.1, we conclude that

(i#Λ(µg⊕σ
T∗G

νh)Ω(gh))(Xg ⊕TG Yh)
= (i(#Λ(µg)⊕TG#Λ(νh))Ω(gh))(Xg ⊕TG Yh),

for (Xg, Yh) ∈ T(g,h)G
(2). Consequently (see Remark 1.1), it follows that

#Λ(µg ⊕σT ∗G νh) = #Λ(µg)⊕TG #Λ(νh) and, thus, the map #Λ : T ∗G→ TG

is a Lie groupoid morphism over some map ϕ̃0 : A∗G → TM , between the

σ-cotangent groupoid T ∗G ⇒ A∗G and the tangent groupoid TG ⇒ TM . In

particular, this implies that

αT ◦#Λ = ϕ̃0 ◦ α̃∗σ, βT ◦#Λ = ϕ̃0 ◦ β̃∗σ. (5.67)

Using (5.53), (5.67) and since E = −#Λ(ω), we deduce that the vector field

E is α-vertical.

Next, suppose that (g, h) ∈ G(2) and denote by Rh : Gβ(h) → Gα(h) the

right-translation by h. Then, (1.12), (5.52) and (5.54) imply that

(iE(gh)Ω(gh))(Xg ⊕TG Yh) = (i((Rh)g
∗(E(g)))Ω(gh))(Xg ⊕TG Yh),

for (Xg, Yh) ∈ T(g,h)G
(2). Consequently, E is a right-invariant vector field and

there exists X0 ∈ Γ(AG) such that E = −−→X 0.

On the other hand, if H(Λ,E)
eσ is the hamiltonian vector field of the function

eσ, it is clear that H(Λ,E)
eσ = #Λ(θ). Using this equality, (5.53), (5.54), (5.67)
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and proceeding as in the proof of the fact that E is right-invariant, we con-

clude that H(Λ,E)
eσ is a left-invariant vector field. Furthermore, if x is a point

of M , then relation (5.55) implies that H(Λ,E)
eσ (ε(x)) = −←−X 0(ε(x)). Thus,

#Λ(d0σ) =
−→
X 0 − e−σ

←−
X 0.

Finally, since Λ(ω, θ) = 0 and E = −#Λ(ω), we obtain that E(σ) = 0.

Therefore, (G ⇒ M,Λ, E, σ) is a Jacobi groupoid (see Theorem 5.13).

In a similar way, one can prove the converse. QED

Remark 5.21 Using Theorem 5.20 (see also Section 5.3.1 and Examples

5.19) we directly deduce that a symplectic groupoid is a Poisson groupoid.

This result was first proved in [117].

5.3.4 Jacobi-Lie groups

Let (G ⇒ M,Λ, E, σ) be a Jacobi groupoid over a single point, that is, G is

a Lie group and M = {e}, e being the identity element in G. Then, using

Theorem 5.13 and Proposition 5.15, it follows that :

i) Λ is σ-multiplicative, i.e.,

Λ(gh) = (Rh)
g
∗(Λ(g)) + e−σ(g)(Lg)

h
∗(Λ(h)), (5.68)

for g, h ∈ G.

ii) E is a right-invariant vector field, E(e) = −X0.

iii) #Λ(d0σ) =
−→
X 0 − e−σ

←−
X 0.

Conversely, suppose that G is a Lie group endowed with a Jacobi structure

(Λ, E) and σ : G → R is a multiplicative function in such a way that i), ii)

and iii) hold. If µg ∈ T ∗gG and νh ∈ T ∗hG satisfy α̃∗σ(µg) = β̃∗σ(νh) then, from

(5.23), we have that

α̃(µg) = β̃(eσ(g)νh). (5.69)

Thus, using (1.57), (1.58), (1.59), (5.23), (5.68) and (5.69), we deduce that

#Λ(µg ⊕σT ∗G νh) = #Λ(µg)⊕TG #Λ(νh).
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Therefore, the map #Λ : T ∗G → TG is a Lie groupoid morphism from the

σ-cotangent groupoid to the tangent groupoid.

On the other hand, from ii) and since σ is a multiplicative funcion, we obtain

that X0(σ) = 0, which implies that E(σ) = 0. Consequently, we have proved

that (G ⇒ {e},Λ, E, σ) is a Jacobi groupoid (see Theorem 5.13).

If G is a Lie group, (Λ, E) is a Jacobi structure on G and σ : G → R is a

multiplicative function such that i), ii) and iii) hold then (G,Λ, E, σ) is said

to be a Jacobi-Lie group.

5.3.5 An abelian Jacobi groupoid

Let (L, [[ , ]], ρ) be a Lie algebroid over M and ΠL∗ be the corresponding linear

Poisson structure on the dual bundle L∗ (see Example 8 in Section 1.2.2).

We may consider on L∗ the Lie groupoid structure for which α = β is the

vector bundle projection and the partial multiplication is the addition in the

fibers. Then, L∗ with the Poisson structure ΠL∗ is a Poisson groupoid (see

[117]).

Now, suppose that µ0 ∈ Γ(L∗) is a 1-cocycle of L and denote by (Λ(L∗,µ0),

E(L∗,µ0)) the Jacobi structure on L∗ given by (2.7). Note that:

i) The Liouville vector field ∆L∗ of L∗ and the vertical lift µv
0 ∈ X(L∗) of

µ0 to L∗ are α-vertical and β-vertical vector fields on L∗, and

ii) µv
0 is a right-invariant and left-invariant vector field on L∗.

Using i), ii), (1.56), (2.7), (5.8), (5.15) and the fact that (L∗,ΠL∗) is a Poisson

groupoid, we deduce that (L∗ ⇒ M,Λ(L∗,µ0), E(L∗,µ0), 0) is a Jacobi groupoid.

5.3.6 The banal Jacobi groupoid

LetM be a differentiable manifold. The results in Section 1.3.2 (see Examples

2 and 3 in Section 1.3.2) imply that G = M × R × M is a Lie groupoid

over M and, moreover, the function σ : G → R given by σ(x, t, y) = t

is multiplicative. Thus, we can consider the corresponding Lie groupoids
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TG× R ⇒ TM × R and T ∗G× R ⇒ A∗G with structural functions defined

by (5.8) and (5.15).

On the other hand, the map Φ : TM × R→ AG given by

Φ(Xx, λ) = (0, λ
∂

∂t |0
, Xx) ∈ T(x,0,x)G, (5.70)

for (Xx, λ) ∈ TxM × R, defines an isomorphism between the Lie algebroids

(TM × R, [ , ], π) (see Section 1.2.2) and AG. Thus, AG may be identified

with TM × R and, under this identification, the projections and the partial

multiplications on TG× R and T ∗G× R are given by

(αT )σ((Xx, a
∂
∂t |t, Yy), λ) = (Yy, a+ λ),

(βT )σ((X
′
x′ , a

′ ∂
∂t |t′ , Y

′
y′), λ

′) = (X ′
x′ , λ

′),

((Xx, a
∂
∂t |t, Yy), λ)⊕TG×R ((Yy, a

′ ∂
∂t |t′ , Y

′
y′), a+ λ)

= ((Xx, (a+ a′) ∂
∂t |t+t′ , Y

′
y′), λ),

α̃σ((µx, a d0t|t, θy), γ) = (e−tθy, γ),

β̃σ((µ
′
x′ , a

′ d0t|t′ , θ
′
y′), γ

′) = (−µ′x′ , a′ − γ′),
((µx, a d0t|t, θy), γ)⊕T ∗G×R ((−e−tθy, a′ d0t|t′ , θ

′
y′), a

′ − e−ta)
= ((µx, a

′et d0t|t+t′ , e
tθ′y′), γ − a+ et a′).

Now, suppose that (Λ, E) is a Jacobi structure on M . Then, it was proved

in [43] that the pair (Λ′, E ′) is a Jacobi structure on G, where

Λ′(x, t, y) = −
(
Λ(x)− ∂

∂t |t ∧ E(x)
)

+ e−t
(
Λ(y) + ∂

∂t |t ∧ E(y)
)
,

E ′(x, t, y) = −E(x).
(5.71)

Furthermore, it follows that the map ϕ0 : A∗G ∼= T ∗M ×R→ TM ×R given

by (5.33) is just the homomorphism #(Λ,E) : T ∗M × R → TM × R. Using

the above facts, we conclude that (G ⇒ M,Λ′, E ′, σ) is a Jacobi groupoid.

5.4 Jacobi groupoids and Jacobi bialgebroids

The aim of this Section is to show the relation between Jacobi groupoids and

Jacobi bialgebroids.
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5.4.1 Coisotropic submanifolds of a Jacobi manifold
and Jacobi algebroids

In this Section, we will prove that if S is a coisotropic submanifold of a Jacobi

manifold M then there exists a Jacobi algebroid structure on the conormal

bundle to S. For this purpose, we will need the following result.

Lemma 5.22 Let (M,Λ, E) be a Jacobi manifold and ([[ , ]](Λ,E), #̃(Λ,E)) be

the Lie algebroid structure on T ∗M × R. Suppose that S is a coisotropic

submanifold of M and that ̄∗ : Ω1(M) × C∞(M,R) → Ω1(S) × C∞(S,R)

is the map defined by ̄∗(µ, f) = (∗µ, ∗f),  : S → M being the canonical

inclusion. Then:

i) Ker ̄∗ is a Lie subalgebra of the Lie algebra (Ω1(M) × C∞(M,R),

[[ , ]](Λ,E)).

ii) The subspace of Ω1(M) × C∞(M,R) defined by {(µ, f) ∈ Ω1(M) ×
C∞(M,R) / µ|S = 0, ∗f = 0} is an ideal in Ker ̄∗.

Proof: i) If (µ, f), (ν, g) ∈ Ω1(M)× C∞(M,R) satisfy

̄∗(µ, f) = 0, ̄∗(ν, g) = 0,

it follows from (1.29) that

̄∗[[(µ, f), (ν, g)]](Λ,E)

= (∗(i#Λ(µ)d0ν − i#Λ(ν)d0µ− d0(µ(#Λ(ν)))),

∗(µ(#Λ(ν)) + #Λ(µ)(g)−#Λ(ν)(f))).

(5.72)

Now, since ∗µ = 0, ∗ν = 0 and S is a coisotropic submanifold, it follows

that the restriction to S of the vector fields #Λ(µ) and #Λ(ν) is tangent to

S. Thus, from (5.72), we deduce that

̄∗[[(µ, f), (ν, g)]](Λ,E) = 0.

ii) If µ′ and ν ′ are 1-form on M , we will denote by [[µ′, ν ′]]Λ the 1-form on M

given by

[[µ′, ν ′]]Λ = i#Λ(µ′)d0ν
′ − i#Λ(ν′)d0µ

′ − d0(µ
′(#Λ(ν ′))).
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Note that

[[µ′, fν ′]]Λ = f [[µ′, ν ′]]Λ + #Λ(µ′)(f)ν ′, (5.73)

for f ∈ C∞(M,R).

Next, suppose that (µ, f), (ν, g) ∈ Ω1(M) × C∞(M,R) satisfy the following

conditions

µ|S = 0, ∗f = 0, ̄∗(ν, g) = 0.

Then, proceeding as in the proof of i), we have that

[[(µ, f), (ν, g)]](Λ,E)|S = ([[µ, ν]]Λ|S, 0).

Thus, if x is a point of S, we must prove that [[µ, ν]]Λ(x) = 0. For this

purpose, we consider a coordinate neighborhood (U,ϕ) ofM with coordinates

(x1, . . . , xn, xn+1, . . . , xm) such that

ϕ(U ∩ S) = {(x1, . . . , xm) ∈ ϕ(U) / xn+1 = . . . = xm = 0}.

Here, n (respectively, m) is the dimension of S (respectively, M). Then, on

U

µ =
m∑
i=1

µi d0xi, ν =
n∑
j=1

νj d0xj +
m∑

k=n+1

ν̄k d0xk, (5.74)

with

∗µi = 0, ∗νj = 0, (5.75)

for all i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.

Note that, since S is a coisotropic submanifold of M , it follows that

#Λ(d0xk)|S(µ
i) = 0, (5.76)

for all i ∈ {1, . . . ,m} and k ∈ {n+1, . . . ,m}. Therefore, using (5.73)-(5.76),

we conclude that [[µ, ν]]Λ(x) = 0. QED

Now, we will show the main result of the Section.

Proposition 5.23 Let (M,Λ, E) be a Jacobi manifold and ([[ , ]](Λ,E), #̃(Λ,E))

be the Lie algebroid structure on T ∗M × R. Suppose that S is a coisotropic

submanifold of M . Then:
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i) The conormal bundle to S, N(S) = (TS)◦ → S, admits a Lie algebroid

structure ([[ , ]]S, ρS) defined by

[[µ, ν]]S(x) = (π1[[(µ̃, 0), (ν̃, 0)]](Λ,E))(x),

ρS(µ)(x) = #Λ(µx),
(5.77)

for µ, ν ∈ Γ(TS◦) and x ∈ S, where π1 : Ω1(M) × C∞(M,R) →
Ω1(M) is the projection onto the first factor and µ̃ and ν̃ are arbitrary

extensions to M of µ and ν, respectively.

ii) The section ES of the vector bundle N(S)∗ → S characterized by

µ(ES(x)) = −µ(E(x)), (5.78)

for all µ ∈ NxS = (TxS)◦ and x ∈ S, is a 1-cocycle of the Lie algebroid

(N(S), [[ , ]]S, ρS).

Proof: i) follows from Lemma 5.22 and ii) follows using (5.78) and the fact

that (−E, 0) ∈ X(M)×C∞(M,R) is a 1-cocycle of the Lie algebroid (T ∗M×
R, [[ , ]](Λ,E), #̃(Λ,E)) (see Example 4 in Section 1.2.2). QED

Remark 5.24 If the Jacobi manifold M is Poisson (that is, E = 0) then

the 1-cocycle ES identically vanishes and ([[ , ]]S, ρS) is just the Lie algebroid

structure obtained by Weinstein in [117].

5.4.2 The Jacobi bialgebroid of a Jacobi groupoid

In this Section, we will show that Jacobi bialgebroids are the infinitesimal

invariants for Jacobi groupoids.

Let (G ⇒ M,Λ, E, σ) be a Jacobi groupoid and (AG, [[ , ]], ρ) be the Lie

algebroid of G. Then, E is a right-invariant vector field and, thus, there exists

a section X0 of AG such that E = −−→X0 (see Theorem 5.13). Moreover, the

conormal bundle to M , as a submanifold of G, may be identified with A∗G.

In fact, the inclusion ε̃ : A∗G→ T ∗G of the cotangent groupoid T ∗G ⇒ A∗G

induces an isomorphism between A∗G and the conormal bundle to M.
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Now, we consider the section φ0 of A∗G given by

φ0(Xx) = Xx(σ), (5.79)

for Xx ∈ AxG and x ∈ M . Since σ is a Lie groupoid 1-cocycle, it follows

that φ0 is a 1-cocycle of the Lie algebroid AG (see [120]).

On the other hand, using that M ∼= ε(M) is a coisotropic submanifold of G,

we deduce that there exists a Lie algebroid structure ([[ , ]]∗, ρ∗) on A∗G and,

furthermore, the vector field E induces a 1-cocycle EM ∈ Γ(AG) of A∗G (see

Proposition 5.23). In fact, from Proposition 5.23, we have that EM = X0

and
[[µ, ν]]∗(x) = π1[[( ˜̃ε ◦ µ, 0), ( ˜̃ε ◦ ν, 0)]](Λ,E)(ε(x)),

ρ∗(µ)(x) = α
ε(x)
∗ (#Λ(ε̃(µx))),

(5.80)

for µ, ν ∈ Γ(A∗G) and x ∈M , where ˜̃ε ◦ µ and ˜̃ε ◦ ν are arbitrary extensions

to G of ε̃◦µ and ε̃◦ν, respectively. Note that, since M ∼= ε(M) is a coisotropic

submanifold of G (see Proposition 5.15), it follows that

εx∗(ρ∗(µ)(x)) = #Λ(ε̃(µx)). (5.81)

Note that, from (5.33) and (5.80), we have that ϕ0 = (ρ∗, X0), where

(ρ∗, X0)(µx) = (ρ∗(µx), µx(X0(x))), (5.82)

for µx ∈ A∗
xG. In addition, we will prove the following result.

Theorem 5.25 Let (G ⇒ M,Λ, E, σ) be a Jacobi groupoid. Then, the pair

((AG, φ0), (A
∗G,X0)) is a Jacobi bialgebroid.

Proof: Denote by dX0
∗ the X0-differential of the Lie algebroid (A∗G, [[ , ]]∗, ρ∗).

We will show that

eσ(L0)←
X

Λ = −
←−−−
dX0
∗ X. (5.83)

for X ∈ Γ(AG). Suppose that µ1, µ2 are any sections of A∗G. Let ˜̃ε ◦ µ1,˜̃ε ◦ µ2 be any of their extensions to 1-forms on G. Then, using (1.21), (1.29),
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(3.2), (5.80) and the fact that σ|ε(M) ≡ 0, we have that(
eσ(L0)←

X
Λ

)
|ε(M)

(µ1, µ2)

=
(
((L0)#Λ(˜̃ε◦µ1)

˜̃ε ◦ µ2 − (L0)#Λ(˜̃ε◦µ2)
˜̃ε ◦ µ1 − Λ( ˜̃ε ◦ µ1, ˜̃ε ◦ µ2))(

←−
X )

+#Λ( ˜̃ε ◦ µ2)( ˜̃ε ◦ µ1(
←−
X ))−#Λ( ˜̃ε ◦ µ1)( ˜̃ε ◦ µ2(

←−
X ))

)
|ε(M)

= [[µ1, µ2]]∗(X) + ρ∗(µ2)(µ1(X))

−ρ∗(µ1)(µ2(X))− (X0 ∧X)(µ1, µ2)

= −(dX0
∗ X)(µ1, µ2).

Thus, since −
←−−−
dX0
∗ X and eσ(L0)←

X
Λ are left-invariant 2-vectors (see Proposi-

tion 5.17) and their evaluation coincides on the conormal bundle A∗G, we

deduce (5.83).

Using (1.53), (5.79) and (5.83), we obtain that

←−−−−−−
dX0
∗ [[X, Y ]] = −eσ(L0)[

←
X,
←
Y ]

Λ

= (L0)←
Y
(eσ(L0)←

X
Λ)−←−Y (σ)(eσ(L0)←

X
Λ)

−(L0)←
X

(eσ(L0)←
Y
Λ) +

←−
X (σ)(eσ(L0)←

Y
Λ)

=
←−−−−−−
[[X, dX0

∗ Y ]]−
←−−−−−−−−
φ0(X)dX0

∗ Y

−
←−−−−−−
[[Y, dX0

∗ X]] +
←−−−−−−−−
φ0(Y )dX0

∗ X,

(5.84)

for X, Y ∈ Γ(AG). Thus, from (3.22) and (5.84), we conclude that

dX0
∗ [[X,Y ]] = [[X, dX0

∗ Y ]]φ0 − [[Y, dX0
∗ X]]φ0 ,

for X, Y ∈ Γ(AG).

Now, (5.79), the condition E(σ) = −−→X0(σ) = 0 (see Theorem 5.13) and

the fact that σ is a multiplicative function imply that φ0(X0) ◦ α = 0 and,

therefore,

φ0(X0) = 0. (5.85)

Furthermore, if x ∈M then, from (5.34), (5.79) and (5.81), we deduce that

εx∗(ρ∗(φ0)(x)) = #Λ(d0σ)(ε(x)) =
←−
X0(ε(x))−

−→
X0(ε(x)) = −εx∗(αε(x)∗ (X0(x))),
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that is, (see (1.52)),

ρ∗(φ0)(x) = −ρ(X0)(x). (5.86)

On the other hand, using (5.79), (5.83) and (5.85), it follows that

e−σid0σ(
←−−
d∗X) = −id0σ((L0)←

X
Λ) + e−σ(φ0(X) ◦ α)

←−
X0.

Consequently, using again (5.79), we have that

iφ0(d∗X) = −(id0σ((L0)←
X

Λ)) ◦ ε+ φ0(X)X0. (5.87)

Finally, from (5.34) and (5.79), we deduce that

0 = [
←−
X,
−→
X0] = id0σ((L0)←

X
Λ) + #Λ(d0(φ0(X) ◦ α))

−e−σ(φ0(X) ◦ α)
←−
X0 + e−σ

←−−−−−
[[X,X0]],

which implies that (see (1.21), (5.79), (5.80) and (5.87))

iφ0(d∗X) + d∗(φ0(X)) + [[X0, X]] = 0.
QED

Before describing the examples, we will relate the Jacobi structure on G and

the Jacobi structure on M induced by the Jacobi bialgebroid structure of

Theorem 5.25.

Proposition 5.26 Let (G ⇒ M,Λ, E, σ) be a Jacobi groupoid and (Λ0, E0)

be the Jacobi structure on M induced by the Jacobi bialgebroid ((AG, φ0),

(A∗G,X0)). Then, the projection β is a Jacobi antimorphism between the

Jacobi manifolds (G,Λ, E) and (M,Λ0, E0) and the pair (α, eσ) is a conformal

Jacobi morphism.

Proof: Denote by { , }(Λ,E) (respectively, { , }(Λ0,E0)) the Jacobi bracket

associated with the Jacobi structure (Λ, E) (respectively, (Λ0, E0)). Then,

we must prove that

{β∗f1, β
∗f2}(Λ,E) = −β∗{f1, f2}(Λ0,E0),

e−σ{eσα∗f1, e
σα∗f2}(Λ,E) = α∗{f1, f2}(Λ0,E0),
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for f1, f2 ∈ C∞(M,R).

Now, if (ρ∗, X0) : Γ(A∗G) → X(M) × C∞(M,R) is the map given by

(5.82) and (ρ, φ0) : Γ(AG) → X(M) × C∞(M,R) is the homomorphism

of C∞(M,R)-modules defined by (3.9) then, from (3.46), (3.47), (5.82), it

follows that

#(Λ0,E0) = (ρ∗, X0) ◦ (ρ, φ0)
∗, (5.88)

where (ρ, φ0)
∗ : Ω1(M)×C∞(M,R)→ Γ(A∗G) is the adjoint operator of the

homomorphism (ρ, φ0). In particular,

#Λ0(µ0) = ρ∗(ρ
∗(µ0)), (5.89)

for µ0 ∈ Ω1(M).

Using (5.8) and since (βT )σ ◦#(Λ,E) = (ρ∗, X0) ◦ β̃σ we have that

{β∗f1, β
∗f2}(Λ,E) = 〈#(Λ,E)(β

∗d0f1, β
∗f1), (β

∗d0f2, β
∗f2)〉

= 〈((β)Tσ ◦#(Λ,E))(β
∗d0f1, β

∗f1), (d0f2 ◦ β, β∗f2)〉
= 〈((ρ∗, X0) ◦ β̃σ)(β∗d0f1, β

∗f1), (d0f2 ◦ β, β∗f2)〉.

From (1.52), (1.58), (3.9), (5.15) and (5.79), we deduce that

β̃σ((β
g
∗)
∗(µβ(g)), λ) = −(ρ, φ0)

∗(µβ(g), λ),

for (µβ(g), λ) ∈ T ∗β(g)M × R. Using this fact and (5.88), we get that

{β∗f1, β
∗f2}(Λ,E) = β∗{f1, f2}(Λ0,E0)

On the other hand, using (1.52), (5.8), (5.89), Remark 5.14 and since (αT )σ ◦
#(Λ,E) = (ρ∗, X0) ◦ α̃σ, we obtain that

e−σ{eσα∗f1, e
σα∗f2}(Λ,E)

= e−σ〈#(Λ,E)(d0(e
σα∗f1), e

σα∗f1), (d0(e
σα∗f2), e

σα∗f2)〉
= eσ〈((αT )σ ◦#(Λ,E))(α

∗d0f1, α
∗f1), (d0f2 ◦ α, α∗f2)〉

+eσ(α∗f1)〈#(Λ,E)(d0σ, 0), (α∗(d0f2), α
∗f2)〉

= eσ〈((ρ∗, X0) ◦ α̃σ)(α∗(d0f1), α
∗f1), (d0f2 ◦ α, α∗f2)〉

+α∗(f1E0(f2)).
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Now, from (1.52), (1.58), (3.9), (5.15) and (5.79), it follows that

eσ(g)α̃σ((α
g
∗)
∗(µα(g)), λ) = (ρ, φ0)

∗(µα(g), 0),

for (µα(g), λ) ∈ T ∗α(g)M × R. Therefore,

e−σ{eσα∗f1, e
σα∗f2}(Λ,E) = α∗{f1, f2}(Λ0,E0).

QED

Next, we will describe the Jacobi bialgebroids associated with some exam-

ples of Jacobi groupoids. We remark that two Jacobi bialgebroids ((A, φ0),

(A∗, X0)) and ((B, µ0), (B
∗, Y0)) over a manifoldM are isomorphic if there ex-

ists a Lie algebroid isomorphism I : A→ B (over the identity Id : M →M)

such that I(X0) = Y0 and, in addition, the adjoint operator I∗ : B∗ → A∗ is

also a Lie algebroid isomorphism satisfying I∗(µ0) = φ0.

Examples 5.27 1.-Poisson groupoids

If (G,Λ, E, σ) is a Jacobi groupoid with E = 0 and σ = 0, that is, (G,Λ) is a

Poisson groupoid, then we have that φ0 and X0 identically vanish (see (5.79)

and Remark 5.24). Therefore, (3.33) and Theorem 5.25 imply a well-known

result (see [83, 120]): if (G,Λ) is a Poisson groupoid then the pair (AG,A∗G)

is a Lie bialgebroid.

2.-Contact groupoids

Let (G ⇒ M, η, σ) be a contact groupoid and (Λ, E) be the Jacobi structure

associated with the contact 1-form η. Then, (G ⇒ M,Λ, E, σ) is a Jacobi

groupoid.

Now, denote by (Λ0, E0) the Jacobi structure on M characterized by the

conditions (5.6), by X0 the section of the Lie algebroid AG of G satisfying

E = −−→X0 and by I : T ∗M × R → AG the Lie algebroid isomorphism given

by (5.7). If we consider the section (0,−1) ∈ Ω1(M) × C∞(M,R) of the

vector bundle T ∗M × R→M , we have that (see (5.7))

I(0,−1) = X0. (5.90)
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Moreover, if I∗ : A∗G→ TM ×R is the adjoint operator of I, from (5.7), it

follows that

I∗(νx) = (−αε(x)∗ (#Λ(ε̃(νx))),−νx(X0(x))), (5.91)

for νx ∈ A∗
xG, where ε̃ is the inclusion in the Lie groupoid T ∗G ⇒ A∗G.

Next, denote by ([ , ]−, π−) the Lie algebroid structure on the vector bundle

TM × R→M defined by

[(X, f), (Y, g)]− = (−[X, Y ],−(X(g)− Y (f))), π−(X, f) = −X,

for (X, f), (Y, g) ∈ X(M)× C∞(M,R).

On the other hand, if on the vector bundle TG × R → G we consider the

natural Lie algebroid structure (see Section 1.2.2) then the map #(Λ,E) :

T ∗G × R → TG × R is a Lie algebroid homomorphism between the Lie

algebroids (T ∗G×R, [[ , ]](Λ,E), #̃(Λ,E)) and TG×R. Using this fact, (5.80) and

since M ∼= ε(M) is a coisotropic submanifold of G, we deduce that I∗ defines

an isomorphism between the Lie algebroids A∗G and (TM×R, [ , ]−, π−). In

addition, from (5.91) and Proposition 5.3, we obtain that I∗(φ0) = (−E0, 0).

In conclusion, if on the vector bundle T ∗M × R → M (respectively, TM ×
R → M) we consider the Lie algebroid structure ([[ , ]](Λ0,E0), #̃(Λ0,E0)) (res-

pectively, ([ , ]−, π−)) then the Jacobi bialgebroids ((AG, φ0), (A
∗G,X0))

and ((T ∗M × R, (−E0, 0)), (TM × R, (0,−1))) are isomorphic. Note that

the Jacobi structure on M induced by the Jacobi bialgebroid ((T ∗M × R,
(−E0, 0)), (TM × R, (0,−1))) is just (Λ0, E0) (see (3.45)).

3.-L.c.s. groupoids

Let (G ⇒ M,Ω, ω, σ) be a l.c.s. groupoid and θ be the 1-form on G given

by (5.51). Then, (G ⇒ M,Λ, E, σ) is a Jacobi groupoid, where (Λ, E) is the

Jacobi structure associated with the l.c.s. structure (Ω, ω). Furthermore,

the 1-form e−σθ is closed and since β̃ ◦ θ = 0, it follows that θ is basic with

respect to the projection α. Thus, there exists a unique closed 1-form θ0 on

M such that

α∗θ0 = e−σθ. (5.92)
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Note that if Yh ∈ ThG then

(β∗θ0)(h)(Yh) = θ0(β(h))(α
ε(β(h))
∗ (ε

β(h)
∗ (βh∗ (Yh))))

= (e−σθ)(ε(β(h)))(ε
β(h)
∗ (βh∗ (Yh)))

and, since σ is multiplicative, iEΩ = ω and E is a right-invariant vector field,

(β∗θ0)(h)(Yh) = −{(ε ◦ β)∗(ω)}(h)(Yh) = −ω(h)(Yh),

that is,

β∗θ0 = −ω. (5.93)

On the other hand, #Λ(θ) is the hamiltonian vector field H(Λ,E)
eσ of the func-

tion eσ. Moreover, from Theorems 3.13 and 5.20, and Proposition 5.26, we

deduce that there exists a Jacobi structure (Λ0, E0) on M in such a way

that the couple (α, eσ) is a conformal Jacobi morphism between the Jacobi

manifolds (G,Λ, E) and (M,Λ0, E0). This implies that

#Λ0 (α(g))(θ0(α(g))) = eσ(g)(αg∗ ◦#Λ(g) ◦ (αg∗)
∗)(θ0(α(g)))

= αg∗(H
(Λ,E)
eσ (g)) = E0(α(g)),

for g ∈ G, where (αg∗)
∗ : T ∗α(g)M → T ∗gG is the adjoint map of the tangent

map αg∗ : TgG→ Tα(g)M . Therefore, we have proved that #Λ0(θ0) = E0.

Next, we will describe the Lie algebroid associated with a l.c.s. groupoid.

Theorem 5.28 Let (G ⇒ M,Ω, ω, σ) be a l.c.s. groupoid, AG be the Lie

algebroid of G, (Λ, E) be the Jacobi structure on G associated with the l.c.s.

structure (Ω, ω) and (Λ0, E0) be the corresponding Jacobi structure on M .

Then, the map Ψ : Ω1(M) → XL(G) between Ω1(M) and the space XL(G)

of left-invariant vector fields on G defined by Ψ(µ) = eσ#Λ(α∗µ) induces an

isomorphism between the vector bundles T ∗M and AG. Under this isomor-

phism, the Lie bracket on Γ(AG) ∼= XL(G) and the anchor map of AG are

given by

[[µ, ν]](Λ0,E0,θ0) = (L0)#Λ0
(µ)ν − (L0)#Λ0

(ν)µ− d0(Λ0(µ, ν))

−iE0(µ ∧ ν)− Λ0(µ, ν)θ0,

#̃(Λ0,E0,θ0)(µ) = #Λ0(µ),

for µ, ν ∈ Ω1(M), where θ0 is the 1-form on M characterized by (5.92).
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Proof: Let µ be a 1-form on M . Since the map #Λ : T ∗G → TG is

a morphism between the σ-cotangent groupoid and the tangent groupoid

TG ⇒ TM over some map ϕ̃0 : A∗G→ TM , we obtain the that vector field

X̃ = Ψ(µ) is β-vertical. In fact, if g ∈ G then (see (1.58))

βT (X̃(g)) = eσ(g)βT (#Λ(α∗µ)(g))

= eσ(g)ϕ̃0(β̃((α∗µ)(g))) = 0.

Moreover, if (g, h) ∈ G(2) and Lg : Gα(g) → Gβ(g) is the left-translation by g

then, using Remark 1.1 and the fact that σ is multiplicative, we deduce that

(iX̃(gh)Ω(gh))(Yg ⊕TG Zh) = −eσ(g)eσ(h)µ(α(h))(αh∗(Zh)),

for (Yg, Zh) ∈ T(g,h)G
(2). Thus, from (5.52), it follows that

iX̃(gh)Ω(gh) = i0g⊕TGX̃(h)Ω(gh)

and, as X̃ is a β-vertical vector field, we have that

iX̃(gh)Ω(gh) = i(Lg)h
∗ (X̃(h))Ω(gh),

that is, X̃(gh) = (Lg)
h
∗(X̃(h)). This proves that X̃ ∈ XL(G).

Conversely, assume that X̃ ∈ XL(G) and consider the 1-form on G defined

by µ̃ = −iX̃Ω. We will show that Ψ(µ) = X̃, where µ is the 1-form on M

given by

µ = ε∗µ̃.

If g ∈ G and Yg ∈ TgG then

X̃(g) = 0g ⊕TG X̃(ε(α(g))), Yg = Yg ⊕TG εα(g)
∗ (εg∗(Yg)). (5.94)

Therefore, using (5.52) and (5.94), we deduce that

µ̃(g)(Yg) = eσ(g)Ω(ε(α(g)))(X̃(ε(α(g))), ε
α(g)
∗ (εg∗(Yg)))

= eσ(g)µ̃(ε(α(g)))(ε
α(g)
∗ (αg∗(Yg))) = eσ(g)(α∗µ)(g)(Yg).

Consequently, Ψ(µ) = X̃.
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On the other hand, using that the map #Λ : Ω1(G) → X(G) is an iso-

morphism of C∞(G,R)-modules, we conclude that Ψ is an isomorphism of

C∞(M,R)-modules. Note that Ψ(fµ) = (f ◦α)Ψ(µ), for f ∈ C∞(M,R) and

µ ∈ Ω1(M).

Now, denote by ([[ , ]], ρ) the Lie algebroid structure on AG and suppose

that X, Y ∈ Γ(AG). We have that the left-invariant vector field
←−
X is α-

projectable to the vector field ρ(X). In addition, if µ and ν are 1-forms on

M satisfying Ψ(µ) =
←−
X and Ψ(ν) =

←−
Y then, from Proposition 5.26 and

since, σ ◦ ε = 0, it follows that

ρ(X) = #̃(Λ0,E0,θ0)(µ).

Using (5.53), we obtain that

ω(
←−
X ) = ω(

←−
Y ) = 0, (5.95)

which implies that (see (1.11))

i←
Y
((L0)←

X
Ω) = eσ(−←−Y (σ)α∗µ+ (α∗µ)(

←−
Y )(d0σ − ω)

+d0((α
∗µ)(
←−
Y ))− (L0)←

Y
α∗µ).

Moreover, since σ is multiplicative and
←−
Y is a left-invariant vector field, we

deduce that
←−
Y (σ) = (

←−
Y (σ) ◦ ε) ◦ α.

In addition, it is clear that

(L0)←
Y
α∗µ = α∗((L0)ρ(Y )µ)

and therefore,

i←
Y
((L0)←

X
Ω) = eσα∗(−(L0)ρ(Y )µ− (Y (σ) ◦ ε)µ

+µ(ρ(Y ))θ0 + d0(µ(ρ(Y )))).
(5.96)

Furthermore, using that σ is multiplicative, we have that

ρ(Y ) = #Λ0(ν). (5.97)
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On the other hand, from (5.53) and since #Λ(θ) = H(Λ,E)
eσ , it follows that

(
←−
Y (σ) ◦ ε)(x) = −ν(x)(αε(x)∗ (H(Λ,E)

eσ (ε(x))))

which, by Proposition 5.26, implies that

←−
Y (σ) ◦ ε = −ν(E0). (5.98)

Consequently, (see (5.96), (5.97) and (5.98)),

i←
Y
((L0)←

X
Ω) = eσα∗(−(L0)#Λ0

(ν)µ+ ν(E0)µ− Λ0(µ, ν)θ0 − d0(Λ0(µ, ν))).

Finally,

(L0)←
X

(i←
Y
Ω) = −eσ(←−X (σ)α∗ν + (L0)←

X
α∗ν)

and, using that
←−
X (σ) = −µ(E0) ◦ α and the fact that

(L0)←
X
α∗ν = α∗((L0)ρ(X)ν) = α∗((L0)#Λ0

(µ)ν − µ(E0)ν)

we conclude that

(L0)←
X

(i←
Y
Ω) = −eσα∗((L0)#Λ0

(µ)ν − µ(E0)ν).

Thus,

[Ω([
←−
X,
←−
Y ]) = i

[
←
X,
←
Y ]

Ω = (L0)←
X

(i←
Y
Ω)− i←

Y
((L0)←

X
Ω)

= −eσα∗([[µ, ν]](Λ0,E0,θ0)).

This ends the proof of our result. QED

Remark 5.29 Let (G ⇒ M,Ω) be a symplectic groupoid. Then, the Jacobi

bialgebroid is a Lie bialgebroid (see Example 1 in Examples 5.27) and the

Jacobi structure on M is Poisson (see Example 3.4.1 in Chapter 3). In

addition, the 1-form θ0 on M identically vanishes. Thus, AG is isomorphic

to the cotangent Lie algebroid T ∗M . This result was proved in [14].

Finally, let us describe the Jacobi bialgebroid associated with a l.c.s. group-

oid (G ⇒ M,Ω, ω, σ).
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Theorem 5.30 Let (G ⇒ M,Ω, ω, σ) be a l.c.s. groupoid, AG be the Lie

algebroid of G and φ0 (respectively, X0) the corresponding 1-cocycle on AG

(respectively, A∗G). Then, the Jacobi bialgebroid ((AG, φ0), (A
∗G,X0)) is

isomorphic to the pair ((T ∗M,−E0), (TM
−,−θ0)), where TM− denotes the

Lie algebroid structure on TM given by [X, Y ]− = −[X, Y ] and −Id(X) =

−X, for X, Y ∈ X(M).

Proof: If Ψ : T ∗M → AG is the isomorphism defined in Theorem 5.28 then

Ψ(νx) = #Λ((αε(x)∗ )∗(νx), for νx ∈ T ∗xM. (5.99)

Thus,

Ψ∗(µx) = −αε(x)∗ (#Λ(ε̃(µx))), for µx ∈ A∗
xG.

Therefore, using (5.80), the fact that #̃(Λ,E)[[(µ̃, 0), (ν̃, 0)]](Λ,E) = [#Λ(µ̃),

#Λ(ν̃)], for µ̃, ν̃ ∈ Ω1(G) and since ε(M) is a coisotropic submanifold of

G, we conclude that Ψ∗ is also a Lie algebroid morphism.

On the other hand, from (5.93), it follows that

ε∗(β∗(θ0)) = −ε∗(ω),

which implies that

θ0 = −ε∗(ω). (5.100)

Finally, using (5.64), (5.99), (5.100) and since E = −−→X 0, we obtain that

Ψ(θ0) = −X0. QED

4.-Jacobi-Lie groups

Let G be a Lie group with identity element e, σ : G → R be a multi-

plicative function and (Λ, E) be a Jacobi structure on G such that Λ is

σ-multiplicative, E is a right-invariant vector field and

#Λ(d0σ)(g) = −E(g) + e−σ(g)(Lg)
e
∗(E(e)),

for all g ∈ G. Then, (G ⇒ {e},Λ, E, σ) is a Jacobi groupoid (see Section

5.3.4) and the corresponding Jacobi bialgebroid is a Jacobi bialgebra. In
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fact, the Lie algebroid of G is just the Lie algebra g of G, that is, AG = g

and, from (5.79), it follows that φ0 = (d0σ)(e).

On the other hand, since Λ(e) = 0, one may consider the intrinsic derivative

δeΛ : g → ∧2g of Λ at e. Moreover, using (1.29) and (5.80), we deduce that

the Lie bracket [ , ]∗ on the dual space A∗G = g∗ of g is given by

[µ, ν]∗ = [µ, ν]Λ − µ(E(e))ν + ν(E(e))µ

for µ, ν ∈ g∗, where [ , ]Λ : g∗ × g∗ → g∗ is the adjoint map of the intrinsic

derivative of Λ at e. In addition, the 1-cocycle X0 on g∗ is X0 = −E(e).

5.-An abelian Jacobi groupoid

Let (L, [[ , ]], ρ) be a Lie algebroid over a manifold M and µ0 ∈ Γ(L∗) be a 1-

cocycle of L. We may consider on L∗ the Jacobi structure (Λ(L∗,µ0), E(L∗,µ0))

given by (2.7) and the Lie groupoid structure for which α = β is the vector

bundle projection τ : L∗ →M and the partial multiplication is the addition

in the fibers. As we know (see Section 5.3.5), (L∗ ⇒ M,Λ(L∗,µ0), E(L∗,µ0), 0) is

a Jacobi groupoid and therefore we have the corresponding Jacobi bialgebroid

((A(L∗), φ0 = 0), (A∗(L∗), X0)).

On the other hand, if 0 : M → L∗ is the zero section of L∗ and µ ∈ τ−1(x) =

L∗x, we will denote by µv(0(x)) ∈ T0(x)L
∗
x the vertical lift of µ to L∗ at the

point 0(x). Then, the map

v : L∗ → A(L∗), µ ∈ L∗x 7→ µv(0(x)) ∈ Ax(L∗),

defines an isomorphism between the vector bundles L∗ and A(L∗). Moreover,

using (2.7) and since α = τ and the Lie bracket of two left-invariant vector

fields on L∗ is zero, we conclude that:

i) v defines an isomorphism between the Lie algebroid L∗ (with the trivial

Lie algebroid structure), and A(L∗) and

ii) v(µ0) = X0.
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In addition, if v∗ : A∗(L∗) → L is the adjoint map of v : L∗ → A(L∗)

then, from (1.29), (1.42), (2.7) and (5.80), we deduce that v∗ induces an

isomorphism between the Lie algebroids A∗(L∗) and (L, [[ , ]], ρ).

Therefore, we have proved that the Jacobi bialgebroids ((A(L∗), 0), (A∗(L∗),

X0)) and ((L∗, 0), (L, µ0)) are isomorphic.

6.-The banal Jacobi groupoid

Let (M,Λ, E) be a Jacobi manifold and G the product manifold M×R×M .

Denote by (Λ′, E ′) the Jacobi structure on G given by (5.71) and by σ :

G→ R the function defined by σ(x, t, y) = t. Then, one may consider a Lie

groupoid structure in G over M in such a way that (G ⇒ M,Λ′, E ′, σ) is a

Jacobi groupoid (see Section 5.3.6). Thus, we have the corresponding Jacobi

bialgebroid ((AG, φ0), (A
∗G,X0)). As we know, the map Φ : TM ×R→ AG

given by (5.70) defines an isomorphism between the Lie algebroids (TM ×
R, [ , ], π) and AG and, moreover, it follows that Φ(−E, 0) = X0.

Now, let Φ∗ : A∗G→ T ∗M ×R be the adjoint map of Φ. Then, using (1.29),

(5.70), (5.71) and (5.79), we deduce that Φ∗ induces an isomorphism between

the Lie algebroids A∗G and (T ∗M × R, [[ , ]](Λ,E), #̃(Λ,E)) and, in addition,

Φ∗(φ0) = (0, 1).

Therefore, we have proved that the Jacobi bialgebroids ((AG, φ0), (A
∗G,X0))

and ((TM × R, (0, 1)),(T ∗M × R, (−E, 0))) are isomorphic.

5.4.3 Integration of Jacobi bialgebroids

In this Section, we will show a converse of Theorem 5.25, that is, we will show

that one may integrate a Jacobi bialgebroid and obtain a Jacobi groupoid.

Jacobi groupoids and Poisson groupoids

In this first part, we will prove that a Poisson groupoid can be obtained from

any Jacobi groupoid and we will show the relation between the Jacobi bial-

gebroid associated with the Jacobi groupoid and the Lie bialgebroid induced

by the Poisson groupoid.
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Let G ⇒ M be a Lie groupoid and σ : G → R be a multiplicative function.

Then, using the multiplicative character of σ, we have defined a right action

of G ⇒ M on the canonical projection π1 : M × R → M by (5.56) and the

corresponding action groupoid may be identified with G×R ⇒ M ×R with

the structural functions given by (5.59). Moreover, the Lie algebroid of the

Lie groupoid G×R ⇒ M ×R may be identified with (AG×R, [[ , ]]¯φ0 , ρ̄φ0),

where φ0 is the 1-cocycle on AG given by (5.57).

We also have the following result.

Proposition 5.31 Let G ⇒ M be a Lie groupoid and σ : G → R be a

multiplicative function. Suppose that (Λ, E) is a Jacobi structure on G, that

Π = e−t(Λ + ∂
∂t
∧ E) is the Poissonization on G × R and that in G × R

we consider the Lie groupoid structure on M × R with structural functions

given by (5.59). Then, (G ⇒ M,Λ, E, σ) is a Jacobi groupoid if and only if

(G× R ⇒ M × R,Π) is a Poisson groupoid.

Proof: From (1.19), we have that the homomorphism #Π : T ∗(G × R) →
T (G× R) is given by

#Π(µg + γd0t|t) = e−t
(
#Λ(µg) + γE(g)− µg(E(g))

∂

∂t |t

)
, (5.101)

for µg + γd0t|t ∈ T ∗(g,t)(G× R).

Now, we consider in T ∗G×R (respectively, TG×R) the Lie groupoid structure

over A∗G (respectively, TM ×R) with structural functions defined by (5.15)

(respectively, (5.8)). Then, an straightforward computation, using (1.55),

(1.58), (5.8), (5.10), (5.15), (5.61), (5.62) and (5.101), shows that #(Λ,E) :

T ∗G×R→ TG×R is a Lie groupoid morphism over some map ϕ0 : A∗G→
TM × R if and only if #Π : T ∗(G × R) → T (G × R) is a Lie groupoid

morphism over some map ψ0 : A∗G×R→ T (M×R). This proves the result.

QED

Let ((A, φ0), (A
∗, X0)) be a Jacobi bialgebroid and denote by ([[ , ]], ρ) (respec-

tively, ([[ , ]]∗, ρ∗)) the Lie algebroid structure on A (respectively, A∗). Then, if
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on the vector bundle A×R→M×R (respectively, A∗×R→M×R) we con-

sider the Lie algebroid structure ([[ , ]]¯φ0 , ρ̄φ0) (respectively, ([[ , ]]ˆX0
∗ , ρ̂X0

∗ ))

then the pair (A×R, A∗×R) is a Lie bialgebroid (see Theorem 3.29). In par-

ticular, if (G ⇒ M,Λ, E, σ) is a Jacobi groupoid and AG is the Lie algebroid

of G then the pair (AG×R, A∗G×R) is a Lie bialgebroid. Furthermore, we

have

Proposition 5.32 Let (G ⇒ M,Λ, E, σ) be a Jacobi groupoid and (G×R ⇒

M × R,Π) be the corresponding Poisson groupoid. If ((AG, φ0), (A
∗G, X0))

(respectively, (A(G×R), A∗(G×R))) is the Jacobi bialgebroid (respectively,

the Lie bialgebroid) associated with (G ⇒ M,Λ, E, σ) (respectively, (G ×
R ⇒ M × R,Π)), then the Lie bialgebroids (A(G × R), A∗(G × R)) and

(AG× R, A∗G× R) are isomorphic.

Proof: Denote by ([[ , ]], ρ) and ([[ , ]]∗, ρ∗) the Lie algebroid structures on AG

and A∗G, respectively, and by J : A(G × R) → AG × R the isomorphism

between the Lie algebroids A(G × R) and (AG × R, [[ , ]]¯φ0 , ρ̄φ0) given by

(5.60).

Now, let J̃ ∗ : T ∗G× R× R→ T ∗(G× R) be the map defined by

J̃ ∗(µg, γ, t) = µg + γ d0t|t,

for µg ∈ T ∗gG and γ, t ∈ R.

If we identify A∗G (respectively, A∗(G × R)) with the conormal bundle of

ε(M) (respectively, εσ(M×R)) then the restriction of J̃ ∗ to A∗G×{0}×R ∼=
A∗G × R is just the adjoint operator J ∗ : A∗G × R → A∗(G × R) of J .

Therefore, from (2.12), (3.87), (5.80) and Remark 5.24, we conclude that the

map J ∗ is an isomorphism between the Lie algebroids (A∗G×R, [[ , ]]ˆX0
∗ , ρ̂X0

∗ )

and A∗(G× R). QED

Integration of Jacobi bialgebroids

Next, we will show a converse of Theorem 5.25.
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For this purpose, we will use the notion of the derivative of an affine k-vector

field on a Lie groupoid (see [85]). Let G be a Lie groupoid with Lie algebroid

AG and P be an affine k-vector field on G. Then, the derivative of P , δP ,

is the map δP : Γ(AG) → Γ(∧k(AG)) defined as follows. If X ∈ Γ(AG),

δP (X) is the element in Γ(∧k(AG)) whose left translation is (L0)←
X
P.

Now, we will prove the announced result at the beginning of this Section.

Theorem 5.33 Let ((AG, φ0), (A
∗G,X0)) be a Jacobi bialgebroid where AG

is the Lie algebroid of an α-connected and α-simply connected Lie groupoid

G ⇒ M . Then, there is a unique multiplicative function σ : G → R and

a unique Jacobi structure (Λ, E) on G that makes (G ⇒ M,Λ, E, σ) into a

Jacobi groupoid with Jacobi bialgebroid ((AG, φ0), (A
∗G,X0)).

Proof: Since G is α-connected and α-simply connected, we deduce that there

exists a unique multiplicative function σ : G→ R such that

φ0(X) = X(σ),

for all X ∈ Γ(AG). The multiplicative function σ : G → R allows us to

construct a Lie groupoid structure in G × R over M × R with structural

functions ασ, βσ,mσ and εσ given by (5.59).

If ([[ , ]], ρ) is the Lie algebroid structure on AG then, as we know, the Lie

algebroid of G × R is (AG × R, [[ , ]]¯φ0 , ρ̄φ0). Moreover, if ([[ , ]]∗, ρ∗) is

the Lie algebroid structure on A∗G and we consider on the vector bundle

A∗G×R→M ×R the Lie algebroid structure ([[ , ]]ˆX0
∗ , ρ̂X0

∗ ) given by (2.12),

it follows that the pair (AG × R, A∗G × R) is a Lie bialgebroid. Therefore,

using Theorem 4.1 in [85], we obtain that there is a unique Poisson structure

Π on G×R that makes G×R into a Poisson groupoid with Lie bialgebroid

(AG× R, A∗G× R). Thus, Π is affine.

We will see that the 2-vector (on G × R) (L̄0) ∂
∂t

Π + Π is affine, where L̄0

is the Lie derivative on G × R. For this purpose, we will use the following

relation

(L̄0) ∂
∂t

←−̄
P =

←−
∂P̄

∂t
, (5.102)
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for P̄ ∈ Γ(∧k(AG × R)). Note that P̄ is a time-dependent section of the

vector bundle ∧k(AG)→M and, thus, one may consider the derivative of P̄

with respect to the time,
∂P̄

∂t
.

From (5.102) and Proposition 5.17, we conclude that the vector field
∂

∂t
is

affine. Consequently (see Proposition 2.5 in [85]), the 2-vector (L̄0) ∂
∂t

Π + Π

is also affine.

Next, we will show that the Poisson structure Π is homogeneous with respect

to the vector field
∂

∂t
. This fact implies that Π is the Poissonization of a

Jacobi structure (Λ, E) onG (see Section 1.1.6). Moreover, from Propositions

5.31 and 5.32, we will have that (G ⇒ M,Λ, E, σ) is a Jacobi groupoid with

Jacobi bialgebroid ((AG, φ0), (A
∗G,X0)).

Therefore, we must prove that Π is homogeneous. Now, using Theorem 2.6

in [85] and since G is α-connected and the 2-vector (L̄0) ∂
∂t

Π + Π is affine, we

deduce that Π is homogeneous if and only if:

i) The derivative of the 2-vector (L̄0) ∂
∂t

Π + Π is zero and

ii) The restriction of the 2-vector (L̄0) ∂
∂t

Π + Π to the points of εσ(M ×R)

is zero.

First, we will show i). If H ′ is a Poisson groupoid with Poisson structure Π′

and Lie algebroid AH ′, we have that (see Theorem 3.1 in [120])

(L0)←
X

Π′ = −←−−d∗X, (5.103)

for X ∈ Γ(AH ′), where d∗ is the differential of the dual Lie algebroid A∗H ′.

Thus, from (5.102) and (5.103), it follows that

(L̄0)←
X̄

(
(L̄0) ∂

∂t
Π + Π

)
= (L̄0) ∂

∂t
(L̄0)←

X̄
Π− (L̄0) ←

∂X̄
∂t

Π + (L̄0)←
X̄

Π

=

←−−−−
d̂X0
∗
∂X̄

∂t
−
←−−−
d̂X0
∗ X̄ −

←−−−−−−
∂(d̂X0

∗ X̄)

∂t
,
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for X̄ ∈ Γ(AG× R). On the other hand, using (3.83), we obtain that

d̂∗
X0

Z̄ = e−t
(
d∗Z̄ +X0 ∧ (Z̄ +

∂Z̄

∂t
)
)
,

for Z̄ ∈ Γ(AG × R), d∗ also denoting the differential of the Lie algebroid

(A∗G× R, [[ , ]]∗, ρ∗). Consequently, we deduce that

(L̄0)←
X̄

(
(L̄0) ∂

∂t
Π + Π

)
= 0.

Next, we will show ii). If (x, t) is a point of M × R then

T ∗εσ(x,t)(G× R) ∼= A∗
(x,t)(G× R)⊕ ((ασ)

(ε(x),t)
∗ )∗(T ∗(x,t)(M × R)).

Therefore, if we denote by d0 the usual differential on G× R and M × R, it

is enough to prove that

((L̄0) ∂
∂t

Π + Π)(d0F1, d0F2)|εσ(M×R) = 0,

when F1 and F2 are either constant on εσ(M × R) or equal to (ασ)
∗fi, with

fi ∈ C∞(M × R,R), i = 1, 2. We will distinguish three cases:

First case. Suppose that F1 = (ασ)
∗f1 and F2 = (ασ)

∗f2, with f1, f2 ∈
C∞(M × R,R). Denote by Π0 the Poisson structure on M × R induced

by the Lie bialgebroid (AG × R, A∗G × R) and by { , }Π (respectively,

{ , }Π0) the Poisson bracket on G×R (respectively, M ×R) associated with

Π (respectively, Π0). Then, from Proposition 5.31 and since the vector field
∂

∂t
on G× R is ασ-projectable, it follows that

((L̄0) ∂
∂t

Π + Π)(d0F1, d0F2) = α∗σ

( ∂
∂t
{f1, f2}Π0 − {

∂f1

∂t
, f2}Π0

−{f1,
∂f2

∂t
}Π0 + {f1, f2}Π0

)
.

Thus, using that the Poisson structure Π0 is homogeneous with respect to

the vector field
∂

∂t
on M × R (see Theorem 3.29), we obtain that

((L̄0) ∂
∂t

Π + Π)(d0F1, d0F2) = 0.
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Second case. Suppose that F1 = (ασ)
∗f1, with f1 ∈ C∞(M ×R,R) and that

F2 is constant on εσ(M ×R). Following the proof of Lemma 4.12 in [85], we

deduce that

{(ασ)∗f,H}Π =
←−−−−−−−−−
((ρ̂X0

∗ )∗(d0f))(H), (5.104)

for f ∈ C∞(M × R,R) and H ∈ C∞(G× R,R). Note that (see (2.12))

(ρ̂X0
∗ )∗(µ+ gd0t) = e−t((ρ∗)

∗(µ) + gX0), (5.105)

for g ∈ C∞(M×R,R) and µ a time-dependent 1-form on M. Therefore, from

(5.102), (5.104), (5.105) and since
∂F2

∂t
= 0, we have that

((L̄0) ∂
∂t

Π + Π)(d0F1, d0F2) = −[
∂

∂t
,
←−−−−−−−−
(ρ̂X0
∗ )∗(d0f1)](F2)−

←−−−−−−−−−−−
(ρ̂X0
∗ )∗(d0(

∂f1

∂t
))(F2)

−
←−−−−−−−−
(ρ̂X0
∗ )∗(d0f1)(F2)

=

←−−−−−−−−−−−
∂

∂t
((ρ̂X0

∗ )∗(d0f1))−
←−−−−−−−−−−−
(ρ̂X0
∗ )∗(d0(

∂f1

∂t
))

−
←−−−−−−−−
(ρ̂X0
∗ )∗(d0f1)(F2) = 0.

Third case. Suppose that F1 and F2 are constant on εσ(M ×R). Then, using

that εσ(M × R) is a coisotropic submanifold of (G× R,Π), it follows that

{F1, F2}Π|εσ(M×R) = 0.

Moreover, since
∂F1

∂t
=

∂F2

∂t
= 0 and the restriction to εσ(M × R) of the

vector field
∂

∂t
is tangent to εσ(M × R), we conclude that

((L̄0) ∂
∂t

Π + Π)(d0F1, d0F2)|εσ(M×R) = 0. QED

Examples 5.34 1.- Lie bialgebroids

Let (AG,A∗G) be a Lie bialgebroid where AG is the Lie algebroid of an

α-connected and α-simply connected Lie groupoid G ⇒ M . Then, using

Theorem 5.33, we obtain that there exists a unique Poisson structure Λ on
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G that makes (G ⇒ M,Λ) into a Poisson groupoid with Lie bialgebroid

(AG,A∗G). This result was proved in [85].

2.- Jacobi bialgebras

Let ((g, φ0), (g
∗, X0)) be a Jacobi bialgebra and G be a connected simply

connected Lie group with Lie algebra g. Then, using Theorem 5.33 (see also

Section 5.3.4), we deduce that there exists a unique multiplicative function

σ : G→ R and a unique Jacobi structure (Λ, E) on G such that (G,Λ, E, σ)

is a Jacobi-Lie group with Jacobi bialgebra ((g, φ0), (g
∗, X0)).

3.- Integration of Jacobi manifolds

Suppose that (M,Λ0, E0) is a Jacobi manifold and that (T ∗M×R, [[ , ]](Λ0,E0),

#̃(Λ0,E0)) is the corresponding Lie algebroid. Moreover, assume that there

exists an α-connected and α-simply connected Lie groupoid G ⇒ M with

Lie algebroid AG = T ∗M × R.

Then, the pair ((A = T ∗M × R, X0), (A
∗ = TM × R, φ0)) is a Jacobi bial-

gebroid, where X0 = (−E0, 0) ∈ X(M) × C∞(M,R) and φ0 = (0, 1) ∈
Ω1(M)×C∞(M,R) (see Section 3.4.2 and Theorem 3.31). Thus, using Theo-

rem 5.33, we obtain that there exists a unique multiplicative function σ on

G and a unique Jacobi structure (Λ, E) on G such that (G ⇒ M,Λ, E, σ) is

a Jacobi groupoid with Jacobi bialgebroid ((A, φ0), (A
∗, X0)).

On the other hand, if on the vector bundle Ā = A × R → M × R (re-

spectively, Ā∗ = A∗ × R → M × R) we consider the Lie algebroid struc-

ture ([[ , ]]¯X0

(Λ0,E0), (#̃(Λ0,E0))̄
X0) (respectively, ([ , ]̂ φ0 , π̂φ0) then, from Theo-

rem 3.29, we deduce that (Ā, Ā∗) is a Lie bialgebroid.

Now, denote by Π0 the Poissonization on M × R of the Jacobi structure

(Λ0, E0). Then, the map Υ : Ā→ T ∗(M × R) defined by

Υ(µx, λ, t) = et(µx + λ d0t|t),

for µx ∈ T ∗xM and λ, t ∈ R, induces an isomorphism between the Lie bial-

gebroid (Ā, Ā∗) and the Lie bialgebroid (T ∗(M × R), T (M × R)) associated

with the Poissonization Π0 of (Λ0, E0) (see Section 3.5.2).
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In addition, as we know (see Proposition 5.31), the product manifold G×R
is a Lie groupoid on M×R and if Π is the Poissonization on G×R of (Λ, E),

we have that (G×R ⇒ M ×R,Π) is a Poisson groupoid with associated Lie

bialgebroid (Ā, Ā∗) ∼= (T ∗(M × R), T (M × R)). Therefore, using Theorem

5.3 in [85], we get that Π is a symplectic structure which implies that (Λ, E)

is a Jacobi structure induced by a contact 1-form η on G (see Examples 1.5).

So, we conclude that given a Jacobi manifold (M,Λ0, E0) there always exists,

at least locally, a contact groupoid (G ⇒ M, η, σ) such that AG ∼= T ∗M×R.

This result was first proved in [23] (see also [2]). We remark that in [20] has

been shown in which conditions a Jacobi manifold can be integrated to a

contact groupoid.

4.- Triangular Jacobi bialgebroids

Let G ⇒ M be an α-connected Lie groupoid and σ : G → R be a mul-

tiplicative function. Moreover, let us consider the associated Lie algebroid

(AG, [[ , ]], ρ) and the 1-cocycle φ0 associated with σ (see (5.79)). Suppose

that C is a φ0-canonical section, that is, C ∈ Γ(∧2A) and

[[C, C]]φ0 = 0.

Then, we know that there exists a Lie algebroid structure ([[ , ]]∗C, ρ∗C) on A∗G

and a 1-cocycle X0 = −#C(φ0) such that ((AG, φ0), (A
∗G,X0)) is a Jacobi

bialgebroid (see Theorem 3.20).

Now, we introduce the 2-vector Λ and the vector field E defined by

Λ = e−σ
←−
C −−→C , E = −−→X 0 =

−−−−→
#C(φ0), (5.106)

Using (1.53), Proposition 5.17 and the fact that σ is a multiplicative function,

we have that Λ is a σ-affine 2-vector field on G. Moreover, following the proof

of Theorem 3.1 in [79], it is not difficult to show that the following properties
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hold:
β∗(Λ(g)) = −ρ(C)(β(g)),

α∗(Λ(g)) = e−σ(g)ρ(C)(α(g)),

Λ(α∗f1, β
∗f2) = 0,

ieσd0(α∗f)Λ is a left-invariant vector field on G,

id0(β∗f)Λ is a right-invariant vector field on G,

(5.107)

for g ∈ G and f, f1, f2 ∈ C∞(M,R).

On the other hand, denote by AD(G) the affinoid diagram of G (see the proof

of Proposition 5.15) and suppose that g and h are composable elements of

G such that α(g) = β(h) = x. Then, (gh, g, h, ε(x)) is an element of AD(G)

and the following three types of covectors are conormal to AD(G) at the

point (gh, g, h, ε(x)):

(−ξ, ((RY)g∗)
∗(ξ), ((LX )h∗)

∗(ξ),−((RY ◦ LX )
ε(x)
∗ )∗(ξ)),

(−(βgh∗ )∗(η), (βg∗)
∗(η), 0, 0),

(−(αgh∗ )∗(µ), 0, (αh∗)
∗(µ), 0),

with ξ ∈ T ∗ghG, η ∈ T ∗β(g)M and µ ∈ T ∗α(h)M , where X and Y are (local)

bisections through the points g and h (X (x) = g and Y(x) = h). In fact,

these covectors span the whole conormal space of AD(G) (see the proof of

Theorem 2.8 in [120]). Using this fact, (5.107) and since Λ is a σ-affine

2-vector field on G, we deduce that AD(G) is a coisotropic submanifold of

G×G×G×G with respect to the 2-vector Ξ̃ on G×G×G×G, which is

given by

Ξ̃(k, g, h, r) = eσ(k)Λ(k)− eσ(k)Λ(g)− eσ(h)Λ(h) + eσ(h)Λ(r).

Moreover, if ν1, ν2 ∈ Tε(x)(ε(M))◦, the conormal space to Tε(x)(ε(M)), we get

that

Λ(ε(x))(ν1, ν2) = 0

and, therefore M is a coisotropic submanifold of G with respect to Λ. Thus,

the classical techniques of coisotropic calculus (see Theorem 4.5 in [118])
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allow us to deduce that the graph of the multiplication in G, {(g, h, gh) ∈
G × G × G/α(g) = β(h)}, is a coisotropic submanifold of G × G × G with

respect to Ξ on G×G×G given by

Ξ(g, h, k) = eσ(g)Λ(g) + Λ(h)− eσ(g)Λ(k).

This implies that the map #Λ : T ∗G → TG is a Lie groupoid morphism

from the σ-cotangent groupoid T ∗G ⇒ A∗G to the tangent Lie groupoid

TG ⇒ TM .

Now, using that σ is multiplicative, we have that

#←
C
(d0σ) =

←−−
iφ0C, #→

C
(d0σ) =

−−→
iφ0C. (5.108)

As a consequence,
#Λ(d0σ) = #

e−σ
←
C−
→
C
(d0σ)

= e−σ
←−−
iφ0C −

−−→
iφ0C

=
−→
X 0 − e−σ

←−
X 0.

(5.109)

Finally, let us show that (Λ, E) is a Jacobi structure on G. From (1.53),

(3.22), (5.106), (5.108) and (5.109), we have that

[Λ,Λ]− 2E ∧ Λ = −
−−−−→
[[C, C]]φ0 + e−2σ

←−−−−
[[C, C]]φ0

Thus, since C is a φ0-canonical section, we deduce that [Λ,Λ] = 2E ∧ Λ.

On the other hand, using (5.106) and the fact that φ0(X0) = 0, we get that

E(σ) = 0. Therefore, from (1.53), (3.22), (3.24) and (5.106), we deduce that

[E,Λ] = −1

2

−−−−−→
iφ0 [[C, C]] = −1

2

−−−−−−→
iφ0 [[C, C]]φ0 = 0.

Consequently, using Theorem 5.13, it follows that (Λ, E) is a Jacobi structure

such that (G ⇒ M,Λ, E, σ) is a Jacobi groupoid. This implies that the dual

vector bundle to AG, A∗G, admits a Lie algebroid structure ([[ , ]]∗, ρ∗) and,

in addition, X0 is a 1-cocycle of (A∗G, [[ , ]]∗, ρ∗) and the X0-differential of dX0
∗

of A∗G is given by
←−−−
dX0
∗ X = −eσ[←−X,Λ], for X ∈ Γ(AG) (see (5.83)). Thus,

from (1.53), (3.22) and (5.79), we conclude that

←−−−
dX0
∗ X =

←−−−−−
[[X, C]]φ0 ,
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that is, the differential d∗ of the Lie algebroid (A∗G, [[ , ]]∗, ρ∗) is given by

(3.70) and

[[ , ]]∗ = [[ , ]]∗C, ρ∗ = ρ∗C.

In other words, the Jacobi groupoid (G ⇒ M,Λ, E, σ) integrates the triangu-

lar Jacobi bialgebroid ((AG, φ0), (A
∗G,X0)) associated with the φ0-canonical

section C.
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Future directions

•We have explained the fundamental role played by Poisson brackets in Phy-

sics. Two natural ways for Poisson algebras to arise from a manifold M are

through Poisson structures or presymplectic structures (closed 2-forms) on

M . Both structures are examples of Dirac structures in the sense of Courant-

Weinstein [15, 17]. A Dirac structure on a manifold M is a vector sub-bundle

L̃ of the Whitney sum TM ⊕ T ∗M which is maximally isotropic under the

natural symmetric pairing on TM⊕T ∗M and such that the space of sections

of L̃, Γ(L̃), is closed under the Courant bracket [ , ]˜ on Γ(TM ⊕ T ∗M) ∼=
X(M) ⊕ Ω1(M). If L̃ is a Dirac structure on M , then L̃ is endowed with a

Lie algebroid structure over M and the leaves of the induced Lie algebroid

foliation FL̃ on M are presymplectic manifolds. In the particular case when

the Dirac structure L̃ comes from a Poisson structure Π on M , then L̃ is

isomorphic to the cotangent Lie algebroid associated with Π and FL̃ is just

the symplectic foliation of M (for more details, see [15]).

An algebraic treatment of Dirac structures was developed by Dorfman in [26]

using the notion of a complex over a Lie algebra. This treatment was applied

to the study of general Hamiltonian structures and their role in integrability.

191
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More recently, the properties of the Courant bracket [ , ]˜ have been systema-

tized by Liu, Weinstein and Xu [77] in the definition of a Courant algebroid

structure on a vector bundle E →M (see also [78, 101]). The natural exam-

ple of a Courant algebroid is the Whitney sum E = A⊕ A∗, where the pair

(A,A∗) is a Lie bialgebroid over M . On the other hand, one can introduce

the notion of a Dirac structure on a Courant algebroid as an extension of the

definition of a Dirac structure in the sense of Courant. Then, in [77] it is es-

tablished a correspondence between Lie bialgebroids and pairs of transverse

Dirac structures on Courant algebroids. Moreover, in [78] some applications

to Poisson reduction and to the theory of Poisson homogeneous spaces for

Poisson groupoids are given.

The correspondence between Poisson structures and symplectic groupoids

plays an important role in Poisson geometry; it offers, in particular, a unifying

framework for the study of hamiltonian and Poisson actions. In [6], the

authors extend this correspondence to the context of Dirac structures twisted

by a closed 3-form (see also [11]).

A proper definition of a Dirac structure on the vector bundle E1(M) =

(TM × R) ⊕ (T ∗M × R), as a version of a Dirac structure in the Jacobi

setting, has been introduced by A. Wade in [113] (a E1(M)-Dirac structure

in our terminology). A E1(M)-Dirac structure is a vector sub-bundle L of

E1(M) that is maximally isotropic under the natural symmetric pairing of

E1(M) and such that the space Γ(L) is closed under a suitable bracket [ , ]

on Γ(E1(M)) (this bracket may be defined using the general algebraic con-

structions of Dorfman [26]). Apart from E1(M)-Dirac structures which come

from Dirac structures on M or from Jacobi structures, other examples can

be obtained from an exact Poisson structure on M , from a 1-form on M (a

precontact structure in our terminology) or from a locally conformal presym-

plectic (l.c.p.) structure, that is, a pair (Ω, ω), where Ω is a 2-form on M , ω

is a closed 1-form and d0Ω = ω ∧ Ω (see [113]).

If L is a E1(M)-Dirac structure, [ , ]L is the restriction to Γ(L)×Γ(L) of the

extended Courant bracket [ , ] and ρL is the restriction to L of the canonical
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projection ρ : E1(M) → TM , then the triple (L, [ , ]L, ρL) is a Lie algebroid

over M (see [113]). An important remark is that the section φL of the dual

bundle L∗ defined by φL(e) = f , for e = (X, f)+(µ, g) ∈ Γ(L), is a 1-cocycle

of the Lie algebroid (L, [ , ]L, ρL). Therefore, we can obtain a Jacobi alge-

broid structure (L, ([ , ]L, ρL), φL) from any E1(M)-Dirac structure. Anyway,

since E1(M)-Dirac structures are closely related with Jacobi structures, it is

not very surprising the presence of a Jacobi algebroid in the theory. Several

aspects related with the geometry of E1(M)-Dirac structures were discussed

by Wade in [113]. Moreover, in [50] we describe the nature of the induced

structure on the leaves of the characteristic foliation of a E1(M)-Dirac struc-

ture.

In addition, very recently, Grabowski and Marmo [34] have introduced the

notion of a Courant-Jacobi algebroid, a Jacobi version for Courant algebroids.

These structures happen to be a particular case of a purely algebraic structure

described in [107]. Using the results of [107], Grabowski and Marmo prove

that every Jacobi bialgebroid ((A, φ0), (A
∗, X0)) induces a Jacobi-Courant

algebroid structure on A⊕A∗ which admits a pair of transverse Dirac-Jacobi

structures.

Therefore, if (G ⇒ M,Λ, E, σ) is a Jacobi groupoid and ((AG, φ0), (A
∗G,

X0)) is the corresponding Jacobi bialgebroid, a natural question arises: Is it

possible to introduce the notion of a Jacobi homogeneous space of G in such a

way that Dirac-Jacobi structures of the Jacobi-Courant algebroid AG⊕A∗G

may be described in terms of Jacobi homogeneous spaces of G? The idea is to

extend the one-to-one correspondence between Poisson homogeneous spaces

of a Poisson groupoid (G ⇒ M,Π) and Dirac structures of the Courant

algebroid AG⊕A∗G (see [78]). On the other hand, as in the Poisson setting,

it is probable that Dirac-Jacobi structures may be applied to the Jacobi

reduction.

• As we indicated in the introduction of this Thesis, in [31] and [91] (see

also [103]) the authors started an investigation on the possible generalization

of the concept of a Lie algebroid to affine bundles. In the terminology of
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[31], the resultant structure was called a Lie affgebroid structure. Using this

geometric model, in [91] the authors develop a time-dependent version of

lagrangian equations on Lie algebroids. An important fact to remark in the

previous construction is that a Lie affgebroid structure on an affine bundle

A can be interpreted, in an equivalent way, as a Jacobi algebroid structure

on the bi-dual bundle (A+)∗ of A, that is, a usual Lie algebroid structure on

(A+)∗ and 1-cocycle (for this structure) non-vanishing at any point.

Thus, having in mind the relation between homogeneous Jacobi structures

and Jacobi algebroids, it is interesting the study of affine Jacobi structures

on affine bundles. In this direction, a first step has been done. In fact, in a

recent work [32], we have studied affine Jacobi structures on affine bundles.

More precisely, we have proved that if τ : A → M is an affine bundle, then

there exists a one-to-one correspondence between affine Jacobi structures on

A and Lie algebroid structures on the affine dual A+ of A. As a consequence,

we recover the results obtained in Chapter 2 about homogeneous Jacobi

structures.

Thus, the next step of this study could be to generalize the results obtained in

this Memory to the affine setting. More precisely, to develop a theory of affine

Lie-Jacobi groups analogous to the theory of Poisson-Lie groups. A vector

space endowed with an affine Jacobi structure could be the abelian model

of this new geometric object. Affine Jacobi-Lie groups should be Lie groups

endowed with a Jacobi structure satisfying some compatibility conditions

in such a way that Jacobi-Lie groups and vector spaces with affine Jacobi

structures are examples of affine Jacobi-Lie groups. Moreover, after giving

this notion, we could characterize the Lie algebras of affine Jacobi-Lie groups

and obtain methods to generate non-trivial examples. A final step of this

study could be to introduce the notion of an affine Jacobi groupoid (as an

extension of the definition of an affine Jacobi-Lie group) and to describe the

corresponding infinitesimal invariant.

• Multiplicative multivector fields on Lie groups have been thoroughly stud-

ied by Lu [80, 81]. The geometry of this structures is certainly interesting.
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In particular we have that any multiplicative k-vector field Λ on a Lie group

G with Lie algebra g induces a k-differential, that is, a map δΛ : g → ∧kg
which is a 1-cocycle with respect to the adjoint representation of g on ∧kg.

Conversely, if the Lie group G is connected and simply connected, every

k-differential can be integrated to a multiplicative k-vector field on G.

We remark that multiplicative 0-vector fields are just multiplicative functions

onG and that Poisson multiplicative 2-vector fields are just Poisson-Lie group

structures on G.

Therefore, it should be interesting to study the geometric properties of mul-

tiplicative multivector fields on Lie groupoids (the cases k = 1 and k = 2

have been dealt in detail in [83, 84, 85, 117, 118, 120]) and their infinitesimal

invariants, the so-called k-differentials on Lie algebroids. For a k-differential

on a Lie algebroid we mean a map d : Γ(∧∗A) → Γ(∧k+∗−1A) such that it

is a derivation with respect to the wedge product on ⊕lΓ(∧lA) as well as

with respect to the Schouten bracket [[ , ]]. A natural generalization, based

on the topics discussed in this Thesis, can be the theory of σ-multiplicative

multivector fields.

Two interesting examples of 2-differentials are the following ones: i) If (A,A∗)

is a Lie bialgebroid and d∗ is the differential of A∗ then d∗ is a 2-differential

of square zero; and ii) a 2-differential d on A such that d2 = [[Φ, ·]], where Φ

is a 3-section of A such that dΦ = 0. This last structure is called a quasi-

Lie bialgebroid (see [100]) and it is an abstract version of twisted Poisson

structures, which appear in [58] related with Poisson σ-models.
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Dép. Math. Lyon, 2/A (1987), 1-62.

[15] T.J. Courant: Dirac manifolds, Trans. A.M.S., 319 (1990), 631-661.

[16] T.J. Courant: Tangent Lie algebroids, J. Phys. A: Math. Gen., 27

(1994), 4527-4536.

[17] T.J. Courant, A. Weinstein: Beyond Poisson structures, In séminaire

Sud-Rhodanien de geométrie, Travaux en Cours, 27, Hermann, Paris,

1988, 39-49.



Bibliography 199

[18] M. Crainic, R.L. Fernandes: Integrability of Lie brackets, Ann. of

Math., 157 (2003), 575-620.

[19] M. Crainic, R.L. Fernandes: Integrability of Poisson brackets, Pre-

print (2002), arXiv: math.DG/0210152.

[20] M. Crainic, C. Zhu: Integration of Jacobi brackets, Preprint (2003).
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